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TWO THEOREMS OF STATISTICAL SEPARABILITY
IN THE PERCEPTRON

by

DR. FRANK ROSENBLATT

SUMMARY

A THEORETICAL brain model, the perceptron, has been developed at the Cornell
Aeronautical Laboratory, in Buffalo, New York. The perceptron 1s a probabi-
listic system, capable of learning to recognize and differentiate stimull in
its environment. Previous reports have covered the theory of a class of per-
ceptrons based on flxed-threshold neurons, similar to the McCulloch-Pitts
model. The present paper introduces the concept of a *continuous transducer
neuron®, and outlines the proof of two theorems which indicate that a
properly designed perceptron will be capable of spontaneously forming
meaningful classifications of the stimull In its universe, wilthout being

taught by an experimenter.

1. PROBABILISTIC MATHEMATICS VS. SYMBOLIC LOGIC

ONLY a few months before the Office of Naval Research began its support of
the perceptron program, at the Cornell Aeronautical Laboratory, John von
Neumann, one of the most outstanding advocates of the proposition that man
might some day achleve an artificlal device working on the same principles
as the human braln, wrote the following prophetic passage (ref.u4):

"Logics and mathematics in the central nervous system...must
structurally be essentially different from those languages to which our
common experience refers ,.., When we talk mathematics, we may be
discussing a secondary language, bullt on the primary language truly
used by the central nervous system. Thus the outward foms of our mathe-
matics are not absolutely relevant from the point of view of evaluating
what the mathematical or logical language truly used by the central
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nervous system is... Whatever the system 1s, 1t cannot fail to differ

considerably from what we consciously and explicitly consider as

mathematics, "

What von Neumann 1s saying here deserves careful consideration. The
mathematical field of symbolic logic, or Boolean algebra, has been eminently
successful in producing our modern control systems and digital computing
machines. Nevertheless, the attempts to account for the operation of the
human brain by similar principles have always broken down under close
scrutiny. The models which concelve of the brain as a strictly digital,
Boolean algebra device, always involve elther an impossibly large number of
discrete elements, or else a precision in the "wiring diagram" and synchro-
nization of the system which 1s quite unlike the conditions observed in a
biological nervous system. I will not belabor this point here, as the
arguments have been presented in considerable detail in the original report
on the perceptron (ref.3). The important consideration is that in dealing ’
with the brain, a different kind of mathematics, primarily statistical in
nature, seems to be involved. The brain seems to arrive at many results
directly, or "intultively", rather than analytically. As von Neumann has
pointed out, there is typically much less "logical depth" in the operations
of the central nervous system than in the programs performed by a digital
computer, which may require hundreds, thousands, or even millions of
successive logical steps in order to arrive at an analytically programmed
result. ‘

Those readers who are familiar with the concept of the perceptron know
that it 1s a model of a system which 1s primarlly concerned with the recog-
nition of the forms, sounds, and other stimulil which make up the ordinary
physical world, as we know it through our own senses. The theory upon which
this system is based 1s called the "theory of statistical separability".

The mathematics upon which this theory stands, has much more 1n common with
the mathematics of particle physics than with the mathematics of digital
computers. The reason for this 1s fundamental: Boolean algebra, or symbolic
loglic, 1s well sulted to the study of completely describable loglcal

systems, but breaks down as-.soon as we attempt to apply it to systems on
which complete information is not available, If we lack a detalled wiring
diagram,- but know only the statistical parameters, or probabilities of
connection within a logical ‘net, then the only way we can use Boolean algebra
to determine the probable response of the system would be by complete enumera-
tion of every possible connection diagram which meets the parametric
constraints, whereupon we could actually count the number of alternatives
which respond in each of the logically possible ways. In dealing with systems
of any complexity, the number of possible connection dlagrams becomes, for
all practical purposes, infinite, so that we can not use this enumerative
approach in practice, even though 1t may be possible in principle.
Probability theory, on the other hand, is specifically designed to permit us
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to make precise statements in the absence of complete information. If we
know only a few parameters of a statistical distribution, we may be able to
make highly accurate statements about the mass behavior of a collection of
‘events, a logical network, or a nervous system, even though we have never
unravelled the detailed wiring diagram for any particular case,

2. THE IMPORTANCE OF PERCEPTUAL PROCESSES FOR AUTOMATA

We have sald that the perceptron 1s primarily concerned with the recog-
nition of stimull, or patterns, in its environment. In this, 1t 1s
fundamentally different from any digital computer. Since computers are very
 good at something which people, by and large, do very badly, that is,

arithmetic, they have been popularly represented as "glant electronic
brains®. This comparison seems to me an unfortunate one. It suggests to
many people that because a computer does certain things that the brain can
do, the brain must work something like a computer, I have already indicated
‘above that I consider this position to be untenable. But in order to under-
stand the unique capabilities of the perceptron, It might be helpful to
consider the sort of thing that can be done by digital computers.

Computers, in general, are designed to follow rules. If we can set up
Tules for multiplication, we can design a computer to multiply. If we give
this computer any two numbers, even 1f these speciflc numbers have not been
considered by the designers of the machine, 1t can multiply them, and form
the correct product. But this does not really satisfy our idea of original
thinking, or intelligence, There has been no discovery involved; the correct
answer simply follows from the fact that the rules of multiplication are
completely universal, and apply to all numbers, Similarly, if we are
ingenious enough to write a set of exact rules for minimizing the cost of
some business operation, we can program a computer to minimize cost, and
other such complex problems. In fact, 1f we can analyze the way in which
people play chess sufficlently well to write an explicit set of rules for
chess strategy, we can get a computer to play chess, as 1s being done with
increasing success in recent programs,’ .

But in all of these examples, the computer 1s following rules which are
the result of human observation and analysis. Computers seem to share two
main functions with the brain:

(a) Decision making, based on logical rules

(b) Control (as in guldance systems, automatic assembly lines, ete,)

again based on loglical rules,
The human brain performs these functions, together with a third: interpre~
tation of the environment,

Why do we hold interpretation of the environment to be so important?

The answer, I think, 1s to be found in the laws of thermodynamics. A
system with a completely self-contained logic can never spontaneously
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improve in its ability to organize, and to draw valld conclusions from
Information. While there are certaln trivial cases where this may appear
questionable (for example, we might deliberately design a program to give
wrong answers for the first ten trlals and then modify itself to perform
correctly from the eleventh trial on), by and large it seems to be a valld
generalization. Even in the above case, the improvement after the tenth
trial was anticipated and-deliberately built into the program, so that it
did not actually arise spontaneously. Spontaneous changes In such a system
will, in general, lead to a deterioration, rather than an improvement, in
its performance. On the other hand, a system which 1s capable of reorgani-
zing i1ts own logic, to correspond to a logical organization which already
exists in the universe around 1it, takes on very different properties
indeed. Such a system can improve (if 1t 1s properly constructed) by
observing and learning from the organization -of the surrounding world. The
human brain is such a system. It 1s thils ability to interpret the environ-
ment which allows the human braln to recognize and devise the logical rules
which are appllied by the computer, Conceptualization of the environment is
the first step towards creative thinking,

So far as I know, the only machine prior to the perceptron which has
shown itself to be capable of spontaneous improvement (as opposed to
learning under the tutelage of an experimenter) has been Ashby's homeostat
(ref.1). The homeostat, however, 1s not really a case in point here,
because 1t 1s not really concerned, as we are, with the representation of
meaningful information, but rather with the maintenance of an optimum state
within the system,

The perceptron, as originally developed, would also have been Incapable
of spontaneous concept formation. The original perceptron could be taught to
percelve differences between stimull, by a process similar to that employed
in training a dog. If you want to traln a dog to come when called, you put
him on a long leash, you say, "Come here", or "Come, Rover", and you pull
him towards you. If you want him to sit down, you say, "Rover, sit", and
push his tail down. In other words, we force the desired response. When he
begins doing these things spontaneously, this indicates that we have passed
on our own recognitlon of the difference between the words *Come here" and
"Sit down", and that the dog can now perceive the distinction. This 1is
really 1dentical with the process that we originally studied with the
perceptron.

It actually took only a very slight change in the dynamics of the
perceptron to convert 1t into a system with very different capabilities,
actually the first machine which 1s capable of having an original idea.

It i1s the conversion to this new system which I wish to discuss for the
remainder of this paper.

The key to this transition to a spontaneously organizing perceptron came
with a recasting of our original mathematical analysis in a new and more
elegant form, made possible by a revised concept of the basic unit, the
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neuron. Let me begin, therefore, by presenting the rationale for this new
concept.

3. THE CONTINUOUS TRANSDUCER NEURON

The logical model of the neuron which has been used almost universally
in theoretical brain models during the last few decades is the "McCulloch~
Pitts neuron"(ref,2). This assumes an all-or-nothing response, depending on
whether the signal at some time, ¢, 1s above or below threshold. Moreover,
and this 1s the most critical simplification assumed by the model, the cell
1s generally allowed to fire only at Iintegral values of t, where time is
measured in some convenlent unit. Now actually, as 1s well known, a cell in
the central nervous system does not respond In so simple a fashion. Such a
cell is typically under continuous bombardment by a great number of
impulses, which summate temporally as well as spatially. These impulses,
eventually, may produce a reglon of depolarization in the membrane, and
when this happens, -the cell fires. As a consequence of this, the frequency
of the cell is likely to be roughly proportional to the net, or mean
intensity of the stimulation recelved. Lightly stimulated, the cell may
respond at a very low frequency; under intense stimulation, the frequency
increases., Thus, even though each 1impulse generated by the cell may be of
the same amplitude, the cell 1s actually acting as a continuous transducer
of the stimulus energy, 1f we measure the energy transmitted as a rate per
unit time., Such a cell may carry considerably more information than we
would suppose from a simple consideration of its discontinuous on-off
properties.

The transfer function of a continuous transducer neuron, a;, at time ¢,
1s equal to o (t). v(t), where v; (the "value" of the neuron a;) 1s a scale
factor which may fluctuate with time, and which determines the relative
amplitude of the output. We will have more to say about this "value"
presently. A simplified continuous transducer neuron is shown in fig.1 (a).
Note that there are an equal number of excitatory and inhibitory inputs, so
that the input slgnal &, will be zero 1f stimulation 1s uniform over the
entire sensory field. If there is a gradlent of stimulation, or a locallzed
region of stimulation such that the total excltatory component (Sx) is
greater than the total inhibitory component (Zy), the input signal, o, will
be positive. If the input from a given stimulus is primarily inhivitory, a
will be negative. ‘ /

For use in the perceptron, one additional assumption must be made about
the logic of the neuron; it must be glven-a memory. This memory tazkes the
form of changes in the magnitude of the "value", v, The value, Vi, Of the
neuron a;, 1s represented by a stored quantity, which might be represented
physically by an electric charge, the position of a potentiometer, the light
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flux through a variable aperture, or any other convenlent means., If we are
thinking in terms of a blologlcal analog, the "value" might be the degree
of polarization of the membrane, the energy reserve of the cell, the volume
of cytoplasm, or any other enduring condition which will affect the potency,
amplitude, or frequency of the cell's output., The higher the "value", the
more "powerful" the output of the cell, measured by whatever variable
happens to be relevant for the system in question. For a perceptron, where
the output function 1s equal to @V, we assume that the amplitude of the
output pulses will be proportional to the value.

The important question about the value, from the standpoint of memory
storage, 1s how it changes, as a function of the activity of the system.
Figure 1(b) shows a continuous transducer neuron with an additional input
signal, 1abelled 20, which controls the growth rate of the neuron. The
components of 20 (l.e., Py, Poy €tC.) are typlcally feedback signals, which
originate from the next loglcal layer of cells, which are called "Response
units", or R-units. In the fixed threshold neurons used in the earlier
perceptron systems (ref.3), the growth of the value was a function which
depended on whether or not the cell was active, If the cell was active
(o greater than threshold), an increment would be added to v, which depended
primarily on the presence or absence of a feedback signal corresponding to
3p. In the contlinuous transducer system, three basic forms of growth function -

are of particular interest:

G _ , "

praliole (1)
dv _

at - ee-dv (2)
dv _ -

—E" 20l o-6v) ‘ ‘ (3)

The first of these equations 1s a growth function with a zero decay compo=-
nent. It 1s equivalent to (2) and (3) with & .set at zero. In the second two
cases, there 1s a decay component proportional to the current magnitude of
the value. 8, the decay coefficlent, 1s a constant less than 1. All fixeo-
threshold perceptrons considered previously (ref.3) share the characteristic
of the first of these growth functlons that the value of a neuron, or
association cell, can continue to grow without bound. Note that over a set
of neurons, since @ 1s as llkely to be negative as positive, the expected
rate of growth will remaln zero, Nonetheless, the wvariance of the value over
the set of cells will tend to Increase towards Infinity, as time goes on,
unless there 1s a decay function which Increases monotonically with v, as in
(2) and (3). The importance of this distinction will become clear presently.
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4. ORGANIZATION OF A PERCEPTRON

Let us now consider the organization of a very simple perceptron, made
up of such "continuous transducer neurons® (fig.2). Note that the loglcal-
depth of this system is no greater than two; the first step is from the
sensory system to the assoclation system, and the second is from the
aszociation to response system. The association system 1s composed of
association cells (A~units) which are continuous transducer neurons. The
Inputs of these A-units come from origin points (which may be randomly
distributed) In the sensory system, or "retina®, and their outputs go to

SENSORY Rsl
SYSTEM
(RETINA) R20

F1g.2. Organization of a Simple Perceptron

the single response unit which i1s shown 1n this system. (The organization
of systems with large numbers of response units has been considered in
previous work {ref,3). Those A-units which tend to turn the response "on"
(to the condition R = 1) are collectively designated the "1 source-set",
while those A-units which tend to turn 0ff, or inhibit, the response, are
designated the "O source-set". It R = 1, a reilnforcement signal, P1r 18
transmitted to all members of the 1 source-set. If R = 0, a reinforcement
signal, P,, 1s transmitted to all members of the 0 source-set, When a
stimulus is presented to the visual system, the output signals from each of
the source~sets are summed, and the sign of the difference, Z;awkibav,
determines whether the response is 1 or O. In other words, if the 1 source=-
set delivers a stronger signal, the response will be "1"; 1f the O source-
set delivers a stronger slgnal, the response will be "0", Note that the
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nreinforcement operator", 20, which appears in the growth rate equations
(1), (2) and (3) will, in thils system, be elther 1 or O, depending on the

current state of the response.
Corresponding to each of the three growth rate equations, we have the

three 1imit equations, for the value of an A-unit:

V———> 1 ® (1a)
—_— Fa i

v 4 —d'?ig . (2a)
—— E

e = (32)

where Fa 1s the expected value of the Input signal to the A-unit in qQuestion,
and f.' 1s the mean frequency with which the A-unit is reinforced (1.e., the
rreqdzncy with which 20 = 1), The first and third of these cases wlll be the
ones with which we are primarily concerned. It can be shown that the second
case (which is more plausible for blological units, since the rate of decay
does not depend on the feedback signal, Zo0) will merely lead to a somewhat
weaker form of the system represented by the third alternative,

5, SOME IMPORTANT CORRELATION COEFFICIENTS

In the analysls of fixed threshold perceptrons (ref.3), it was shown that
the ability of the perceptron to discriminate between similar forms depends
qn the proportion of A-units activated in common by each of the forms to be
distingulshed. The expected value of this proportion is called }2. In
dealing with classes of forms, 1t was found possible to measure the "simi-
larity" of the classes in terms of Pé. In the case of continuous transducer
perceptrons, however, where every A-unit may be "active", albelt at widely
scattered frequencies, measurements based on probabilitles of activation are
no longer suitable. In place of P, we will make use of several product
moment correlatlon coefficlents to measure the similarity of the activity
Induced by different classes of stimull. A class of stimull, in this context,
means any set of forms, or retinal projections, which we will regard,
arbitrarily, as the same "kind" of visual object, e.g., letters of the
alphabet, geometrical shapes such as squares and trlangles, dogs and cats,
etc. We will be concerned, particularly, with the binary discrimination of
stimull Into two classes, which we will designate S1 and Sé.

Two kinds of correlations are of particular importance in the analysis
of similarity, for a continuous transducer perceptron. These correlations
can be written, 1n abbreviated form, as 'ryg and ryg. Ya,3, 1s the correla-

tion, measured over the set of all A-units, of the input signals, o, from
some particular stimulus of class S,, with the expected value of the input
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signals from the class Sy. In other words, razai (which 1s roughly
analogous to f511' in the old system of notatlon) measures the similarity

of any arbitrary stimulus of a class to the remalnder of the class; 1t is a
measure of the coherence of the stimulus classes, Note that this measure of
similarity 1s not based on the stimuli themselves, but on the slignals
received by the assoclation system. rygy » the second of the two basic
correlations, 1s the correlation of the expected values of & for the two
classes of stimull, S and Sé . Both correlations are measured over the set
of all admissible Arunits. l.e., all units which meet the parametric
constraints of the system.

It should be emphasized that the kinds of simlilarity relationships which
emerge in a system of this sort will be a function of the organization of
the connection system, by which signals are transmitted from sensory points
to A-units. In our original studies of the perceptron, it was assumed that
the origin points for the input fibers to an A-unit were randomly scattered
throughout the retina, or sensory mosalc. This system, as might be expected,
leads to a high degree of sensitivity to the location of a stimulus in the
visual fleld, and tends to create a blas such that the influence of large
stimull outweighs the effect of small stimull, in the development of
learning and memory. An alternative system, now belng investigated, calls
for a polarization of the origin points for an A-unit about an arbltrarily
selected line in the retinal fleld, such that all connections originating
on one side of the line are excitatory, while all connections originating
on the other silde are inhiblitory. The density of connections, in this
system, 1increases In the nelighborhood of the line, or "axls of polarization".
Such a system is primarily sensitive to the locatlon and direction of con-
tours, rather than to 1lluminated areas per se, and the resulting measures
of similarity, using the above correlation coeffliclents, will naturally be
quite different. In order to minimize sensitivity, to the location of a
figure, 1t 1s generally desirable to: deflne 0 In such a way that negative
values are eliminated. This is equivalent to setting a zero threshold for
the A-unit; otherwise the expected value galn, following the translation of
a figure over the field, will always be zero..if the numbers of excitatory
and inhibitory connections are equal.

Despite their relativity with respect to the connection system, these
"similarity correlations" ('df and 5 ) appear to bear a definite relation-
ship to our intuitive, phenomenological concept of "similarity"., Particu~=
larly in the case of the contour-sensitive connection system mentioned
above, 1t can be shown that classes of forms which we tend to regard as
*similar® (e.g., different sizes and locations in the field of the same
letter of the alphabet) will have a high value of ryy while for dissimilar,
or randomly selected forms, Tog Will be low. Similarly, 1f we consider rm

T

* - is used as an abbreviated notation .for 'hkaé
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between two strongly dissimilar classes of forms (such as horizontal and
vertical bars, or the letters E and X) we will generally obtain a lower
value than between similar classes (such as lower case "x" and upper

case "Xv),
Now let us conslder how these correlations come to be represented iIn the

perceptron, :

If any association cell 1s exposed exclusively to members of a single
stimulus class, or if the reinforcement operator, o, is equal to 1 for all
members of class S; and O for all members of class S,, then the value of
this cell will grow In a direction and at a rate which is determined by a,,
the expected value of the input signal from 81 stimuli. Over a set of such
units, therefore, as time goes to Infinity, we would expect

G (4
where r,,, 1s the correlation of the input signals from any one stimulus

(selected at random from the class in question) with the value currently

stored in the A-units,

Now, 1f we "force" the responses of the system, so that, for example, in
an environment of triangles and circles, the perceptron is made to glve the
response R = 1 consistently for all triangles, and £ = 0 consistently for
all squares, then in the 1 source-set we get

Y Y
Ay T Tay&y

(5a)
vy T Tagly
(Era 3 <Erag )
and 1n the 0 source-set
Tagry T Ty,
2 .'azaz (5)
(Eralaz < Er“zaz)

In other words, the values of the A-units in each source-set become corre-
lated with the expected values of the input signals from the class of
stimull which has been "assoclated" to the corresponding response, and the
correlation with signals from stimull of the opposite class are expecteq to
be smaller by a factor which varies with rage Thus,” 1f the stimulus classes
are completely independent (raa = 0) we should expect (for the """ source-
set)

ra.v. = Yo. 3.

4V %%
Y ..,. —>0
a]v,
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Now consider the signals which are transmitted from the assoclation
system to the R-unit (fig.2). These slgnals are equal to the sum of av for
the source-set in question. But the correlation coefflclent, ) for either

source-set, has the formula:
_Sa-Wlv-7) _Sw+ Nav-P3-EZV]
Ty — = -
av Voo, Nogoy, (8)

where N = the number of A-units In the source-set.

If we assume that the two classes of stimuldl, S and S » Droduce the same
distribution of signal amplitudes at the A-units, then the expected values
of Oy and & will be identical for the i-source-set and the O-source-set. If,
in addition, the same number of stimull have been assoclated to each of the
two responses, the variable v will also have the same expected distribution
in the two saurce-sets (under the experimental conditions for "forced
learning", described above) so that oy and 7 can be considered equal for the
two cases, N 1s also assumed to be equal for the two source-sets. Thus, the
term in brackets in the numerator of (6) reduces to a constant, which will
be zero 1f @ and ¥ = 0, The denominator also becomes a constant, so that the
correlation can be expressed 1n the form:

_ 2ov
rw = TG (7)
1
Consequently, the expected difference of the slgnals from the two source-
sets, X a»-ibav. will be directly proportional to the difference of the

correlations o, ¥ and ry., » We have already seen [in equations (5a) and

1
(5b)} that one or these correlations will be proportional, in the limit, to
ra . and the other to 'a .0 The difference will be positive 1f the

subscripc 1 refers to the r{rst class of stimuli, negative 1f i refers to
the second class.

_Under these conditions, therefore, we would expect that the presentation
of any arbitrary stimulus from class S, will tend to evoke the response
which has been formerly assoclated to % stimuli, while the presentation of
an S} stimulus should evoke the opposice response. This, actually, 1s the
essence of the theory of "forced learning" in a continuous transducer
perceptron., Predictions of the reliability of the response, as a function of
the number of A~units in the system, can be made by making use of standard
techniques for determining the probability of an error in the difference of
two correlation coefficients, equal to or greacer than the expected

difference, 'd a - ra T
L]
Simulation experiments; using the IBM 704 digital computer at the

Cornell Aeronautical Laboratory, have substantiated the predictions of this
theory. It has been possible to teach a simulated perceptron to recognize
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the difference between geometrical forms, letters of the alphabet, and
positions on the retina, using continuous transducer neurons. The most
important question, however, still remained unanswered at this point in
the program: What would such a perceptron db 1f, instead of forcing the
desired response during a "training period", we simply turned 1t loose in
an arbitrary environment? Would it ever, spontaneously, arrive at the
desired concepts?

6, THE THEORY OF CLASS C PERCEPTRONS

The problem of spontaneous organization was originally investigated with
respect to perceptrons in which the growth function of the value corres-
ponds to equation (1). This study led to the followlng theorem and
corollary:

THEOREM 1:

There exists a class, C, of perceptrons, which tend toward a statisti-
cally stationary state such that each binary response (R = 1, 0) becomes
established as either 1 or O universally, for all stimull, with an error
probability, €, which approaches zero as £ — <, In the terminal condition,
each blnary response glves 0 bits of Informatlion with regard to the current

stimulus.

COROLLARY:

A peréeptron in which the values of the A-units are allowed to grow
without bound, and in which the sensory origin polnts of the A-units are
randomly located, 1s a member of the class C.

In order to prove this theorem, it 1s clearly sufficlent to prove the
corollary for any particular case. We will conslder, as a perceptron of
this type, a continuous transducer perceptron with a single binary response,
such as the one shown in fig.2, with growth function (1). As there 1s no
decay in the values of the A-units, they c¢an continue to grow indefinitely,
as indicated by equation (1a). The environment of thls system is assumed to
consist of two arbltrary stimulus classes, 51 and S,. Stimull are assumed
to occur In a random sequence, where the probability of an 81 stimulus 1is
P(Sl), and the probabllity of an S, stimulus 1s P(S,). We must show that
whatever the relationship of the stimulus classes, the condition stated in
the theorem will tend to occur, .

In order to develop a proof for this theorem, 1t wlll be necessary,
first, to define some terms. In particular, we must consider several
different methods of representing and classifying the "state of the system"
at time t.
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The description of the "state of the system", which glves us the informa-
tion which we ultimately want, takes the form of a 2 X 2 probability matrix,

» {Pu P12>
P21 Pzz
where the first subscript denotes the stimulus class (S or Sp) and the
second denotes the response (R =0 or R = 1), Thus P21 = the probability
that a Class 2 stimulus would evoke the response X = 0, at time t.
The matrix P can be classified into three cases, as follows:

P 1s horizontally symmetric 1f both elements of one column are greater
than 0.5, and both elements of the other column are less than 0.5, l.e.,

' -5+A05-A 05-A05\+\A
P= or P=
05+A05-A .5-A.5+A
P 1s diagonally symmetric 1f one pair of diagonal elements are greater
than 0.5, and the other pair are less than 0.5, l.e.,

P_ 05+A.5-A P_ .5-A.5+A
" \s-Aa.5+8) T T T\ s+A.5-0

P 1s neutral 1f the elements of one or more rows are both equal to 0.5.

Theorem 1, stated In terms of these definitions, predicts that in a
Class C perceptron the terminal state will always tend to be horizontally
symmetric, and that A will approach 0.5 as t = &,

In order to evaluate P at some arbitrary time, f, and to show the trend
in 1ts development through time, two other matrices are helpful. The first.
of these 18 the 2 x 2 matrix, ¥, where '

s ("11 "12> | g
Moy M2z
Here the row subscrip* again refers to the stimulus, and the column subscript
to the response. Each n is equal to the number of times that the indicated
response has occurred in response to a stimulus from the indicated class.
nsqy, fOr example, Is the number of times that a stimulus of Class 2 has

evoked the response R = 0, throughout the history of the system up to time t.
The remaining matrix, X, 1s agaln a 2 x 2 matrix of the same form:

ki1 kip
K= <k b
21 koo

where kif = r“iV 0, The elements of thls matrix are proportional to the

expected values of the output signals from the. j-source-set, in response to
an arbitrary stimulus of Class i, The significance of the correlations rg,
. has already been indicated in the preceding section. For simplicity, we

» assume a perceptron so designed that v = 0., The conditions assumed for
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equation (7) all apply, except for the fact that 0y can no longer be assumed
equal for the two source-sets, since the sets may not have been "reinforced"
an equal number of times, The elements of X have, therefore, been corrected
for the effect of Oy

Now, it can be shown that K(t) is a function dependent only on N(t), and
that P(t) depends exclusively on K(t). Moreover, we can show that {N(t)} is
a function exclusively of {N(t-1)}, {P(t-1)}, P(S;) and P(Szl. where the
last two probabilities have been defined as constants. Consequently, the
matrix ¥ 1s a Markovian process, and P 1s a function of this Markovian

process.
Our general procedure will consist of showing that there exlsts a path by

which any state of the system can progress to one of the two admissible

terminal states, _
10 01
P= or
10 01/

It can be shown that, since the system 1s fundamentally Markovian, these
states are "trapping", 1l.e., once the system has arrived in either of these
states, by any path whatever, the probability of departing from that state
1s zero. The only-other states that might be trapping are the diagonal

10 01
states, (0 1) and <1 o). The proof that the system will always, given

-

sufficlent time, tend towards one of the horizontal rather than one of the
diagonal terminal states, rests on the fact that as long as t remains
tinite, the states will never be absolutely trapping, 1.e., there always
remalns some error probabllity, and that this error probability tends to be
greater for the diagonal than for the horizontally symmetric states.

The initlal state of the system, at £ = 0, can generally be characterized

by the conditions: -
N(o) =<

0

K(o) =<.

.0

5
5

P(o) =('

)
o)
7
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or, in abbreviated notation,
(o o‘) (o 0 (.5 .s>- v
00/, \00/, \¢b 45
where the matrices are assumed to be written in the order N, K, P.
If we now treat the occurrence of a stimulus, 31 or S,, as an operator on
the state of the system, we can Indicate the development of the system over

any period of time as a tree, with a fourfold branching of possibllitles at
each successive moment in time (assuming time, for the sake of convenlence,

to be quantized rather than continuous):
Py P(Sy)f10
A0 0

P1 . Pmi{(" 1>
e 00 (8)

Pgl‘P(Sz)(o o)
*\10

P,y PISy) \( 0 o)

(9.Go. G

\

01

To each of these new ¥ matrices, there again corresponds a f and a P matrix,
which governs the probabilitles on the next split, etc. In general, N(t) =
N(t-1), with one of the four elements incremented by 1 for each of the four
possibilities, as Indicated in equation (8), with the probabilities
indicated by the expressions above the arrows. Thus, the sum of all the
elements in N 1s always equal to ¢, and the sum of the elements in either
column 1s equal to the number of occurrences of the corresponding response,
in the prior history of the system. )

The number of terminal branches in a tree of the form indicated in (8)
will be equal to 4t. a number which grows large far too rapidly to permit
exhaustive computation of the spectrum of terminal states beyond the first
few generations, The probability of any glven terminal state or branch 1s
equal to the product of the branch probabilities (PgrP(Ss)) for each step of -
the sequence prior to t, where S¢ is the stimulus, and R, thg response which
occurred. These "world lines" of the system yleld the expected values of the
elements in the terminal P matrices, and the total probability that the
system will terminate in a horizontal or diagonal state can be obtained by
summing the branch probabilities of the terminal branches of each class,
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In order to prove the theorem, which is our primary concern here, we must
first show how the P matrix depends on ¥, The first step will be the develop-

ment of the elements, ki-, of the £ matrix.

We have sald that kij = ra-?jov-' which we have seento be proportional to
1 J

2.0y, the expected output signal from the j=source-set, in the presence of a

stimulus of Class i, If we let aﬁa be the component of the variance of v

which 1s correlated with o, then

2 =%
w5
%
and
17 02 * Vj V]al
vy

In other words, the elements, k;-, are measures of the expected covariance
of @ and v, for stimulus Class i and source-set j. Now this covariance comes
from the Ny increments to the value from S stimulil, and the Mo .increments
from 52 stimull, It 1is convenient, for purposes of analysls, to Tactor the

. square of the required covarlance in an approximate fashion as follows:

2 r2 o, 2
10
VJa"” Taa; v, (10)

which means that we need only find the covarlance of v, and &i. the expected
value of @ for the stimulus class Sj. Now each incremeht to the value of the
source-set has an expected value equal to 2o, for all A-units in the source-
set. This Increment has an expected varlance which we can arbitrarily set
equal to unity. This variance can be divided into four components, as follows:

A Variance which 1s "unique" to the particular stimulus, and
uncorrelated with either d; or Oy _ _
Varlance which 1s correlated with a1 but not with az
Variance which 1s correlated with both @y and @,

Varlance which 1s correlated with &é but not with ﬁi

Rl

[Wy

n

e\

The magnitudes of these four components will be:
A =1 - (AE + AB + AZ)

1
- 2
AZ - rgiai (1- faa)
= 2 vt
by = a& ’2aa
A, w2
4& oLt ]( 'r(?i‘a)

The first and fourth of these components clearly makes no contribution to

05&‘ The second two components each make a contribution, which combine in the
covarlance as follows: ¢ .
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2 _ 2 2 2 2
% % =1 Bari) ¥ <%11] Baq1) *V7ej As(z)>

2 2 (’ 2N, [ 1y 3 .
"ij Ta,d; \1 - e > ':17 %% Tag T "z Ta,d, Taa

Multiplying through by rga, as indicated In equation (10), we obtain:

i

'] (11)

k_z_24(z+qz 2 - . 2
ij - nij 'hiai 1- e rdiai Y5a ]"1jv’d1a1 "zj r“zaé( (12)

One point which has been overlooked thus far concerns the signs of the
k;;. Since k;; has been squared in the course of this analysls, the sign of
the element, as obtained from equation (12), might be either positive or
negative. Now 1t must be remembered that k;; 1s intended to be proportional

to the ovtput signal of the j-source-set, joa/, and to 1y ., . If the values,

1
v have been bullt up exclusively by increments from stimuii of the
opposite class from Class i, then 1t 1s quite conceivable that Yo.v. could

be negative, 1f rgz were negative., 1, ,, could also be negative, for some
1
specific stimulus of Class i, 1f ry.§. were negative for the stimulus in
171

question. Under all other conditions, the signs will remain positive. Now,
1f we 1imit our discussion to perceptrons with random spatial distributions
of origin points for the A-unlt input flbers, 1t can be shown that rgz will
always be positive, If the stimulus classes, S1 and Sé, are totally
disjunct, rgz may be equal to zero, but 1t will never go negative, If, on
the other hand, the distribution of origin poilnts is organized in scme
speclal pattern, such as the polarized contour-sensitive distribution
described above, it 1s possible to obtain negative values of r If this
should be the case, then there will be certain environments in which the
perceptron which has been described will not behave as a Class C system,
but will begin to acc as a Class C' system (to be described in the following
section) instead. Let us therefore limit ourselves to perceptrons with
random spatlal distributions of origin points (as indicated in the Corollary),
for which the elements ki' will always be positive. We should also assume a
"well behaved" system in which ry 3. 1s always positive, for any stimulus of
Class i, [k

Now the difference between the two k’s of the same row, k;o = k;q, Will
clearly be proportional to the difference, Zlav—Zéona between the signals
from the two source-sets, which determines the response, The probablility
that the response R = 1 will occur 1is a positive monotonic function of thls
difference. It 1s also clear from equation (12) that 1f rgg 70, the
magnitude of the ki' will increase monotonically with nys + Mo l.e., with
the column sums of the ¥ matrix. Consequently, 1f the ra%lo or]the sum of
the i-column to the sum of the j-colufn should increase without bound, it 1s
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clear that ﬁii and p,; will tend towards unity, while p1j and p,; tend
towards zero, which is the condition of horizontal symmetry pred{cted by
the theorem. It i1s also clear that, 1f the elements of one row of the ¥
matrix are equal, then an inequallty between the elements of the remaining
row will cause the P matrix to be horizontally symmetric.

Let us now consider what happens as soon as a stimulus of elther class
1s presented to the perceptron [equation (8)]. It is clear that the first
increment will immediately introduce a bilas towards either the left column
or the right column, so that equation (8), in more complete form, can be

written:
5P(8,) 10\ (kO <.5+A,5..A>
. /—'_—-_L’;'(O 0>.<k 0); S +A.5-04,
00\ (-5 5\ -5P(5)) \<° 1) (0 k (-S‘A-5+A
(gg)<oo>p<05t5\ V 4 oo. Oko -5‘A.5+A
_ WBP(S,) <o o\ (& o> (.5 +4 .5 - A>
| “—>\10/ \k o/ A

05+A05"

BP(S) (oo <0k <:5-A.5 +A
M‘“»)Ol, Ok, 5-A05+A

Each of the resultant first generation matrices 1s of horizontally
symmetric form. (In the event that rgz = O, the first generation matrices
would be neutral, but this can be regarded as a limiting case for the
Class C perceptron, in which horizontally and diagonally symmetric states
remain equally probable, no matter how far ¢t is extended.) It 1s now clear
that, whichever stimulus is the next to occur, the probablility 1s greater
than 0.5 that the same response will occur which occurred originally; and
1f this does happen, then It 1s evident that the same column of the N-
matrix which was incremented before will be incremented again, leading to
an increase in A, and strengthening the tendency towards the horizontal
form. Thus, we find that a matrix which is already a horlzontally
symmetric case tends to remaln so, and that the application of further
stimull will always tend to Increase the existing tendency. In the limit,
as A approaches 0.5, 1t 1s clear that the probability of ever gaining an
increment In the "weak" column of the N-matrix goes to zero, and conse-
quently, the state can be considered strongly trapping.

We must still consider, however, the eventuality that, before becoming
"trapped" in a horizontal state, sufflclent responses should occur in each
column so that the system goes into a dlagonally symmetric state., Consider,
for example, the second generation matrix ¥ é ?), for which we would have:

P=(‘5+A 5=4
B5=4A ,5+4

(13)
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Note, however, that the A-matrix, in this case, takes the form (k k)’ with a
nonzero element in each cell, whereas in a second generation horizontal case,

K =:(: g . Moreover, it is clear from equation (12) that each kij in the
diagonal case will be less than the dominant k's in the horizontal case,

since the magnitude of the k's tends to increase with the square of the
column sums of the N matrix. Consequently, the row differences, kiz - kii’
which determine the p;,, are bound to be greater for the horizontally
symmetric cases than for the dlagonally symmetric cases; in other words, the
horizontal cases are "stronger", or more binding, than the diagonal cases,
and the probability of an *atypical® response (one which goes counter to the
current tendency of the P matrix) is greater for the dlagonal than for the
parallel case. This argument can clearly be extended for any generation
matrix. Consequently, no matter how far the matrices progress towards a
perfectly trapping condition, the horizontal cases will always be more
strongly trapping than the dlagonal cases.

It remains only to be shown that any diagonal state of the system can
be transformed into a horizontally symmetric state, in order to prove the

!

theorem. Consider the arbitrary dlagcnal state, ¥ = (: : ,>, where the
primed elements indicate large integers, and the unprimed letters indicate
smaller integers. To each of the large elements corresponds some pi- <1,
and to each of the small elements corresponds some pi' > 0. Consequently, on
the subsequent cycle, (¢ + 1), there is a nonzero prcbability that n = n +1.
This ylelds a new matrix, which 1s subject to the same argument, It 1s there-
fore clear that after n’ — n such events, either of the small elements (n)
might grow to the magnitude of the large elements (n’), which 1s a sufficlent
condition for a horizontally symmetric state (since the n's of one row are
now equal, and the n's of the other row unequal).

This completes the proof for Theorem 1. The behavior of such a Class C
system can be most clearly represented by an equilibrium diagram (fig.3),
in which heavy arrows Indicate strong tendencles, and light arrows indicate
weak tendenclies. In general, as time goes to infinity, all systems will
evéntually assume a horizontally symmetric form, with continually decreasing
probability of escaping to elther a neutral or a diagonal condition.

7. THE CLASS C' THEOREM

Theorem 1 indicates that the type of perceptron which had been considered
- at the outset would be incapable of "spontaneous organization", In fact,
such a system, even 1f it has been deliberately taught to assoclate opposite
responses to two classes of stimull, 1s likely to degenerate to the terminal
condition described by the theorem, 1f 1t 1s subsequently left on 1ts own,
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.5¢+8 5-A

5+4 .5-4 \

5+A 5-A 5-0 5+4
\ IR
5-A0 .5+0

Fig.3, Equilibrium dlagram for a Class C System
(States of the System are represented by P Matrices)

without further traiﬁing or supervision by a human operator. This discovery
led to a search for a system which would not be subjJect to the Class C
effect, and which would tend, instead, to arrive at a "useful" division of
its environment, wlthout human intervention. The following exlstence theorem
states the conditions with which we are specifically concerned:

THEOREN 2

There exists a class, C', of perceptrons, which always tend toward a
statistically stationary state, such that for each binary response
(R = 1, 0) the environment will be dichotomized into the two stimulus
classes, Sy (whose members evoke the response R = 1) and Sp (whose members
evoke the response R = 0)., The dichotomy which is established will, in
general, be characterized by a high degree of similarity between stimulil
of the same class, and marked dissimilarity between stimull of opposite
classes. In the limit, each response of such a system contains 1 bit of
information, with respect to the current stimulus.
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Actually, there are many systems which meet the conditlons of this
theorem. The simplest of these, mathematically, 1s one in which the output
signals of each source-set of A-units are divided by the current value of
oy, thus making the elements of the A-matrix (deflned above) proportional
to r, y A system of much greater practical interest, however (which, more-
over, converges to its terminal condition more rapidly), results from the
growth functions defined by equations (2) and (3). As indicated in (Ra)
and (3a), the values of the A-units tend towards a limit which is propor-
tional to the expected value of the input signal times the assoclated
magnitude of the reinforcement operator, which 1s assumed here to be 1 or O,
Hence, we have the following corollary:

COROLLARY:

A perceptron in which the values of the A-units decay at a rate
proportional to thelr current magnitude 1s a member of the Class C'.

With the proof of the Class C theorem as a model, we are now prepared to
undertake the rather more subtle proof of the Class C' theorem. As before,
1t will be sufficient to prove the corollary, for any particular system, 1in
order to prove the theorem. Actually, thls proof Involves two distinct
points:

1, We will prove that the system always tends to dichotomize the

environment into some two classes. To prove this, 1t 1s sufficlent to

show that, glven anmy two stimulus classes, Sy and Ss, the system will

tend towards a diagonally symmetric terminal state in preference to a

horizontally symmetric terminal state,

2, We must then prove that the dichotomy which is most strongly

preferred by the system, in any environment, will correspond to our

concept of "good similarity and dissimilarity", i.e., that it will tend
toward a dichotomy which maximlzes ry5z and minimizes LT

The analysls willl be carried out for a perceptron having the same organi-
zation as before, and characterized by the growth function stated in
equation (3). '

As 1n the case of the Class C perceptron, the state of the system will
be described 1n terms of three matrices, The matrix P has precisely the same -
meaning as before, and can be classifled, in the same manner, into horizon-
tally and dlagonally symmetric cases, and neutral cases. If we try to use .
the N matrix as a basls for calculating the state of the system, however, we
will run into serious difficultles, for ¥ 1s no longer Markovian., In the
Class C perceptron, it makes no difference in what sequence the contribu=-
tions to the elements n;; occur; a glven number of reinforcements in a
specified category will always have the 1identical effect, regardless of the
time at which they occur., In the Class C' system, however, this 1s no longer
the case. The elements of the ¥ matrix no longer unambiguously determine the
P matrix, and consequently, the probability of each subsequent N matrix can
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no longer be predicted as before. Fortunately, we can replace N with an
alternative matrix, which is Markovian, and which we will call V, The V
matrix 1s a 2 x 2 matrix with elements v;; where, as before, the row
corresponds to the stimulus class, and the column to the response. The
element v;; can be interpreted as a measure of the residual value, at

time t, wh{ch 1s due to the past reinforcements of the j source-set by
stimull of Class 1. In accordance with equation (3), the elements of V
will decay by a fraction &, whenever the source-set j 1s reinforced (l.e.,
whenever the response R = R.;). The column sums of V correspond to the total
values of the elements In tﬁe j source-set at time £ due to all previous
stimuli. It is clear that 1f the proportional decay, 8, 1s applied to each
component of the sum individually (l.e., to the elements v, . and v,.) the
net effect will be the same as 1f the decay had been applieﬁ to the]column
sums at each step, so that the analysls of the source-set value into two
components does not introduce any error in the stochastic process.
Specifically, the elements of each successive V matrix can be obtained by
the rule:

vjlt - 1) 1t R(t) ¥ R;
L1 = 8hvj(t = 2) +1 15 RE) = R;

Now we have indicated that the terminal values of the A-units in a
Class C' perceptron will be proportional to the expected values of ¢,
measured over the set of stimulil to which the A-units In question have been
exposed. The varlance of the value, oﬁ, will therefore tend towards a
statistically stable magnitude. If we assume that the initlal value distri-
bution over the set of A-units has the same varlance as thls terminal
distribution, then we would actually not expect the varlance to change at
all, as a result of reinforcement of the A-units; In effect, we will be
changing the correlations of the A~unit values without changing the moments
of the distribution. Consequently, the covariance matrix, X, which was used
in the preceding analysis, can be replaced with the correlation matrix R,
which consists of the coefflclents rij = rq.p.. These correlation coeffi~

. 1
clents are clearly equal to the covariance-wh{ch can now be obtained in
terms of the V matrix just as 1t was before from the ¥ matrix) divided by
0. We now require an expliclt expression for o;. Specifically, the varlance

abz can be divided into five components as follows:

1&j(t) = (14)

residual of initial noise component, present at time ¢t = O,

&
W

Aj_ variance correlated with @, but not with Uoe

A, = variance correlated with @y but not with Gq.

AsE variance which 1s correlated with both 6"1 and &2.

A4_E variance which is "unique" to the individual stimulus (corresponding

to Ai in the previous analysis)
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The magnitude of these components 1s glven by the expressions:

.2 '
Ay=20(1- s)Vi
@ .
DAy =12, 12 o (1= 1By + 2,2 _ 2y
17 %15 Toydy ( | a3 “2; r“1a2 (1 ”aa)v
2 2 2 2 .2
= . - =) t+ : - e
Az Voj 1'()‘2az (1 raa)‘ v ij razal(l ‘ 7'2“)
2

= R - . -

BaEv 1= ) by (1= R )
vy - a,d “ =%
o 1 1  -
where U, 1s the magnitude of the initial mean value, at ¢t = 0, and VN, 1s

the number of times that the response K = R; has occurred. From these
components, we can readlly obtailn the approximation: )

ro. Vi X r, = r o [Bi+ls (15)
. y N, T . e
S8 T ey Y Ty

In terms of these r’s, 1t 1s easy to apprdximace the elements of the
P matrix, through the use of FisherVs z-transformation:

r

i1~ %iz
Pit =gl 2 _
Ny -3
4,
U T iy
;vhere" A z,-j=éln (1+rav,)-%ln}1-r )
. 17] %Yy

~ ¢lx) = normal probability integral from - cc‘to. x

cand Ny = number of A-units in a source-set.

r .
We must now define the concept of a "saturated state" for a C' system,

Such a system will be called "saturated® when the sum of the squares for

each column of the R matrix is maximum, l.e., when .

© N2 - .\ 2
Oy vy Ta, Y ' ' ‘
1 J
: J + 2 =1% 2 (17)
Ta,@ Yo, S ‘
1% Opla
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This expression represents the upper limit for the correlations, as ra 1
for the two elements of the column, taken jointly.

Now, 1t 1s clear that every increment to the values of the A-units will
bring the system closer to,thls saturated conditlon. Moreover, the degree of
saturation can only increase; once a system has become saturated, it can
never become unsaturated, since whichever stimulus occurs, and whatever the
sequence of events, every new increment will only increase the tendency of
r,g to approach unity, If we now examine the saturated state, .1t 1s clear
that in the 1imit a horizontally symmetric system will become neutral as the
two columns saturate, while a diagonally symmetric system will tend to
remain dlagonally symmetric., Thus, the only acceptable terminal conditions,
for a Class C' system, are elther neutral or dlagonally symmetric. In _the
neutral 1+3r€—
neutral terminal state, each of the r,. elements 1S equal to rgg, /~—— 8%~

1] \ 2+2raa
while In the dlagonal terminal state, the strong elements go to r“iai and
the weak elements go to ra-Ei' Consequently, the diagonal terminal states

tend to be "trapping", and]the neutral states have a low probability. A
Class C system can now be recognized as a limiting case of the Class C!
system, in which the time for saturation goes to infinity, due to the fact
that Oy never approaches a limit,

This completes the first part of our proof, 1.e., we have shown that,
given any two classes, S; and Sp, the perceptron will prefer a diagonal
terminal state to a horizontally symmetric state. The equilibrium diagram
which characterizes this type of system 1s shown In fig.#. It 1s now
necessary to show that the particular dichotomy which 1s formed in an
arbitrary environment will tend to be one which corresponds to our criterion
of similarity. In order to do this 1t will be sufficlent to show that the
net terminal error probability (considering as an "error" any response which
1s contrary to the blas of the terminal P matrix) will be minimum for a
dichotomy which meets our similarity criteria, If the system terminates in a
state in which the error probabilitles are not minimum, then it will always
tend (gilven infinite time) towards a state in which the error probabilities
are still smaller, 1.e., 1t will tend towards a more "strongly trapping"
terminal condition. Let us, therefore, examine the various possible
dichotomles, 1n an arbltrary environment, from the standpoint of their error
probablilities,

Consider, first, an environment consisting only of two stimulil (not two
classes of stimull), S; and Sp. Under these conditlons, ryz for each stimulus
will be equal to 1, and I 1s equal to 'dia . Here there 1s only one

dichotomy possible, so there 1s no doubt about which will be selected. As
long as the two stimuli do not produce identical signals, (l.e., as long as
rdlazjti). the perceptron should tend to give a 1-response for one stimulus,
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Fig.4. Equilibrium diagram for a Class C' System

and a O-response for~“the other. Now, 1f there are more than two stimull, we
can represent the state of the system unambiguously, without presupposing
any particular division of the envircnment into classes, by adding a row to
the V, R, and P matrices for each additional stimilus. Thus, for » possible
stimuli, the P matrix becomes: '

P11 P12\
P21 Poz '\
i [ ] "
L] ]
[ ] [ ]
[ ] ]
a1 Paz

This matrix can be classiflied as horizontally symmetric 1f all elements .
of one column are less than 0.5, and all elements of the other column are
greater than 0.5. If for any row, f’i1 > 7’1’2' and for any other row,

Pi1q < Pi2 , the matrix 1s diagonal. All of the development which previously
applied to the calculation of the P matrix from V and R can similarly be
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restated in terms of this expanded matrix., Equation (16) still applies to
the calculation of the p's, equation (14) to the v's, and a sultable
extension of equation (15) (in which the varlance contributions from each
element in the appropriate column of the V matrix are included) permits us
to calculate the r's,

Now, the total error probabllity for such a system at time ¢t will be

Pe =3 i PLS;) | (18)

where ¢, 1s the "weak" probability (l.e., the probability which 1s less
than 0,5) from the ¢ row of the P matrix, and P(Si) 1s the probabllity that
the particular stimulus, Siv will occur. It 1s clear from.the general
dynamics of the Class C' systems, as discussed above, that the system will
tend to keep changing until it arrives in a maximally stable terminal
condition, and this maximally stable condition will be one in which Pe' as
defined by equation (18), is minimized.

Now consider any class, S, of stimull. The probability, P(S), that some
member of this class will occur, 1s equal to the sum of the probabilities,
P(Si), that the individual members of that class will occur. Consequently,
1f the system 1s in state P at time £, and 1f we define the two stimulus
classes, S1 and Sz' so that S; is the class of all stimull for which the
response R = 1 is preferred at time ¢, and Sy 1s the class of all stimuli
for which R = 0 1s the preferred response, we can write [from equation (16)]:

Pelt) = g4 PIS;) + g5 P(S,) (19)

But we can write explicit expressions for g4 and go (the weak dlagonal
elements of a terminal P matrix) in terms of equation (16), l.e.,

Urog) - Uryg)

J
g;i=1-0
t \/ZINAr -3

where the z's are defined as for equation (16). Consequently, we have
i 2ry =y = 2ry =.
;) a]a,)

p.= Z - - P(S,
¢ it 1T\ Ve, o S (20

which is the function which must be minimized in order to find the most
stable classification system for the environment In question. An examination
of this expression shows the following: .
1. The terminal condition depends on the.frequency'or stimull in the two
classes; a highly coherent class which is very small, or the members of
which are all highly unlikely to occur, ;will be less 1ikely to occur
(other things being equal) than a larger class, or a class which includes
" more frequent stimulil. This means that the system will tend to favor
dichotomies which divide the environment evenly between classes,
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2, Other things being equal, the system will favor dichotomies such that
the intraclass correlations, Toge are large, and interclass correlations,
r-=, are small, This 1s the similarity condition which we set out to

o,
establish.

Since we have shown that the error function, [equation (20)], will be
minimum under the conditions which best satisfy our similarity criteria, we
have effectively proven Theorem 2. .The predictions of this theorem, as well
as those of Theorem 1, have been successfully demonstrated using the IBM 704
computer to simulate the performance of a perceptron in a simple perceptual
environment. In the first experiment to be successfully completed, a 500
A-unit perceptron spontaneously learned to distinguish the class of squares
on the left from the class of squares on the right, in an environment in
which squares were allowed to appear in random positions anywhere in the
right or left halves of a visual field, being excluded only from positions
in which they would overlap the center line., After being exposed to
100 squares chosen at random from this environment, the perceptron
exhibited the P matrix (based on 100 test-stimull of each class):

0 1.00
P= .
(94 .oe)

in which the net error probability is only 0.03,

8, SIGNIFICANCE OF THE CLASS C' PERCEPTRON

In discussing the Class C' system, I have taken palns to avoid any
reference to the concept of entropy. A number of theorists have felt that a
system which 1s self-organizing, in the sense that the Class C' perceptron
appears to be, 1s In contradiction to the second law of thermodynamics.
Actually, of course, 1f we concern 6urs¢1ves simply with the physical state
of the system, entropy 1s clearly increased, as the perceptron is an energy
consuming device. From the standpoint of information, on the other hand, we
may still ask the question whether the total amount of information has
somehow been Increased as a result of the perceptron's organizing process.

Consider an environment of elght stimull, Sj.ee...Sg. At the outset, the
response R = 1 might denote the presence of any of the stimull Sy Sé. Ss.
or 85. while in 1ts terminal condition, X = 1 might indicate the presence of
S, S., Sé, or S;. Can we leglitimately say that the information given by
the response R = 1 in the terminal state 1s greater than the information
given In the 1nitlal state? In any absolute sense, probably not. On the
other hand, 1f we recognize that the first four stimull are all triangles,
while Sé...Sé are all circles, we can leglitimately say that the information
carried by the terminal response is more meaningful than the information
carried by the initial response. "Meaningful®, in this sense, means that,
while R = 1 conveys one bit of information in either case, .the information
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in the terminal condition has become correlated with certaln aspects of the
environment which we wish to have reported, whereas 1in the original state,
the information conveyed by X = 1 was of no interest or utility.

This argument 1s, admittedly, a sketchy one, and may contain loopholes,
In any case, the fact that such questions arise (and the difficulty in
answering them convincingly), seems to indicate a certain ambiguity in our
concept of "information®. The fact that "Information”" ls not equivalent to
"meaning® has often been noted before. The performance of the Class C'
perceptron seems to make this distinction even more apparent,

Be that as it may, 1t seems clear that the Class C' perceptron intro-
duces a new kind of information-processing automaton: for the first time,
we have a machine which 18 capable of having origlnal ldeas, As an analog
of the blologlical brain, the perceptron, or, more preclsely, the theory of '
statlistical separability, seems to come closer to meeting the requlrements
of a functional explanation of the nervous system than any system previously
proposed. The neuroeconomy, and the number of necessary constraints requlired
in order to specity a system of this type, seems to be well within the
bounds of blological plausibility. So far as we have been able to ascertain,
no known facts about the central nervous system have been violated by our
assumptions, even though at times we have used simplification and short cuts
which are not available in a biologlcal organism. Wherever we have made such
assumptions, as in the simplification of a "response unit" to a single two-
stage element, the biologlcal equivalent can be clearly indicated. Thus,
while we have not proven the valldity of statistical separabllity as the
explanation of an organic brain, thls explanation now seems to be the most
plausible of the avallable alternatives.

As a machine, the future of the perceptron will depend heavily upon our
ability to achleve an efficient and inexpensive A-unit. Studles of compo-
nents and circuitry are currently in progress, and success seems imminent.
We will not speculate here upon the possible applications of such a device.
The perceptron 1s in 1ts infancy, and 1t would be a mistake to rush it too
abruptly towards an adolescence which can stlll scarcely be foreseen.,

As a concept, 1t would seem that the perceptron has establlshed, beyond
doubt, the feasibllity in principle of nonhuman systems which may embody
human cognitive functions at a level far beyond that which can be achleved
through present day automata. The future of information processing devices
which operate upon statistical, rather than logical, principles, seems to

be clearly indicated.
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APPENDIX TO THE PAPER BY DR. F. ROSENBLATT 4

Since the draft of the preceding paper was written, a much improved
method of analysis has been developed, which should really supersede much
of the foregoing material. This method is applicable to networks of "con-
ventional® on-or-off neurones, rather than to neurones of the continuous
transducer variety. Each A-unit, ays is characterized by a threshold, 6,
and a variable output strength, v;» which serves as the memory variable, If

- the algebralc sum of the excltatory and inhibitory Input signals from the
retina is greater than the threshold, an A-unit "fires", and delivers its
output, v, to the R-unlt to which 1t 1s connected. If the measure of the
total Input signal to the A-unit 1s o, then we can define the "activity
function", o%*, as

f11ra_>_6
a* =
01f 0 <0

The output signal from every A-unit will thus be equal to a*wv, and we will
assume that the R-unit 1s Mactivated" by a net 1nput slgnal greater than
Zero, and "suppressed” by a net input signal less than zero. Specifically,

11t Zoxv; 20
1
0 1f % a* v, <0

where the summation is over all A-units, a;.
Now let Fa, = the proportion of A-units responding to stimulus Si' and
1

let P, = the proportion of A-units responding both to stimilus S; and to
1]
Sj. The expected values of these proportlons are known functions, which

have been previously describved (ref:1). While a small perceptron may show
appreclable deviations from these expected values, In a very large per-
ceptron, the proportions of responding units should be very close to the
expected values, In order to eliminate from consideration the variability
of different perceptrons, the following remarks will be restricted to the
assumption of a very large, or Infinite, perceptron, in a finite universe

of stimull, Sy, Sp, viei Sy

If a perceptron 1s exposed to some stimulus, Si‘ and 1ts assoclation
System 1s reinforced, then the total amount of value galned by the set of
A-unlts responding to Si will be some function of Fa‘, which depends on

1

¢ Added after the Symposium.
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the particular rules of reinforcement which are applled. For example, 1f we
simply have a rule that the active units galn some increment of value, Ay,
and Inactive units are unaffected then the total amount of value galned by
the set of A-units responding to Si will be kfhi, where k£ 1s a constant cf

proportionality. Such a system 1s called an "alpha system". Now suppose we
present stimulus Si' and apply the above rules for relnforcement. Each of
the A-units thus reinforced 1s llkely to respond not only to Si' but to one
or more other stimull as well. Let us now examine the effect of the rein-
forcement of Si upon the sets of A-units responding to each of the other
possible stimuli. The measure of the value change 1n the set of units
responding to S;, as a result of having reinforced Si' will be called the
"generalization coerricient", F In the alpha system, considered above,
gij will clearly be equal to kfhij. If we arbitrarily define our units of
reinforcement so that 2 = 1, then we have for the alpha system that

Paij.

In a different system, which we have called a "gamma system", the rein-
forcement rules specify that the total value, measured over the entire set
of the A-units, must remaln equal to zero. In this case, 1f the active
units gain a quantity equal to Fﬁ-' then this same quantity 1s subtracted

1 ‘

Eij

uniformly over the association set as a whole, so that, again assuming the
proportionallty constant, k, to be equal to 1, we have for the gamma system:
gl] Pa-;J-Pag PaJ-

Now 1f there are exactly n possible stimuli, there will be an n by n
matrix of generalizatlon cocefficlents, g¢;.. The rows.of this matrix repre-
sent all of the "contributions" from a re{nrorcement of S; to the sets of
A-units responding to each possible stimulus, S (where S, may be identical
with Si).’The colurms. represent all of the poss{ble contr{butions to the
set of A-units responding to S, from reinforcements of each possible con-
trivuting stimulus, Including 1tself. Let us designate the row vectors of
this matrix Gi' and the column vectors G¥, Let us represent the expected
trequency of occurrence of each of the n stimull by a positive scalar
number, fi' The set of n frequencles, for the n stimull, can be represented
by a vector, F. The scalar product, FG¥, will then be equal to the expected
rate of change for the total value of the set of A-units responding to S.,
as a result of belng shown each of the possible stimull at its expected
frequency, each one being positively reinforced. Thus, over a period of
time, t, assuming a zero decay rate, we would expect the value measured
over this set of A-units to grow to tFGF.

Let us now consider the effect of the reinforcement operator, P, which
1s set equal to +1 1f the response R = 1 1s to be "positively reinforced",
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and -1 if the response 1s "negatively reinforced", for a glven stimulus.
Assume that this reinforcement 1s applled consistently for each stimulus,
l.e., whenever stimulus Si occurs, 1its responding A-set 1s elither posi-
tively reinforced or else negatively reinforced on each occasion. Then

the generalization coefficient, g;;, must be multiplied by the sign of p,
and the column vector now consists of elements Fﬁgij' If we sum the
elements of each such column vector, multiplylng each element by its appro-
priate frequency, fi' then the array of column sums forms the vector:

A A R T i Y

Each element of this vector, v;, represents the expected rate of change of
the value of the A-set respond{ng to S, as a result of exposure to a random
sequence of stimull from the universe In question. If v, 1s positive, the
stimulus S will tend to turn on the response R = 1, while if v, is
negative, it will induce the response R=0, J

Let us first consider the simple alpha system, with no decay. The

generalization coefficlents for this system, gij' are simply equal to Paij'
and consequently are all positive. Suppose Si occurs, at time tl' This
immediately gives us the value vector, V{tl) = Gi‘ Since every element of
thlis vector 1s positive, 1t follows that whichever one of the n possible
stimull occurs at time t2, the response R = 1 will occur. But the occurrence
of this response means that we will agaln add an all-positive vector to V,
and, In fact, it 1s clear that no element of V can ever become negative,
Consequently, thls system behaves as a "Class C perceptron", In accordance
with our first theorem,

Now consider the gamma system, for which g,. = P, -P P . It can be

7 a1] a; a]

shown that for a perceptron in which the A-units are randomly connected to
the retina, and each A-unit recelives a fixed number of excltatory and a

fixed number of inhibltory Iinput connections, it will always be true that

Pal] Pa.lPa]

provided that the area of the Intersection of the two stimull is equal to
the product of thelr normalized areas (l.e., ;. = R,R., vhere Cij is the
common area, and R, and R. are the retinal areaS of the stimull Si and Sj.
with the area of the retina taken as unity). If stimull can occur with
equal probabllity in any retinal position, then their expected inter—
section will indeed be equal to this value of Ci" If all intersections
are equal to their expected value, the corresponding value of g, . will be
zero., If, however, two stimull have a common area, Ci" greater than this
expected value, g,;; will be > 0, and 1if the stimull are disjunct, or have

a cormmon area less” than the expected value of C;j, 1t follows that gij
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vi1ll be negatlve. Even though the expected value of Ci' for a class of
randomly placed stimull 1s equal to zero, 1t can be shown that, due to non-
linear characterlstics of the faij function, the expected value of gij over
the class of stimull may be greater than zero. This Is actually a necessary
condition to permlt a response to generalize consistently over the class of
stimull,

To analyze the simplest possible case, consider a stimulus universe con-
sisting of two disjunct stimulil S1 and Sz' From what has just been sald,
the generallzation coefficlents §11 and gon Will clearly be positive, and
§1p and g,y wWill be negative. Consequently, each stimulus will generalize
posltlvely to 1tself, and negatively to the other stimulus, and the per-
ceptron will necessarily behave in the fashion of a Class C' system,
described in Theorem 2, It should be noted, however, that no decay has been
postulated In this system, and none 1s necessary. Even though the magnltude
of the values of the A-units, and consequently the varlance of the value,
will grow without bound, the system remains well-behaved, so that the
Corollary of Theorem 1 1s disproved, at least for this special case.

Due to the fact that the expected value of §;; for stimull of opposite
classes, 1n an environment in which every placement of the stimulus on the
retina 1s equally probable, 1s equal to zero, 1t 1s desirable in some cases
to add a constant loss rate, €, to the value dynamics. In this case, every
A-unit always loses a slight decrement of value, in addition to any other
changes upon which the loss may be superimposed. This glves us a modified
gamma system, with the generalizatlion equation:

g,‘] Paz'] - PazpaJ - €
It a decay rate, &, 1s also Incorporated In the system, 1t 1s clear that in
the absence of any reinforcements, the system will stabllize with all units
at a level In which the values are proportional to = é?. at which point the

decay rate (which 1s now positive) will exactly balance the rate of loss.
This system has the advantage of adding a slight negative interaction
between stimulus classes, which otherwlse mlght develop a positive relation-
ship. Agalin, due to the nonlinearity of the ;hi' function, this negative

j .
Interaction tends to affect "well separated classes" more strongly than
classes of "similar" stimuli, and thus generally helps in establishing a
desirable separation,

The performance of an Infinite perceptron, in which £44 1s obtained from
the above formula, 1s 1llustrated in fig. 1. The reinforcement operator, P,
was set equal to +1 for R =1, and to O for R = 0, 1i.,e,, the system was
reinforced only for R = 1, and was left unchanged for R = 0, In this experi-
ment, two classes of stimull were assumed: one class consists of horlzontal
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bars, covering an area of 4 x 20 retlnal units, and the other class consists
of vertical bars of the same area., The retina 1s a 20 x 20'mosalc, and 1s
assumed to have a torroidal connectivity, l.e., 1f a stimulus Image 1s
shifted off of one edge of the retinal space, it re-enters at the opposite
edge., This guarantees a uniform coverage of all retinal points by each class
of stimull, The first set of curves shows the probabllity of correct (l.e.,
consistent) generalization of the response K = 1 to one class ot stimull,
and £ =0 to members of the other class, for different values of the decay
rate, o, Note that even with a zero decay rate, the system eventually dis-—
criminates perfectly between the two classes. As the decay rate lncreases,
performance gradually improves, up to a point where, with 8 > 0.01, the
perceptron begins to "forget" too rapidly, and performance becomes unstable.
This conditlon 1s also reflected in fig.2, whlch shows the expected walting
time to rperfect performance, as a function of 3.
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DISCUSSION ON THE PAPER BY DR. F. ROSENBLATT

MR. E. A. NEWMAN: Several years ago Mr, Day, of the N,P.,L., and I thought
up a device which I will say a little about, This assumed a matrix of
photocells as a sensing network, random connected to an assoclation network
‘which in turn was connected to a response unit, There was feedback between
the input and output of the assoclation network via the response unit,
arranged to reinforce assoclation cell activity by reducing gate thresholds
should the response to a stimulus be the desired one, Since In England we
‘have not the large amounts of programming effort avallable to our friends
abroad we never programmed the device, ,

We would have liked our device to possess propertles, which, as far as
we could see it did not have, The first 1s that 1f presented with a slowly
changing shape it would infer that all the shapes covered by the transitions
were related, the second was that 1f presented with a set of shapes all
varying but slightly from each other, 1t would infer they were related, even
1f other shapes were perceived in between. What 1t did do was to relate in
a random way some items out of a set of coincldent ones, afterwards putting
- speclal stress on this accldental selection, and to be more likely to relate
inputs which followed in time but had no continuity of spatial pattern than
those that had., This I suggest 1s not quite what one wants to do.

Most patterns that Interest us contaln a great deal of special connecti-
vity and continuity. The information needed to specify that a pattern is
continuous, and not a snow storm 1s very large indeed, In our system
information about spatlal order was thrown away in the radom connection to
the assoclation network and had to be learnt. An assoclatlion network which
was connected to the photocell matrix in a spatlally ordered manner would
be better In thls respect.

our device took note of too much information., The only interesting part
of a pattern 1s 1ts edges, and these only 1f they alter in time, What we
would have liked our device to 40 was to react to changes in pattern in
space time, Apart from any other aspect of the matter, a device which takes
note of other than space time changes rapidly uses up all 1ts storage.

our device reached different end states for different kinds of pattern,
but these end states were patterns of dots which had to be recognised, ’
There 1s not much point in knowing that a device glves a 1:1 correspondence
between input and output state, 1f one cannot recognise the output states.
I think the device has at least something in common with the perceptron.
Would Dr. Rosenblatt explain how thils latter device overcomes the

limitations glven above.
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DR. SHUEY: I have four questions. I would like to say, first, that I think
Dr. Rosenblatt's work has contributed a great deal to the analysis of net-
Wworks of the neural type. My questions do not refer to the new material
Dr. Rosenblatt has just presented, but to the materlal in the printed paper
and other published material which people in both England and the United
States have seen,

First, some of the initial reports made a great polnt of random distri-
butlons and probabllity., I have a question as to whether randomness and
probabllity are phllosophical essentials or merely a very significant
feature of this particular analysis. I do not wish to de-emphasize the
importance of analysis, I am merely raising the point as to whether
probability 1s a phllosophical necessity in networks of this type.

Second, 1t seems to me that the detalled connectivity either in a pre-
cise fashlon, or in a statistical fashion, shduld be determined by the
class of obJects or environment that you want the device to recognize. I
think I can 1illustrate my point quite simply if I take a pattern recogni-
tion system with three levels., Let the first level contain N blnary
receptors, Le& the second level of bilnary elements have one element for
each of the 2" 1input states, Let the third level of binary elements have
one element for eachhpossible assoclation that can be formed between Iinput
states; there are 22" such assoclations. A specific input can belong to
many assoclations, In other words, given a set of 2 polnts, there are 22N
subsets that I can form from these polnts, 22" soon becomes a very large
number as N 1s Increased and it 1s, of course, even larger in a non-binary
system. I do not belleve that you want a system that will be able to make
all possible assoclations, I think the possible associations should be
determined by what you want the machine to do.

It seems to me that, 1f you asslgn the original connections at random,
you are in a sense going to make a machine that 1s equally sensitive to
all classes of patterns. I do not belleve you want to do thls any more than
you as a person want to be able to differentiate snowstorms on a TV screen,
The differentiatlon of individual snowflake patterns is in general of no
interest to you.

I think one has to place some constraint on the connection, In the per-
ceptron, you do not have all .possible connections. You can change the
gain of the connections, but you cannot change the connections., If with a
given number of elements and connections, I am allowed to change the
connections, I shall have a much more flexible system. There 1s a parallel
in the nervous systems of animals, If the connections of dendrites and
axons are 'in part determined by environment, the bilological machine will
be more flexible than 1f environment can determine only the strength of
those connectlions, I understand, although I am not a physlologist, that
this 1s an unanswered question as far as the cortex 1s concerned.
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In the example I took earlier, the 22N possible assoclations is deceiv-
ing, This is not necessarily the number of elements needed to form that
number of assoclations. The assoclations might be formed Dy the state of
a%other System, In a binary system with N; elements, 1t 1s only required that
2"1 > 220, Possibly, the perceptron does this type of thing,

My third question 1s related to one of Mr, Newman's points. In the
experiments which have been done, 1f you continuously distort one object
into another object, does the probability of making a correct selection
smoothly go over or does 1t Jump as a step function?

Fourth, can you make any statement relating how the perceptron discrimi-
nates to how we as individuals discriminate? I reallze that this is a
speculative fleld, ' ‘

DR, A. M. UTTLEY: I want to say something about this 27,

We know that a set of n binary inputs has 2" loglcal states, 287 logical
functions of those functions, and so on indefinitely. But each of our
"outputs® to the external world provides a set of proprioceptive tinputs*
to the analyser, in fact, some of the 27 lnputs and not one of the 227
logical functions which, anyway, 1s just O or 1 depending on the Input state,

Consider now the problems of a computer learning to produce an output
01 which is a logical function of = inputs, Iy, «se. I,. Let there be an
Input S1 to indicate success in choosing 0, at random. Also let the random
cholce of 0, be fed back as an input to the computer. We now have a machine
with (n + 2) inputs and 272 units which can solve the problem, If the
machine has, in addition, to learn a second output Oz which 1s another
logical function of the inputs then there must be 27t+4 units, and so on.

MR. STAFFORD BEER: I.should like to address my remarks to the written
paper, rather than to any of the chimerical perceptrons which have been
floating about outside 1t,

My criticism begins in the first section where Dr. Rosenblatt says
"symbolic loglc or Boolean algebra", and later on the same page "Boolean
algebra or symbolic loglc", That is, he presumably takes these terms as
synonymous whereas they are not, Surely Boolean algebra 1s a small sub-set
of the class of symbollc logics., There 1s a whole range of these, most of
which are non-Boolean. For example, there 1s the predicate calculus,

The confusion the author has made leads him to a false dicuotomy between
Boolean algebra and statistical mathematics as tools, Thls excludes the
most useful semantic tools at our disposal. For example, the kind of loglc
used by Ashby in this work is an algebra of classes, the preclse virtue of
which is that the classes need only be specified as bounded in dimenslions
that are of interest, and that thelr behaviour is entirely probabilistic,
This gives us the virtues of statistical methods, without the lack of
logical distinctness which seems to characterize this paper. I would
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concede that this might be Just a question of terminology (if it is, my
point 1s merely captious) were it not for the disastrous consequences
which seem to follow.

For example, an A-unit (one of the associatlion cells) 1is conceived as a
set of v - values, These may be, 1t seems to me, etther a polnt-set covering
the neurons in the A phase-space, or a set of values through time taken up
by one neuron, or agaln the values taken up over time by the phase averages.
By spurning the kind of loglc which would distinguish between these possi-
bilitles, Dr. Rosenblatt has left himself open to a charge of circularity,
For he proposes two theorems which clearly purport to demonstrate ergodic
properties in the perceptron, whereas the ergodicity 1s probably subsumed
in the logically loose definitions of the v - set from which he starts.

From that example, I shall now go on to generalize the charge of circu-
larity. In Theorem 2, Dr., Rosenblatt distinguishes dichotomously between
two classes of stimuli, I shall amend his dlagram by dolﬁg the same. All
stimull must belong to one class or the other, This 1s an arbitrary division
of the set of all stimuli, but one which I am entitled to make; note that I
say nothing of the criteria by which a particular stimulus 1s ldentified as
belonging to Sy or Se. 1 say only that any stimulus can be regarded as
belonging to one of two classes and as feeding into the retina thus:-

!

| R=0

source
set

This does not say what effect these stimull have on the system.
The possibility 1s given In this system that events take place which
cause the response to go to "1, Therefore we can collate these events, and

assert that a class C of them exists 1f and only if the responses go to
LB L

g1 CcC=R-1

Equally, there exists another class of events 1f and only 1if the responses
g0 to "0". We shall extend class C to include these too, and assert the
exlstence of the class in which events take the response elther to "im or
to "0", but not both:-

Il c=R=-1 ~0
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What information is given in the system about the role of the stimuli?
In the system as shown there 1s nothing to show what kind of "switch® there
may be across the retina; there 1s nothing to show that a member of either
stimulus class will influence am "1m sSource Set more than a "O" source set,
So either kind of stimulus 1s capable of evoking elther response. The
account of class C may therefore be extended to:- .

GIICESivsz(R"‘l’*O) ¢ o o & o o (1)

Since the system is no more restricted than this, a number of logically
weakar proportions can be asserted. The one which interests me 1s this:-

zlc'ESI(R-w)Sz(R-'O) (2)

That 1s to say that since the first kind of stimulus is capable
{expression 1) of evoking the unit response, then the cases of this happen-
Ing can ve collected as a sub-set., Similarly, since the second kind of
Stimulus is capable of evoking the zero response, these too can be collected
as a sub-set, There 1s no reason why these two sub-sets should not be con=-
Sldered together as the class ¢’ (expression 2).

These two classes, C and C’, certainly exist in this system, although the
second could be empty, and although there are many others, What do we know
of them? For example, how much information can they each transmit? Class C .
transmits zero bits about a specific stimulus, because 1t may evoke elther
response. Class C' transmits one bit about a specific stimulus, because
that stimulus can only evoke one of the responses,

Looking at the diagram, how can this happen? What mechanism must be
inferred at the retina to account for this information flow? If zero bits
are transmitted from elther 53 or Sé, the retina must be acting as a kind
of random switch. It is in fact uncoupling the stimulus system (S) from
the response system (R). If one bit 1s transmitted, on the other hand,
then in some sense S and R are coupled together. This coupling cannot be
asserted categorically on the evidence; we can however say that a tendency
mist exist at the retina to couple (SiRi) and (SéRb), otherwise the system
would not transmit. :

Now this inference can be quantified., The conditlonal probabllity of the
response glven the stimulus must, for the class C, tend to 0.5; because
there 1s nothing controlling the "switch®. But for the class C’, the condi-
tional probabllity of the response must tend to 1.0, That 1s:=-

a1 C: Pr (RS - o0.5
a1 ¢ : Pr(R|S) - 1.0

The nature of the loglcal correspondence between S and R follows from
this, In the first case, C, 1t 1s strictly unknown., But 1s 1s important to
‘recognize that it could be a "one-many" correspondence, In the second case,
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C', however, it must tend to be a "one-one" correspondence, because the
variety in the right-hand part of the system must now be limited by a
function of the input da.

What limitatlons do these inferences about logical correspondence pro-
duce in the A-set? In the first case, C, the varlance of the value of v
can very well increase, Since, as was shown, the S-F correspondence could
be "one-many", or at least might include "one-many* transformations, this
variance can go on growing indefinitely. In the ¢’ case, however, the
variance of the value of v must tend to a 1imit, because the varlety 1s
1imited as f(a). ,

So the chaln of loglcal properties propagates from the existential pro-
positlons with which we began. Now there 1s only one thing really going on
in this simple version of the perceptron., This 1s given by the transfer
function of the neuron a at time t, which the author tells us 1s equal to
a;(t).v(t) Wnat 1s important about the system 1s the way 1t grows. The @
"inpuc '1s the same for both classes of events considered, and so the growth
function in which we are interested concerns the v (t) element, and 1s
expressed as dv/dt. In both the classes of events here considered, this

function will Iinvolve the o input and the totality of feedback Information
Py and py from the response sets to the source sets: that 1s, a2o. Consider
class C or events, There 1s an assumption of equal likelihood in the res-
ponse alternative. Therefore the o feedbacks will frustrate each other in
the long run, and the growth function 050 will permit the A-set v - value
system to increase indefinitely as prescribed by the Inferences drawn
above, In the class C’ case, however, this system tends to a limit, and
aZp will not satisfy the conditions. If the v = value system 1s to be
1imited while v grows, the growth function must include a decay function
arranged to increase monotonically with v. Thus the growth functlon for
crass C' may be expressed as aZp - v,

This completes a possible description of the Rosenblatt system. I say
"3 possible" because there are many more possible kinds of behaviour; I
say "description® because this 1s nothing to do with proof — it 1s to do
with displaying the system as given, I think the whole contents of the
author's "theorems" are displayed by my description. A perceptron as
defined 1s simply going to behave 1like this., It 1s also going to behave in
“other ways, because we could choose to define 1t In other ways. So the
paper does not actually demonstrate anything. And since other kinds of
behaviour are possible, no doubdbt the author has observed them. This may
explain why his written accounts of the perceptron seem to be about
different things, and why his verbal presentation today seemed to bear
no resemblance to the written paper.

What then is the logical status of the two announcements which the
author labels *theorems”? His method seems to be this, He asserts a
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proposition about possible stochastic behaviour In the long run called a
theorem, He asserts that another proposition 1s a corollary of this, and
then has a discusslon from which it emerges that the corollary class is
not empty, Therefore the theorem class 1s not empty, This, it seems to me,
tells us nothing more than that in the-long run every configuration of
which the system 1s capable will occur, and that Rosenblatt finds two of
these configurations interesting. The "theorems" are, I would say, asser-
toric exlstential propositions about the system; and you neither prove nor
disprove such descriptions. They are simply there, and they may or may not
be 1interesting. What you can show about such propositions is that they are
Internally consistent, and this 1s I think precisely what I have done,

It follows, in my opinion, that the elaborate mathematical edifice from
sections § to 8 in the paper 1s an array of tautologous remarks about the
exlstentlal description given in sections 1 to 4, But as 1t does not
actually say anything, there was no need to write it. What 1t does do is to
bulld up an ethos of potency around the perceptron, On this account, some-
one might unfortunately be mesmerized into belleving that this device is
the ultimate unit of the brain that lies behind intelligence,’

I feel sure that Dr. Rosenblatt would not want to make such an exagger-
ated claim as that; but I think that there are tendencies to exaggerated
claims to be found in the paper. For Instance, one which ought really to be
mentioned 1s that, apart from the Homeostat, the perceptron is the first
machine "to show spontaneous improvement*., This 1s not so., But perhaps
Dr, Rosenblatt rightly assumed that, after all, everyone here must certainly
have heard of Dr. Uttley's work.

To sum up, I am saying that what Rosenblatt has shown 1is not that the
perceptron 1s the necessary explanation of certain time trends observable
in the brain, nor that it 1s a sufficlent explanation, He has shown that,
1f we select various sub-sets of the stochastlc behaviour of this worthwhile
device, we shall find them Interesting, And for this I, for one, would like

to thank him,

Dr, W, K., TAYLOR: I think that a number of contributions to this Symposium
have some similarity to Dr. Uttley's work on the classification of signals
in the nervous system (ref.1) and on probability computers (ref.2).

Dr. Rosenblatt has introduced a difference that I described in connection
with my work on the simulation of nervous systems (ref.3). This difference
can be 1llustrated by considering an Uttley type model neuron unit with n
binary inputs and a threshold m. The unit gives an output of "one" only 1f
the sum of the "one" inputs 1s greater than or equal to m, otherwise the
output 1s zero. Rosenblatt's unit, however, 1s equivalent to the one that 1I
described at the Third London Symposium. The Input signals were effectively
continuous variables represented by pulse repetition rates and the output
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pulse repetition rate was proportional to the algebraic sum of the input
signals, inhibitory Iinputs being given a negative sign. It was shown that
a sultable network of the units could learn to classify shapes 1f the
transmission strength (Rosenblatt's "value") of the connections increased
with use, There was no need to Introduce a separate "growth rate control"
input, This latter postulate does not appear to have a physiological basis’
whereas recent electron-microscope pictures of the brain (ref.u) tend to
support the hypothesis that the area of contact at each synapse, and hence
‘the transmission strength, 1s controlled by the impulses arriving at the
synapse.
+ One thing that seemed to be missing from Dr. Rosenblatt's paper was an
estimate of how many shapes a perception with a given number of units could
be expected to classify. How many A-units would be required to recognlise a
typewritten alphabet, for example? _

~ Finally, Dr. Rosenblatt suggests that 1f he could find suitable hardware
for constructing A-units, he could actually bulld a perceptron. I would
like to ask him why he consliders this to be worth while when he has already
shown that he can simulate 1ts operatlion on a digital computer.

DR. J. McCARTHY: I would like to ralse an 1ssue which concerns all of the
neural work on péréeption - that 1s the work on perception which is based
on nerve models, and I belleve it applies also 'to: the pandemonium and some
of the work on speech recognition which was described this morning, The
problem of perception can be divided into parts, at least two of which are
discrimination and description. Now all of the work which has been described
has been on the problem of discrimination; that 1s, a finite number of
classes of stimull are discriminated, and in the training process at least
one example from each class 1s presented. However, much of our own percep-
tion can be described as description, whereby we can perceive something and
generate a description of 1t, and we may be able to do thls without ever
having seen the thing before. I would like to give an example from letter
recognition., All of us can tell A from B, and the previous speakers have
made it plausible that they can train various devices to tell A from B, but
we can also do the following. We can take this figure (the Russian letter

) and describe it by saying, for example, that the figure consists of
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four 1ine segments, one of vhich is horizontal and the other three project
up from it, one from each end and one from the middle. We can describe this
without ever having seen 1t before,

I have done some work on the question of generating descriptions of -
visual images, but this work has not had a neural basis; it was a proposal
for a programme which takes a digital representation of the plcture, walks
around 1t, so to speak, and attempts to determine the line segments.,

Some kinds of description can be obtalned as sequences of discrimina-
tions., In particular, we can get descriptions of speech or writing In this
form, because of thelr sequential nature provided we can make discrimina-
tlons for each letter, This constitutes a description, but I think 1t can -
be shown that, in the case of two~dimensional data. it is not possible to
get a description system entirely out of discriminations,

DR. L. M. SPETNER: I would 11ke to ask Dr, Rosenblatt if what he called
TG the correlation between the o Inputs of the assoclation cells and the
average of o, 1s really a good measure of similarity of stimuli. In some
special cases it may be all right, but 1t 1s not clear that it is suffi-
clently general, The use of such a criterion, particularly in the C! type
perceptron, means that the machine will tend to classify 1ts environment
according to 1ts own construction, For example, the experiment quoted on
Dage 448 of Dr. Rosenblatt's paper, which showed that a class=C' perceptron
correctly divided all squares into those which were on the left and those
which were on the right, seemed to be a direct result of the way the
sensory and assoclation cells were connected, I suspect that this percep-
tron might do a much worse Job 1f 1t were asked to distinguish on some
basis other than position. It seems to me that organisms do not operate
this way. That 1s, they do not really go off on their own and beglin classi-
fying things in a vacuum; but rather they act more like a perceptron whose
response 1s being forced, I do not mean that all organisms always have a
formal teacher, but rather, I belleve there 1s a continual reinforcing of
responses through some kind of feedback from the environment to the
organism, ’

I would 1like to think of the perceptron as a self-organizing transforma-
tion from a stimulus to a response, Each stimulus that may be applied to a
perceptron can be considered as a point in a multi~dimensidhal Stimulus
space, We might consider the response somewhat more generally than .

Dr. Rosenblatt does by saylng that a response will consist of a set of
numbers in each of the various response cells. Then any particular response
can be considered as a point in a multi-dimensional Response space. (See
fig.1). The association cells then would provide a mapping of the Stimulus
space into the Response space., Now 1t may well be that stimull which I wish
. to consider similar may be very far apart from each other in Stimulus space,
but if the perceptron 1s to organize its environment into categories of
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similarity which I choose to designate, then I shall force similar stimulil
to have responses which are close together in Response space, I belleve
similarity of stimull is really a rather arbitrary concept; at one time, I
may wish to consider all triangles as simllar and at another time I may want
to consider all obJects on the left side of the field of view as simllar,
whether they are trilangles or not. Thus 1t is clear than arbltrary stimulil
which I may wish to consider similar might well be very far apart from each
other in Stimulus space, This allows for the concept of similarity to be
imposed by an arbitrary experlimenter rather than having it tled Into the
construction of the machlne, Viewing the perceptron as a transformation
from Stimulus to Response space also leads quite naturally to the concept
of generalization. Referring again to the figure, let ten stimull be
represented by the ten points shown in the stimulus space. If I wish to
consider these stimull as similar, then I force thelr responses to 1lle in
the restricted portion of Response space as shown, so that the perceptron
shall learn the responses that correspond to these particular stimull; in
that it can reproduce each response for given each stimulus. Now we imagine
that we present to the perceptron an eleventh stimulus that lles somewhere
in between two that we have already given it in stimulus space, If our
mapping has been sufficiently continuous, then 1t will appear as shown in
the correct portion of Response space, and hence, we have reduced the con=
cept of generallization to interpolation or extrapolation, provided one has

achleved a continuous type of mapping,
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DR. F. ROSENBLATT (in reply): I will try to touch very briefly on each -
of the points which have been raised.

The system which Mr., Newman described does indeed seem to bear a con-
Slderable resemblance to the perceptron, although the nature of the
relnforcement function is somewhat different, Several of the comments which
have been made here seem to reflect a common misimpression that a relinforce—
ment function which changes thresholds 1s equivalent to a reinforcement
function which changes the output of a neurone. This 1s not the case; by
reducing the threshold, we are making a cell responsive to a greater variety
of stimull and thus changing the information transmitted by the cell, while
in changing the output, we are changing the weight of the transmission
channel of which the cell 1s a part, without in any way changing the
slgnification of the Information transmitted, A difficulty in systems which
operate by changing thresholds 1s that as the threshold goes down, the cell
becomes responsive to a greater and greater variety of stimulus events, and
in the limit responds equally readily to any input, thus conveying no
Information at all. While such effects may not have been the source of the
difficulty Iin Mr, Newman's device, they are apt to present an initial
handicap to any system operating by general threshold reduction, rather
than by the strengthening of specific transmission channels., I would predict
that Dr, Taylor wlll encounter the same difficulty when he goes to larger
models of his own system, 1f he continues to reduce the thresholds without
a lower bound,

With regard to Mr, Newman's problem of recognizing slowly changing shapes
as ldentical, I must say that the perceptron does Indeed have such a ten-
dency., For example, 1f we change a triangle gradually Into a square by a
serles of progressive distortions, the perceptron will sometimes recognize
the two stimull as members of different classes, and sometimes will place
them in the same class, depending on the frequency distribution of the
various possible intermediate states. If there 1s a bimodal dlstribution,
with more "good" triangles and "good" squares than distorted figures, then
we can design a perceptron which will spontaneously arrive at the desired
classification, If, on the other hand, all transformations (including those
which are halfway between triangle and square) are equally 1likely, there 1is
no logical basis for concluding that there are "two kinds of things" here,
except by an arbitrary convention., How far we have to broaden the cleft
between modes of the distribution in order to make the system discriminate
reliably 1s something which we are now beginning to investigate, We are
also examining the nature of the probablility transition which Dr. Shuey
asks about in hils third question. In some cases, 1t seems possible to
design a perceptron which will break up a continuum (say between squares
on the extreme left and squares on the extreme right of the fileld, or
between circles and ellipses) into a number of discrete domains, assigning
a separate response to each., We find that the domaln over which the
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perceptron generallzes 1s governed In part by its deslgn parameters, and in
part by the particular environment of stimull in which 1t is located,

The problem of the serial order in which events occur does not seem, In
the perceptron, to present as serious a problem as Mr., Newman has suggested.
While there 1s a blas, 1n some systems, to assoclate consecutive events, a ‘
perceptron which 1s deslgned so that the values of Inactive A-units lose an
amount which Just balances the galn of the active units (what we have called
the gamma-system) may actually exhibit interference between successive
stimull, 1f they are sufficlently different from one another,

With regard to Mr, Newman's corments on the importance of boundary or
contour detection as a means of concentrating on the important input
information, I am in full agreement. In addition to the networks which
Dr. Taylor has described (ref.1), an approach to this problem has been
considered in the first report on the perceptron program (ref.2).

Dr, Shuey has asked about the phllosophical necessity of randomness in
the perceptron. I do not believe randomness to be a philosophical necessity,
but rather a practical one., In analyzing a nerve net about which we have
complete information —— a knowledge of all of its connections, the state of
every unit, etc. -- 1t 1s clearly possible, in principle, to perform an
exact loglical analysis of its response to every logically possible input
configuration, count those cases in which the response is the desired one
and those in which 1t 1s not, and thus determine exactly the "probability
of correct response" for the finite environment in question. In practice,
this can hardly be recommended. Biological brains and physical environments
being what they are, 1t 1s unlikely that we shall ever have the complete
information which 1s required for a procedure of complete enumeration, and,
moreover, this would still not enable us to talk about bralns as a class of
systems, but only one particular brain having the particular connections
described, To talk about brains as a class we would further have to
enumerate every admissible system of connections. It seems to me that the
probabilistic approach 1s our only recourse at this point, It offers the
further advantage that the necessary conditions for a class of systems to
work in genmeral (even though individual models may fail) can be stated in
terms of a simple set of rules of construction, or statistical parameters,
rather than in terms of a detalled and unmanageable wiring diagram. If we
grant that we can never, In practice, attaln complete Information about
such systems and their environments, then the question of whether probabllity
is philosophically essential becomes entirely academic: 1f we are to analyze
the systems at all, we really have no choice in the matter,

Concerning the relationship of perceptron discrimination to human dis-
crimination (Dr. Shuey's fourth question), I think it 1s premature to
expect any close correspondence between the "psychology" of any of our brain
models and that of human subjects; too many ingredients are still missing
in the perceptron, One important difference between the learning curves
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observed for spontaneously organizing perceptrons and those of humans,
however, 1s worth noting: The learning curves for the perceptron are convex,
whereas those for a human subject under similar circumstances would certainly
be concave., That is, 1f a perceptron 1s required to distinguish horizontal
from vertical bars, in a spontaneous learning experiment, it qQuickly learns
to classify the first sixty or seventy percent of the cases, and takes
longer and longer to establish the correct response for the few stimuli

still unclassified, A human subject, in such a problem, once he has achleved
an "insight” would undoubtedly jump to 100% accuracy immediately thereafter,

I am sure I will not be able to do full Justice to Mr, Beer's entrancing
remarks concerning my paper. I find that I am almost mesmerized into believ-
Ing them, Perhaps, however, I can arrive at a possible description of what
Mr, Beer says that I am trying to say. I say "a possible" because I may have
missed some subtlety In his analysis which makes 1t more relevant than it
appears; I say "description® because this has nothing to do with a disproof,
but with a set of fundamental misunderstandings of my paper evidenced by hils
remarks.,

First of all, let me express my complete agreement with Mr. Beer about
the lack of rigor in the paper, Had a more rigorous analysis been possible
at the outset, I would have been spared the necessity of polnting to
mistakes in my own work in order to defend its loglcal status, as I am
about to do. Mr., Beer would, perhaps, have been happier with his whole
analysis had the "corollaries" been labelled "lemmas® and placed before the
theorems instead of after, This would actually have been preferable, as the
*corollaries® are actually independent of the "theorems", although the
reverse 1s not true -- the corollarles were used to establish a case In
point, on the basis of which the more general exlistence theorems might be
asserted, Mr., Beer suggests that thls analysis is a ratlonalization of
behavior which I must have wobserved" previously in the perceptron. This is
not true, Nelther of the types of behavior described in the paper were
observed until after the analysls was completed, at which time a new simula-
tion program was written, It then turned out that while we did indeed obtain
the predicted behavior most of the time, 1t was by no means infallible,
Therefore, the analysis, far from being tautologous, must actually be wrong
1t interpreted rigorously. This led to the revised analysis which I outlined
this morning, and which does not represent a completely new set of chimeri=-
cal perceptrons, as Mr., Beer suggests, but rather a new way of looking at
the same kinds of systems that we have been discussing all along.

Now what 1s the substance of Mr, Beer's argument? First of all, it should
be noted that Mr, Beer mistakenly takes the terms "Class C" and "Class C’»
to refer to classes of stimuli, whereas they were intended to refer to
classes of perceptrons., Secondly 1t seems to me that he has systematically
inverted the roles of premises and conclusions, from the original Daper =-
an error for which the admittedly peculiar relationship of "theorems" and
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*corollaries® 1s probably responsible. He then proceeds to try to deduce a
set of characteristics for the A-system, and particularly a system of value-~
dynamics, which is consistent with one of the two assumptions that (1) the
perceptron, 1n the Class C case, effectively "uncouples®" the responses from
the stimull, so that the probability of the response R=1 1s 0.5, regardless
of the stimulus, or (2) the perceptron, in the Class C” case, has a switch-
ing mechanism (unspecified in Beer's description) located, of all places,
in the retina, which 1s specifically designed to evoke the response R=1
for one class of stimuli, and R=0 for the other class. It should be noted,
first of all, that Mr, Beer!s "Class C* perceptron does not in any way
correspond to our own "Class C" system. The Class C perceptron, in the
original paper, is one which tends towards a terminal condition in which
either (a) every stimulus evokes the response R=1 or (b) every stimulus
evokes the response R=0. The reason there 1s no information transmitted in
this case is not that the responses are random, but rather that they are
inevitably the same, whatever the stimulus happens to be, Actually, as our
analysis shows, increasing the variance of the values to infinity does not
lead to random responses, as Mr. Beer infers, but rather to the perfectly
consistent responses characterizing our Class C case, provided the indicated
rules of reinforcement are observed.
I find myself unable to recognize the source of Mr, Beer's difficulty in
understanding the nature of the v-set, Each A-unit, ayy 1s characterized by
a value, Vi which 1s assumed to be Initlally zero, and which changes through
time in accordance with some clearly specified rules, Again, the idee fixe
that these rules are a consequence of some preexisting classification system,
rather than the cause for the stochastic development of a classification
system in an initlally random machine, must be responsible for the confusion,
I think Mr, Beer's assertion that the classification scheme must somehow
be dbuilt into the retina suggests that he has missed the principle point of
_my paper, Let me repeat, therefore, that the ¢’ perceptron arrives at a
classification scheme independently of any scheme which previously exists

in the mind of the experimenter. The classification arrived at by the ¢’
" type of perceptron does not depend on the experimenter, nor is it built into
the retina; the experimenter 1s forbldden to intervene.in any way which
might help this machine to arrive at the "right® decisions. Uttley's models
do seem to represent a possible first step in this direction, and should not
have been omitted from my original review of the fleld. Actually, I think
Taylor's system comes at least as close to being a sponaneous classification
device, In this case, as Uttley's, although in Taylor's model, as I under-
stand 1t, the system 1s actually forced to learn the "proper" assoclations
by presenting an "unconditioned stimulus*® together with the "conditioned
stimulus* during learning ~- a procedure which 1s loglically analogous to our
nforced learning" procedures with the perceptron (fef.2).
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With regard to Dr. Taylor's remarks, I don't belleve elther of us can
claim to have Invented the threshold, but I agree that in setting his
threshold equal to the number of Input connections to a cell, Dr, Uttley
1s somewhat straining the bilological credibility of his system. Clearly,
our neuron models are very simllar, as they are both based on the same fund
of established physiologlical knowledge., The one important difference which
I see in our neuron models 1s in the choice of a sultable memory varlable
== in Dr. Taylor's case the threshold, and In my own case, the strength or
"value® of the output signal, I have already indicated my reasons for this
cholce of variable, I would 1llke to refer Dr, Taylor to Appendix V of my
origlinal paper (ref.2), in which 1t 1s shown that a reinforcement of the
cell as a whole 1s loglcally equivalent to a reinforcement of particular
connections, for an optimally deslgned perceptron, I agree, however, that
at present the reinforcement of specific connections seems more plausible
than the reinforcement of the cell as a whole, and I am particularly grate-
ful for the reference to the electron-microscope work on synaptic areas,
which I look forward to reading.

The "vocabulary size" of a perceptron, which Dr. Taylor asks about, 1s
In part a function of the level of reliabllity required in the perceptron's
responses. To give some idea, however, a system of 1000 A-units should be
able to distingulsh all letters of the alphabet with a better-than-chance
probability of being correct in each case (say, somewhere between 0.6 and
0.9, depending partly upon whether or not the letters always appear in the
same position, whether they may be rotated, etc.). The reasons for building
a hardware model of the perceptron are (1) the simulation program 1s slow
and Inflexible, particularly with respect to the varlety of stimulus
material which can be presented; (2) while it is easy to change parameters
in the simulation program it 1s much harder to Introduce new qualitative
constralnts, which we are now Interested in studying. The hardware model,
with patch boards to permit flexible Interconnections of the units, will
make this considerably easier. A third point 1s that we are Interested in
gaining scme experlence in the design of components which might ultimately
be used in a practical system, rather than a purely research model.

I think Dr. McCarthy may have an important point in his distinction
between description and discrimination. As he 1s using the term, description
implies the statement of relations among parts, and this 1s something that
the perceptron is qulte incapable of doing, in 1ts present form. I think
Dr. McCarthy might be interested in the work of Grimsdale and assoclates
at the University of Manchester (ref.3), who have also attempted to develop
a digital computer program for the description of visual forms.

Dr. Spetner ralses the question of whether r-da i1s actually the best
measure of similarity to use in the perceptron, I am sure that better
measures of similarity could be constructed, 1f thils were actually what we
had in mind. However, we are not trylng to construct a system which will
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embody some predetermined similarity function, or equation, Rather, we are
constructing a system which must (1) be composed of simple, neuron=-type
units, and (2) be connected in a relatively free, unconstrained fashion,

I do not know whether such a system will really do what we would like it
to, but this Is precisely what we are trying to find CUte  fymy therefore,
1s not a measure of similarity which we have dellberately set out to use,
but rather an analytic property of this type of system. The concept of a
response space which maps the "similarity relations® of the stimulus space
1s an interesting one, which Is clearly basic to the whole fleld, It seems
to me that this describes a desirable end result, towards which the percep-
tron 18 a tentative first step.’
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