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PREFACE

One intelligent approach to prefaces — is to have the empty preface. The well
prepared reader will form a good idea of the technical programme just from
looking at the table of contents; together with the names of the authors, this
gives him a good idea of what happened at the symposium. I could try to assess
the talks and direct the reader’s attention to the more interesting communi-
cations. But I fear this would be too subjective and unfair to the remaining
authors — all of them equally represented in this book.

However, recalling that Spring week in Repino, a resort 20 kilometres from
Leningrad on the Bay of Finland and unpopulated at that time of year, I have
come to the definite conclusion that the scientific meeting was in its own way
unique. What circumstances gave this symposium its special character?

First, it was not a regular IJCAI-type conference for which there is advance
preparation, taking into account previous conferences of the series and knowing
that others will follow. The technical programme was more spontaneous than
preplanned; there was neither selection of papers nor restrictions on the subjects.
This element of improvisation gave the meeting a more free and varied character.
The fresh audience and the absence of prehistory encouraged the authors not
to restrict themselves to presenting their results, but to pay more attention to
analysing the premises and motivation of their research. This gave some of the
presentations greater depth and scope, much to the satisfaction of the audience.

Of course, it was important that the conference was an occasion for a
“meeting of East and West”, The mass media often play up such meetings, but I
must admit that this meeting did not provide an occasion for such dramati-
zations. At the same time, the direct and friendly contacts between scientists
with common interests, recognizing their common problems and diverse
approaches to their solution — all that made the conference a kind of “festival
of thought”, greatly amplifying the creative motivation of the participants.

On the other hand, it did not turn out that the forum character made the




PREFACE

symposium superficial. Not at all. It can be said that the theme of the con-
ference was “Al at work”, and this is readily confirmed by the programme. At
the same time, this obvious desire to do “real work” in artificial intelligence
forced us to restate the question: Has there emerged a stable paradigm for
research and development in AI? Is there a single paradigm or are these several
. of them — or is it possible to do successful work in Al without conscious use
of any particular paradigm? Even though many authorities in the field were
present, no-one tried to give a final answer to these questions. However, the
participants at the final panel discussion unanimously agreed that Al had got
its “second wind” in recent years and was again on the upswing.
It seems reasonable to conclude that the business-like programme combined
with the atmosphere of enthusiastic exchange of ideas thoroughly justifies
optimistic expectations.

ANDREI ERSHOV
December 1978
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Relational Programming

R. J. Popplestone

Department of Artificial Intetligence
University of Edinburgh, UK

1. INTRODUCTION
A programming language needs simple and well defined semantics. The two
favoured theoretical bases for languages have been lambda calculus as advocated
by Landin and others, and predicate calculus as advocated by Kowalski (see
Landin (1966) and Kowalski (1973)). In this paper I adopt an approach based
on predicate calculus, but in a manner that differs from the existing PROLOG
language (Warren 1975 and Battani & Meloni 1973) in that I adopt a “forward
inference” approach — inferring conclusions from premises, rather than the
“backward inference” approach of PROLOG, which starts with a desired con-
clusion and tries to find ways of inferring it. This difference is reflected in the
internal structure of the associated implementations, that of PROLOG being
a “backtrack search” kind of implementation, while the most obvious imple-
mentation of the system proposed here involves a kind of mass operation on
tables of data, reminiscent of APL (Iverson 1962) but in fact identical in many
respects with the work of Codd (Codd 1970) on relational data bases. Indeed,
from one perspective this paper can be seen as an extension of Codd’s work into
the realm of general purpose computing.

As in the case of PROLOG it is necessary for the user of the relational
programming system to make statements which are not associated with the
logical structure of the problem, but reflect the need to control the compu-
tation. In PROLOG these are effected by the use of extra-logical control
primitives, but in our system control is exercised by the introduction of predi-
cates for that purpose, which have exactly the same semantics as the predicates
relevant to the logical structure of the problem.

In later sections I deal with the problem of introducing equality into the
system, in a way that reflects the normal mathematical usage of equality. In
this I am attempting something that programming systems normally do not try,
although the ABSYS system (Elcock et al. 1971) was built with equality as a
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central concept, and the unification algorithms of PROLOG provide a limited
treatment.

When we come to consider the question of implementation, the relational
system seems to open a number of avenues of possibility, and it certainly raises
a number of problems. The most interesting developments compared with other
Artificial Intelligence languages are the possibility of making efficient use of the
address space of a modest size computer, or of handling much bigger problems
on a larger machine, and of exploiting parallelism. The major problem raised by
the system is that the most natural implementation involves repeating compu-
tations unnecessarily.

2. AN EXAMPLE

Figure 1A shows a simple “blocks world” in which we have five blocks denoted
by the numbers 1, 2, 3, 4, 5. In this example we use numbers to denote the
entities in the world as a matter of convenience, since we are going to express
the relations holding between entities in the form of tables, and numbers are
the most convenient symbols to use. In later sections of the paper we shall use
the numbers “as numbers”, that is as entities that can be operated on by the
normal functions of arithmetic, and will want to distinguish them from non--
numeric entities like blocks.

Fig. 1A — A simple “blocks world”.

ON
1 2
2 3
3 5

Fig. IB — The table for the ON relation.

Suppose that the state of this world is specified by stating which blocks
are on others. This relationship, which we shall call ON, can be expressed in
tabular form as in Fig. 1B. This can be regarded as an association of the name
ON, which we shall call a predicate name, or just a predicate, with a binary
relation, that is the set of pairs {(1,2) (2,3) (3,5)}. Now suppose we want to

4
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define a new relation, called ABOVE, in terms of ON. This can be done by
using the following two clauses

ON (X,Y) => ABOVE(X,Y) (1)
ON(X,Y) & ABOVE(Y,Z) => ABOVE(X,Z) (C2)

That is if X is ON Y, then X is ABOVE Y, and if X is ON Y, and Y is ABOVE
Z, then X is ABOVE Z,

It is possible to find a value for ABOVE, while keeping the same value for
ON, by applying a process illustrated in Fig. 2. In this process we cycle round
the clauses C1 and C2 and at each stage we form a table whose columns are
labelled with the names of the variables of the clause currently being examined,
and whose rows tabulate the possible values of the variables of the left side of
each clause. We then use this table to produce new rows to be added into the
table which is the current value of ABOVE. In this way we create a sequence
rl....r4 of tables which specify possible approximations to the ABOVE
relationship. If we carry on with the process beyond r4 no new rows are added
to in producing 75 ...., and we say we have reached a fixed point. At this point
ON = {(1,2) (2,3) (3,5} and ABOVE = {(1,2) (1,3) (1,5) (2,3) (2,5) 3,5)}
and with these values (1) and (2) are satisfied according to the usual laws of
logic.

In a more general case, where the values of a number of predicates are being
built up, each step in the approximation will be represented by a sequence of
tables, each table specifying a possible value for one of the predicates, and in

ON ABOVE ON ABOVE
1 2 1 2 1 2
2 3 2 3 2 3
3 5 3 5 3 5
ON ABOVE ON ABOVE
1 2 1 2 1 2 1 2
2 3 1 3 2 3 1 3
3 5. 2 3|3 s 1 5
25 2 3

3 5 2 5

3 5

Fig.2 — Computing the ABOVE relation.
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the next two sections we shall give a formal definition of the process illustrated
by the example above, and prove that it gives rise to a sequence of relations
which form an interpretation of a given set of logic clauses.

3. A FORMAL SPECIFICATION OF THE SYSTEM
Let us now develop a precise mathematical specification of systems of the type
outlined above.

3.1 Thoe basic sets
We need a set E of entities, which form the universe of discourse. Thus in the
above example £ = {1, 2, 3,4, 5}.

We also need a set P of “predicate symbols” and a set V of “variable symbols”.
Thus in our example P = {“ON”, “ABOVE”}, and V' = {“X”, “Y™, “Z”’}, where
the quotes denote that the symbol itself is being referred to. We insist that E
and V are disjoint sets. '

3.2 Finite sequences

For many purposes we will need to make use of finite sequences of-elements,
usually of entities and variables. We shall use bold lower case letters to denote
sequences. If a is a sequence, then a, denotes the kth element of a. (az) is
occasionally used to denote the sequence a. By |a| we mean the set {ag} of
elements of the sequence a. The length of a sequence a, denoted by length (a)
is the number of elements in it (counting repetitions). It is convenient to use
a sequence without repetitions as a way of referring to the members of another
sequence of the same length. Let v be a sequence without repeated members,
and let a be a sequence. Let v, be a member of |v|. Then we use the.notation

-

vpofawrty=a,
For example, let v = (“X", “Y”) then

“Y” of (5,6) wrt (“X,“Y")=6 ,
and
“Y” of (5’7) Wrt (“Y”, (6X’”) = 5

The empty sequence, which we shall denote by (), is a sequence of no elements.
If x is a sequence, and x is an element, then conseq(x,x) = t, where #; = x,
and #; = Xi.;. We shall use a form of structural induction (Burstall 1969) on
sequences, whereby to prove a result for all sequences, it is sufficient to prove
it for the empty sequence, and to prove that if a result holds for a sequence x,
then it holds for conseq(x,x).

We will often need to extend a mapping defined on elements to apply to a
sequence. If ¢ is a mapping and x is a sequence then ¢(x) = (a(x;)).

6
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3.3 Horn clauses

The logical sentences which we shall use will consist of conjunctions of Horn
clauses. A Homn clause has the form L; & L, & ..... . Ly => L where the L
and L are literals, that is they simply take the form of a predicate applied to
arguments. More formally, a clause is a pair (L,L’) consisting of a sequence L
of literals which we shall call the negative literals of the clause, and a literal
L' which we shall call the positive literal of the clause. Each literal itself is a
pair (p,a) where p is a predicate in P, and a is a sequence of “arguments” drawn
from VUE.

3.3.1 A restriction on clauses _
An additional constraint which we place on the clauses allowed in our system
is that if (L ,L') is a clause then all variables occurring in L' must occur in some
Lin|L|.

Thus from our example, (“ON”(“X”, “X™)), and (“ON”,(“X™,1)) are
literals, as well as (“ON”,(“X”, “Y™)). In the sequel, we shall use the normal
notation (for example ON(X,Y)) when referring to particular literals of the
object language. We are not of course restricted to binary predicates, for
example one might have BETWEEN, which is ternary, as in BETWEEN(X,Y,Z).
However, we suppose that with each predicate symbol p there is associated
a positive integer arity(p) which specifies the length of any argument sequence
which is associated with it in forming a literal.

3.4 Relations

Our clauses will be interpreted in terms of relations on E. By a k-ary relation on
E we mean a subset r of the cartesian product E¥. We denote the set of all k-ary
relations on E by Rel(E,k) which is of course the power set of E*, Thus in our
example the tables, without column headings, represent relations, with the rows
being the “tuples” taken from E*,

We will interpret a sequence of clauses C by associating a relation with each
predicate occurring in C. In fact, let p be a sequence, without repetitions of
the predicates of C. Then a sequence of rélations r, with length (r) = length (p)
can be considered as a possible interpretation if arity (r) = arity (pg) 1< k<
length (p). We denote the set of all such relation sequences by & and call it the
domain of interpretation of C. & is then the cartesian product

® = I Rel(E, arity (pg)) (34.1)

In our example, C can be the sequence (Cl, C2) and p the sequence
(“ON”’ “ABOVE”).

R is the product Rel(E,2) X Rel(E,2), so that if (r1,r2) in & thenrl is a
possible value for ON, and r2 is a possible value for ABOVE.

Now, for any k, Rel(E,k) is a complete lattice under the normal set theory
operations of union and intersection. It follows that & is also a complete lattice,

7
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since it is the direct product of such lattices. We need to make use of the
following “fix point” theorem about completing lattices.

3.4.2 Theorem
If £is a complete lattice, and 8 : L= L has the property that 8(1) 21, for each 1
in £, then there is an element u in £ with the property that 0 (u) =u .

Proof

Let v = U{l|theta(l) > 1}. Then either 8 (¥) = v, in which case the required
result holds, or 6 (¥) > v, (where U denotes the lattice operation). Let us suppose
that 8(v) > v. Then either 6 (8 (¥)) = 6(»), in which case 6 (v) is the required
“fixed point” or 6( 8(»)) > (¥). But v = U{lle(l) >1}, and 8(0) > v, a
contradiction.

That 6(v) s in fact sometimes the fixed point can be shown by the following
example. Let £ = [0,1] union {2}, with the standard ordering on the reals. -
Let 6(x) = x + (1-—x)2, x <1, 6(x) = 2 otherwise. Then v = 1 in the above
proof, but 8(») = 2 is the fixed point.

We shall also have need of a more constructive form of the fixed point
theorem

3.4.3 Theorem

Let £ be a complete lattice, Let 6 : L= L have the properties (i) 6 (1)>1, and
(i) If {1} C £ isanascendingchain of members of £, then 6 (U{1,}) = U{6 (1)}
Let 1, be any element of £. Thenif 1, = UO 1(12),0(1) = 1,.

Proof
(1) =06(Y 0’(10,)) = u 0(ld) =Y 0’(10,) since e'(1a)/o°(1a)—1

In the theory of computatlon xt is customary to refer to a function satis-
fying the preconditions of (3.4.3) as being continuous.

3.5 Labelled relations

To simplify some of the definitions we shall make later, and to clarify the
processes involved, we need to introduce the notion of a labelled relation, which
is a pair, (v,r) where v is a sequence of variables without repetition, and r is a
relation having the property that arity () = length (v). The main benefit of this
device is to be found in the definitions of attach, detach, and join, to be found
below. In Fig. 2, the labelled relations are represented by tables with column
labels, the row of column labels corresponding to the sequence of variables.
In the first development of the theory we used unlabelled relations, which
necessitated permuting columns in a way that was difficult to follow. It should
be noted that the relational data base work of Codd and others makes use of
labelled relations, but the necessity of attaching and detachmg labels seems
not to be generally recognised.
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We shall *denote labelled relations by ¢, ¢, ¢", etc. In particular, g =
(0, {QP will be called the null labelled relation.

If {g.} = {(v.ro)} is a family of labelled relations with the same label
sequence, then we write U,q, for (v,t)ra). We will not require a union operation

over labelled relations having different v’s.

3.6 The rho function

In this section we define a function p, which has the property that if Cis a
sequence of clauses: p(C): R~ @&, and p(C) satisfies the conditions specified
for 6 in (3.4.2) and (3.4.3). In Sec. 4 we shall show that any fixed point of
p(C) is an interpretation of C.

p is defined for clause sequences by building up a definition via predlcates
literals, and literal-sequences and clauses. The definition involves a number of
auxiliary functions which we shall define, namely inject, project, attach, detach,
and join (this last is written *). Let C be a clause sequence, C = (L, (p',a")) be
a clause, where L is a literal sequence. Let L = (p,a) be a literal. Then

p((C))=p(C) pl
p(consseq(C,C)) = p (C) o p (C) p2
P((L, (¢',a') )(1) = r U inject (p',p)(detach (a, p'(L)())) p3
P (M =g p4
p(consseq((L , L)) = p (L)) * A'(LY() p5
#((p,2))(r) = attach (a,p (p)(r)) p6
p(p)(r) = project (p,p)(r) p7

where o is the functional composition operation defined by (fog)(x) = g(f(x)).
Before we go on to complete the formal details of the definition of p, let
us consider its meaning in our example. p(Cl) is a function which takes a pair,
(r1,r2), where r1 is a possible value for the ON relation, and r2 is a possible
value for the ABOVE relation, and produces (r1',r2"), which are again possible
valuesl for ON, and ABOVE respectively, according to the procedure sketched
out in Sect. 2. Note that the value of ON will not in fact change, since it does

not occur positively in any clause, nevertheless it is convenient to include it in
the considerations.

3.7 The auxiliary functions
Returning to the definition of pl-p7, the inject and project mappings simply
serve to access components of members of the cartesian product, . In fact

inject(p,p)(r) = (r;) where r, =r if py = p, and r, = @ otherwise. p8
project(p,p)(r) =p of r wrt p P9
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Thus in our example,

project (ON, (ON ABOVE))(-[(I 2), (2 3) G5LID=
101,2),2.3), (3 5)}

and selects the value of the ON relation. Likewise,
inject(ABOVE, (ON,ABOVE) ({(1,3),(2,5)h = ({ }, {(1,3),(2,5)h

and is used in the creation of a new value for the ABOVE relation.

While unlabelled relations are associated with predicates, labelled relations
are associated with literals, and sequences of literals. If L is a literal, with
associated labelled relation (v ,r) then v is the sequence of variables of L, without
repetitions. The same is true for literal sequences. The attach function is used to
go from unlabelled relations associated with predicates to labelled relations
associated with literals, and the detach function makes the opposite transition.
detach (a,(v,r)) takes an argument sequence a, [a| C E U V and a labelled
relation (v,r), and produces an unlabelled relation r’ for which arity(r') =
length(a). Our clauses are restricted by (3.3.1) so that the condmon |a| NV Clv|
is always satisfied.

detach (a(v,r)) =
{t'{3ter
aelv| =ty =a, of twrtv :
'akeE=>t,',=ak}. . pl0

In our example, for C2, when we are forming a new value of ABOVE, we use
detach with arguments (“X™,*Z”) and ((“X",“Y”,“Z”), (1,2,3),(2,3,5)) to
obtain the relation {(1,3),(2,5)} to be added into ABOVE.

- Suppose now that a is a sequence for which ]a| CEUV andrisa relatlon
such that arity(r) = length(a). Then attach (a,r) is a labelled relation (v,r'),
where |v|=]alN Vand :

r={t'|3ter
Vk,kVy =ag => vy of t' wrtv =1t :
Vk axelE=> 1, = ar}. pll

In our example, if L = ABOVE(Y,Z), then we have to perform

attach((“Y” “z7), {1,2),(2, 3) B.5P=
“Y",2"),{1,2),(2,3),3,5D

a trivial example in fact. If, howevér, we attach (“X”,*X"’) to the above relation,

10
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then we get the labelled relation ((“X"), {}), since nothing is above itself, If we
attach (“X™,5), we get ((“X™), {(3)}).

: The next operation we have to consider is the join operation. This is
involved in combining the labelled relations derived from two different literals.
Let (v,7) and (v',7") be two labelled relations, then

) =) s (v ) <=>
V' =Iv|UIv').
r = {13t
velv|=>vof t" wrtv' =vof twrtv
velv'|=>v of t" wrt v’ =v' of t' wrtv'}. pl2

For example, in processing C2 we have to compute the join

(X7,“r”), {(1,2),(2,3),(3,5)D * ((“Y*,*2"), {(l,i),(2,3),(3,5)})
=(("x7,“Y","27),{(1,2,3),(2,3,9)D.

Note that q0 = (), {Q}) is an identity for * , and that * is commutative and
associative,

3.8 Summary of section 3

We have now completed the definition of p. Note that p3 implies that o (C)(r) >r
and so, from p1 and p2, p(C)(r) = r. Thus p(C) has at least one fixed point by
3.4.2, r,, say, and moreover, r; must also be a fixed point for p(C) or all C in
ICl, by the definition of p(C). It follows that r, is a fixed point for any clause
sequence C' st |C'| = |C| so that the fixed point depends only on the set of
clauses, not on their order. Before we investigate the properties of p further
in Sec. 4, let us work through an example of the application of ((C1,C2)).

Let us consider the initial state of our example, represented by ry = -
(1(1,2),(2,3),(3,5}1 4D, p = (“ON”, “ABOVE”) so that “ON” is associated
with the first relation in the pair ry, and ABOVE with the second (null) relation.
Then by p1 &p2

P((C1,C2))(ro) = p(C2)(p(C1)(xo)) ' (381)

p(C1)(ro) = ro U inject(“ABOVE?, p)(detach ((“X”,“Y™), o' (L)(ro)
where L = (“ON”,(*X”,“Y™"))) (3.8.2)

p'(L)(ro) = go * p((“ON",(“X”,“Y ")) (ro) (3.8.3)

P(“ON",(“X™,“Y "))(rg) = attach ((X™,“Y"), p(“ON")(ro))
= attach ((“X™,“Y™), project((“ON"(“ON",*“ABOVE™)))(r,))
= attach ((X",“¥"),{(1,2),(2,3),3,9)D

= (%7, {(1,2)(2,3),6,9 = o' L)(r0)

since g, is an identity for * .

11
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Thus, applying (3.8.2) we get that

p(C1)(ro) = 1y U inject(“ABOVE”,p) (detach((*X™,“Y™),
(“x™,“Y”),{(1,2),(2,3),(3,5)h))

= r, U inject (“ABOVE”,p)({(1,2),(2,3),(3,5)P

=1 U ({}’ {(1,2),(2,3),(3,5)}

= ({(1,2),(2,3),(3,5)},1(1,2),(2,3),(3,5)D.

We shall not compute p(C2)(r,) in detail, but note that the join operation
involved is the one given as an example after the definition of join.

4. FIXED POINTS ARE INTERPRETATIONS
In this section we prove two theorems. The first states that the fixed point of
p(C) gives rise to an interpretation of C, that is a correspondence between
predicates of C and relations in which the clauses of C are satisfied.

The second theorem shows that p(C) is continuous, and thus provides a
basis for finding fixed points by repeated applications of p(C) to an initial
relation sequence.

4.1 Theorem
Let C be a sequence of clauses. Let r be a fixed point of p(C). Let C ¢ |C|.
Let ¢ : V UE - E be a function for which (2) = 2 for £ € E. Suppose that
for each literal (p,a) occurring negatively in C, a(a)e project (p,p)(r) Let (p',)
be the positive literal of C. Then o(a’) € project (p',p)(r).

Comment on the meaning of this theorem.

With each predicate p occurring in C we associate arelation, project (p,p)(ro).
We can regard this association relation as an interpretation of the predicate. The
theorem states that however we substitute constants for variables in C, if we
regard p(e;, e, -- ) as being satisfied when (e}, e, ...... ) in r, where r is the
associated relation with p, then if all the literals on the left of a clause are
satisfied, then that on the right must be satisfied.

Thus in our example, let us consider C2, and let

o(‘“X”)=2,0(*Y”)=3and¢(‘Z”) =5
and let :
r=({(1,2),(2,3),3,9} 1(1,2),(2,3),(3,5),(1,3),(2,5),(1,5)D.
o((*X”,“Y*"))=(2,3) € project (“ON”,(“ON”, “ABOVE"))
=1{(1,2),(2,3),(3,5)}
and likewise sigma((“Y”Z”)) e project(“ABOVE”,(“ON”,“ABOVE”))(r,)

thus the left-hand side of C2 is satisfied, and we find that the right-hand side
is satisfied, since

Then

o(“X",“Z™) = (2,5) € project(“ABOVE”,(“ON”,“ABOVE™))(r,) .

12
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Before we can prove (4.1) we need the following two lemmas.

4.2 Lemma .
Letabe asequence with |a| CE U V. Let rbe a relation. Let (v,r’)=attach(a,r).
Then for any 0 : VUE-E for which ecE => ¢ (¢) =e

o@er=>0(v)er'.
Proof
Suppose a(a)er
Let v = a;, for some k,k'

Ve of o(v)wrt v = o (v =0 () = a(a) = o(a)y .

Moreover if g €F then o(@)y =a
Hence o(a) € ' from the definition of attach (p11).

4.3 Lemma
Let vv', v" be sequences of variables, and let 7,7, 7" be relations for which

¢y =wD (1)
thenifg: VUE—~E
o(WMer&a()er=>0(")er",

Proof
"Letve|v|andlety e|v|.

vofa (V') witv' =g (v) =v of o (V)wrtv
vofo (v)witv' =0 (v')=v'of o (v') wrt v’

Thus o (v) & o(v') satisfy the requirements to be the t & t' in the definition
of *,and so we conclude o (v") e »”.

4.4 The proof of theorem 4.1
It follows from Sec. 3.8 that r must be a fixed point for p(C) for
each Ce |C|.
Now let (p,a) be a literal occurring negatively in C. Then from Lemma 4.2
and p7

o(a) e project-(p, p)(15) => o(a) € p(P)(15)
=>0(v) € 7' where (v,r') = p((p,a))(ro)

13
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Thus if ¢ satisfies the preconditions of our theorem (4.1), then for each literal
(p,a) occurring negatively in C

o) =p((p )@ =>oMer - - @4

Let L' be a sequence of these literals, We shall show, by structural induction
(Burstall, 1969), that if (v",7") = p'(L") thena(v) er".

Suppose L" = (). Then (v",r") = go = (0,{(}), by p4. Thus o(v")
0(0) = o()) = () € {0}, so founding our induction. Suppose L" =
consseq(L, L), and suppose that o(v') € ', where p(L')(r,) = (v',1' .

Now by p5,

0'(L")(1) = p(L) (%) * p'(L) (1) = (v',r"), say

Let p(L)(ro) = (v,7), so that a(v) e r by (4.4.1).

We can conclude from Lemma 4.3 that o(v") e r".

Thus if C = (L,L') and p'(L)(r,) = (v,7) then 6(v) € 7.

Now r, is a fixed point of p(C), and from p3 we see that this implies that

inject (p',p) (detach(a’,(v,7)) Cr,.
Thus

project(p’,p)inject(p’,p) detach(a’,(v,7)))
= detach(a’,(v,r)) C project(p’,p)(r)) .

"Consider o(a")

If ¢} € E then a(a’)k =d}

If 4% € V then a of o(v)wrt v=0(a%) =o(a"); .

Hence, by the definition of detach with o(v) playing the part of t, and o(a')
playing the part of t', we conclude that a(a')e detach(a’,(v,7)), and so o(a')e
‘project(p’,p)(ro). :

This concludes the proof.

Let us now return to the proof that p(C) is chain continuous. We begin
with lemmas showing that attach, detach and join are continuous, the latter
in both its arguments, and then prove the cham-contlnmty of p(C) by building
up the definitions p1-7, :

45 Lemma
If {r, } is a set of relations, and a sequence for which [a|C E U V, then

attach (a, L,f r) = tthv'(attach(a,ra)).

14
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Proof '
Let (v,r') = attach(a, Yry)

v,r")= Uattach(ar,)

Then " = U rg where (v ) = attach(a Ta)
[+

Lett' e /', Then

3t,teUry & oy = vy =>a; of t'wrta = v of twrt v
[+

» &akeE=>tk=ak.

Suppose t ¢ 73, for some B. Then t' € rg and hence t' ¢ U,. The converse proof
is similar,

4.6 Lemma
If {(v,7,)} is a set of labelled relations, with identical labels, and a is an argument
Sequence, then

detach (a,U(v,r,)) = tJ detach (a,(v,7,)) .
[+ 4

The proof is straightforward, and is not included in this paper.

4.7 Lemma
If (v,r) is a labelled relation, and {(v', r;)} is a set of labelled relations, then

(v,r) * y W',r)= t)(( v, r)x(v,rl) .

Proof
Lt ', 1) = (v, 1) x (U, )

Then |v"| = |v|u |v')
Lett" € 7", Then

dt,t' ter&t e Ura&Vvev,W'ev
voft"wrtv' =vof twrtv
Viof t" wrtv' =vpof t wrtv'.

Suppose t' ¢ 13 for some . Then

te(v,r) « (v, n)
andsote l&J ((vr) = (v, 1))

and similarly conversely.

15
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We also need the following two results, for which the proof is sufficiently
straightforward to be omitted.

4.8 Lemma
- If {r,} is a set of relation sequences, and p is a predicate, then

project (p,) (U 1) = U (project (p,p) ).

49 Lemma ]
If {r,} is a set of relations, and p is a predicate, then
inject (p, p) (Y ro) = Y(inject(P,p) (7a))-

We are now able to prove the following.

4.10 Theorem
p(x) is a chain-continuous, from & to &, whether x be a predicate, literal,
clause or clause sequence, and if L is a literal sequence, then p'(L) is chain-
continuous.

Proof . .
Let 7, be an ascending chain of members of R, indexed by a in some totally
ordered set 4.

(i) Let p be a predicate. Then

p(p) (Y ra) = project (p,p) (Y 1)
= U project (p,p)(ra) o “ (by 4.8)
=Y p(p)t: _ (by p7)

(ii) Let (p,a) be aliteral. Then

plp.a)(Yr,) = attach(a p(P)(Y 1))

= attach (2, p(p) (ra)) (by (@)
= Yattach (3,0 (P) (1)) | (by 4.5)
= Up(p,a)(ra). - (bypé6)

(iii) This section of the proof, which lifts continuity over the join operation,
is the root of the restriction to chain-continuity, which arises essentially from
the cross-terms generated by join. So, we shall prove, by structural induction,
that

P'(L)(La)ra) = l5;’(9'([-')(‘?:‘)) .

16
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To found the induction we observe that
P (O)(Yra) = a0 = Yp'(0)(ra).
Now suppose that for some L

P'(L)(Vry) =V p"(L)(r) .

Then, by p5

p'(consseq(L,L)(Yr) = p(L) () * /(L) (o)

=Up(L)(r,) * %p'(L)(rﬂ) (by (ii) and inductive hypothesis,

: where p € A)
=YY (L)) * ' (L)(1)) . (byan
= %J U(p(L)(r) * o' (L) (1)) (by 4.7 and commutativity of )
= U(o'(consseq(L,L))(r,) ) (by p5, and the properties of U)

Since for any a and 8 in A, either a <f or § <a and so
P(LY(ts) * p'(L)(1) < PYL)(re) * 0" (L)(r,)
PULY(ta) * ' (L) (1) < p(L)(xg) * " (L) (15)

(iv) Let (L,(p',a")) bea clause

or

p(L(', a")) (Y1) =

Yt i inject (p', p) (detach(a’,p" (L)(Y1a)))
= U, UY(inject (p',p)(detach (a',p" (L) (ra))) (by (iii), 4.6, 4.9)
= U(r, V inject (p}p)Xdetach(a’,p"(L)(1a))).

(v) Finally we prove, by structural induction;, that p(C) is chain-continuous
for the clause-sequence C.

P(C) (V) =p(C)(Ur,) (by p1)
=Yp(O)(r) (by (iv))
=Up((O)(ry) (by p1)

" Suppose now for some C that p(C)(Ury) = U p(C)(ry) for any ascending
Chain 1y,

17
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Then
pconsseq(CON(Y r) |
=pCY(p(C)(Y ) (by £2)
= pCHY P(O)(r)) | (by @)
=y p(C)(p(O)(r)) |
by inductive hypothesis, since p(C)(r,) is an aécending sequence
=V p(consseq(C,0))(r) (by 2)

which concludes the proof.

5. APPLICATION OF THE THEORY
The conclusion that we can draw from Secs. 3 and 4, is that given a sequence
of clauses, C and an initial sequence of relations r,, that there exists a relation
sequence r which is defined by

T = L,{n (O (x)

and which provides an interpretation of C in the sense that for any substitution
of constants for variables in a clause C of C if the left-hand side of C'is satlsﬁed
then the right-hand side must be.

Now if we are dealing only with finite relations, the sequence (p"(C)(1,))
must reach its least upper bound after a finite number of steps, so that, for
some n, r. = p"(C)(r,) . '

The interesting problems arise when some of the relations concerned are
infinite. We are not proposing a treatment of the general case, but shall restrict
ourselves to consideration of the case where infinite relations only occur
negatively in clauses, and where join only produces finite results.

In order to be able to perform arithmetic computations within our rela-
tional system, we need some representation specifying that the set E contains
the reals, and that the arithmetic operations, + — # /, are represented as relations
on E (there need be no confusion between the use of * at the meta-level for join,
and at the object-level for multiplication). It is also convenient to add the
distinguished set {T,F} for “true”, “false”, to E.

We shall use R to denote the set of real numbers.

The technical device used to incorporate the real number operations into
the relational system is based on the following definition.

6.1 Definition
Let E' CE.Let f: E'™ - E'. Then u(f) is the relation

{tltas1 =1t ...ta) 1, ...t €E'}.

18
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Thus it is possible to incorporate arithmetic into the system by insisting that
P contain the set {*+”, “—", “*”, “/} and by associating with each an operator
applied to the corresponding function. It is also clear that the arithmetic
relations, <, >, <, >, can be extended to apply to E.

5.2 Implementation of infinite relations

The introduction of infinite relations into the system can only be bought at a
cost. The representation of finite relations in a computer raises no problems
of principle, although there may be practical difficulties in handling large
relations economically. On the other hand there are difficulties involved in
representing infinite relations in a way that is effective computationally, and of
course there is no guarantee that any clause sequence will give rise to a fixed
point in a finite number of iterations. This second difficulty is unavoidable if
the system is to have full computational power — it is equivalent to the halting

problem.

There are conventionally two methods of representing infinite objects in
a computer — as a program or symbolically. (These two are not necessarily
distinct; LISP program can be treated as symbolic, although this is seldom done
in practice). We propose to restrict the system and to deal only with finite
relations, apart from the basic arithmetic ones defined above. This is possible
on account of the following,

5.2.1 Theorem
Let (v, r) be a finite labelled relation. Let f: E™— E', E' C E. Let a be an
argument sequence of length n + 1, for which

i<n+l1=>gC|v|UVE

then
(v,r) * attach(a, u(f))

is finite.

Proof

Let (v',r") = attach(a, u(f))
Let (v',r") = (v,r) % (v',r")
Let 0 : r" - r be defined by

If t" € 7", choose 8 (t")ers.t.
velvi=>voft" wrtv' =vof 0(t") wrtv

We shall show that 0 is 1 —1.

19
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Suppose (") = 8(s") = t, say, for some s", t" e 1"
There are two cases to consider.

Case 1

Gp 41 eEU{a,... a,}. Then [v'|C |v|
therefore v"e [v"|=>v" € [v] since [V'|=Iv]U V']
therefore Vv"e [v" | =>
y" of " wrtv” =v" of 0(t") wrtv =" of 6(s") wrt v
=" of 8" wrtv" :
therefore s" =t" .

Case 2

a,,+2 eV, Fgisn,
Let v = 0,41
Let t° s° e u(f) for whlch
Vi = g => vy of t' wrtv' =1},
v of 8’ wrt v/ = s¢
ax €E=>tk =ak—sk .

Then for k < nleta, =vy . Then Vi € Iv l.

tx =vy of t' wrtv' =wy of t" wrt v*
=y oft,wrtv=vy of swrtv
= v,,' of s" wrt v’ = vy of s’ wrt v =s¢ .

Thus t,, =spk<n. :

But 104y = f(f° Io) f(sls—sn) = sn+l
therefore vk of t" wrt v = vk of t' wrtv' = 14
—-s,,“ =y of s’ wrtv' =y of s” wrt v"

and, for " #=vk,v € lvl

sov” of " witv' = ofe(t") wrtv=yv" of 6(s") wrtv

=" of 8" wrt v"
therefore t”" ="
Thus 6 is 1 —1, hence 7" is finite, since r is finite.

6.2.2 Theorem
Let (v, r) be a finite labelled relation. Let r be relation. Let a be an argument
sequence, length(a) = arity(r'). Then

(v,r) * attach(a,r’)

is finite.
The proof is similar to the preceding theorem, and is omitted.
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The import of the above two theorems is that the relations involved in the
computation of p(C), for some clause C, will be finite if for every literal (p,a)
where p is associated with an infinite relation u(f), 4, ... a, are either constants,
or are variables which have already occurred in earlier literals in the clause
(arity(p) = n+1). Moreover, every literal (p,a) for which p is associated with
a non-functional, infinite relation of arity n, then a4, .... @, must either be
constant, or have occurred earlier in the clause.

6.3 Free functions
In order to provide some equivalent facility to the data structures of conventional

programming languages, let us suppose that there is a set {f,,,} of functions,
Sonn : E™ = E, for which

Jn G, <o X)) = fon'n’ s )
=Sm=m,n=n",x=x;.

The fnn are called free functions on E.

We can associate free functions with predicate symbols, as in the last
section. It should be noted that in addition to the uses of these permitted
by Theorems 5.2.1 and 5.2.2, it is possible to have a literal (p,a), for which p
is associated with f,,, where a,,4, is a variable which has occurred earlier
in the clause, while a; i < n have not necessarily occurred earlier. This obser-
vation does not carry through to the quotient interpretations discussed in the
next-section.

6. THE TREATMENT OF EQUALITY
Most mechanised logic systems have problems in their treatment of equality. The
basic intuitive notion that if entities are equal then they should behave identi-
cally when acted on by functions can be expressed by axioms of the sort

x=y=>f(x)=f0)

which have to be written out for every function named in the system. It is
possible to ensure that this substitutivity property of equality is automatically
provided by adding the predicate "=" to the set P of predicates, and by modi-
fying the definition of p(C), for some sequence of clauses C to

Peq (C) = p(C) o n(r)
where 1(r) is defined as follows:

n "
Letrg="="of rwrtp
Let r,,, be the reflexive symmetric and transitive closure of 7,q.
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Then 7(r) is r’ where

G "="ofr wrtp-—req

(i) Ifp elpl, p#+"="andlet
r-—pofrwrtp Then
r' =p of r’ wrt p is defined to be

r'={t' |3ter, Yi(t},1;) eregl.

The effect of the above definition can be stated simply by saying that
in each cycle of the interactive process of interpreting clauses, we take the
equalities that have been deduced, apply the rules of reflexivity, symmetry
and transitivity to produce an extended equality relation, and then use this to
infer that if two entities are equal, and one is related to some further then
the other must also be related to these entmes :

4.6.1 Introducing n is equivalent to introducing equality axioms .
In this section we show that if C is a clause sequence, then any fixed point of
Peq(C) is a fixed point of C' where C' is formed from C by adjmmng equahty
axioms, ,

Let r; be a fixed pomt of peq(C), and let us note that for all r, n(r) > r,
from the reflexivity of r,4 in the definition of n.

. We can easily see that r, is a fixed point of p(C) for

P(C)(r)) <n(p(O)(r))
= Peq(c)(rl) =n.

But from the definition of p .
p(C)(r)=>r. -
Similarly, we can show that n(r;) =r,.

6.1.1 Theorem :
If Cis a clause sequence, and r is a fixed pomt of peq(C) then

(1) r; is a fixed point of
px=y=>y=x)

(i) r, isa ﬁxed point of
px=y&y=z=>x=2)

(iii) for any p € |p], r; is a fixed point of :
P =y &Py X X)) =P L X))
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We shall omit the proof of (i) and (ii) and only give the proof of (iii).
Since g, is an identity of *, we need to consider

t e detach((x; ...»...x,), attach((x,),r.q)*attach((x, ...x... Xn)rp)
where 7,q ="="of r, wrt pand 7, =p of r; wrtp.

We need to show that te Iy
Now from the definition of detach (010),

3t eattach((x,),7.q) * attach ((x,...x... Xn)Pp)

for which
ve v |=>voftwrt(x,...y...x,) =vof t wrtv 0]

where v’ is a sequence without repetitions and |v'| = {x; ... x,,x, y}.
Now, form the definition of * and attach, p11 & p12,

3, " er, &t'"en, st

v' e {x,y}=>

v" of t' wrt v/ =v" of t” wrt (x,y) an

VI, x X, =>

V" of ¢ witv =v"" of t" wrt (x, ...x...x,). (i
Letve{x, ... ... x,}. Then

voftwrt(x...y...x,)=voft wrtv from (I).

=poft" wrt(x;...x...%,) from (1I1).
and

yoftwrt(x;...y...x,)=yof t wrt v from (1)

=y of t" wrt (x,p). from (I1)

Now 7(r;) = r, so that Teq is its own reflexive symmetric & transitive closure,
so that it is itself reflexive symmetric and transitive. Thus '

vedx; .. x5 }=>@of twrt(x;...y...xp),
vof t" wrt(xy ...Xx...x,)) €7eg

by the reflexivity of Teq and

Goftwit(ey...y...x,), x of t"" wrt (xy ... %, ... %)) ery

since
(oftwrt(xy ...y ... %), x of t" wrt (x; ...x...X,))
= (y of t" wrt(x,y),x of t' wrt v) = (y of t” wrt(x,y), x of ¢" wrt ®)

= (ta13) say, from the definition of *. (p12)
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Now since 7,4 is symmetric and
t” = (x of t" wrt(x,y), y of t"wrt(x y))

it follows that (f,%3) € 7eq
But t"' € r,, and we have shown that for each i, (¢ ;") € req -

Therefore, from the definition of 1, and the fact that 72(1’1) =1, it follows that
ter.

6.2 A discussion of equality
Theorem 6.1.1 shows that it is possible to make the mterpretatlon system
behave as though the equality axioms were explicitly present.

From a practical point of view this method of treating equality suffers from
a major disadvantage in that the application of the equality rules results in a
large expansion of the relations. It seems likely that the obvious ploy of using
Teq to define equivalence classes of entities, and only recording relationships
between canonical members of these classes, would be theoretically sound, but
I have not completed a proof that this is so.

7. DISCUSSION

In this paper we have shown how it is possible to use certain combinators on
relations to produce an interpretation of a class of clauses (Hom Clauses) in
predicate logic. The work was inspired by a particular view of the task of writing
certain kinds of program, but has not yet given rise to a system implemented
on a digjtal computer, although some initial studies have been made. The mathe-
matical apparatus used is hardly novel — perhaps my most direct debt is to
D. Park (1969).
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The use of a graph representation in optimization of
variable replacement in LISP in the presence

of side effects

V. L. Stefanuk

Institute for Information Transmission Problems
USSR Academy of Sciences, Moscow, USSR

Abstract

A certain canonical representation for a directed graph is found to be useful in
reduction of search in some problems. In this report it is applied to the solution
of a problem of optimization of evaluation order in the arguments of LISP
recursive code in the light of recursion removal. The program, given the sequence
requiring the minimal number of intermediate precautionary measures, is des-
cribed. The main feature of the approach is an attempt to take side-effects into
account. For this reason, the problem of side-effects in a LISP system is also
looked into. The program is implemented in BNN-INTER LISP system.

1. THE CANONICAL REPRESENTATION OF DIRECTED GRAPHS

Let G be a directed graph without loops. The following couple of representations
of G are of interest for some applications. The TD (Top-Down) representation is
Constructed by the following process, called Canon (G):

Set §', the set of all unsubordinated nodes of G. If §' is empty, set S’ to be
the set of all unsubordinated pairs of nodes of G. If this §' is empty, set ' to be the
set of all unsubordinated triples of nodes, etc. (a group of nodes is called unsub-
ordinated if and only if there are no links pointing to the group from the rest of
the graph).

For non-empty S’ let G' be the remainder of the graph G, provided that all
of the links from S’ are discarded,

Canon (G) = Append (§' Canon (G"))
Fig. 1.1.
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The TD representation for the graph shown at Fig. 1.2 is shown below, at
Fig. 1.3.

B
A ¢
Y
Fig. 1.2,
(®) B) ((4)) (GDy)
Fig. 1.3.

Equivalently it is possible to build the BU (Bottom-Up) fepresentation if
one sets S’ to be nodes or groups of them, which do not influence the remainder
of the graph G. The BU for the same graph is

&) @) «cDy) (B»

Fig. 1.4.

" The TD representation is of interest when one would like to find first the
least dependable part of a system, then work on it, and afterwards proceed with
the rest of the system. In Stefanuk [1975], the TD representation was actually
used to demonstrate that local control in systems without mutual interaction is
always stable.

The BU representation is of interest in the problem considered below of
the optimization of the order of evaluation of LISP functions, taking into
consideration possible side-effects.

However, these representations have the following properties:

1. For a given graph G the set-representations TD and BU are unique, as we are
not ordering elements within S’ and within subgroups of §'.

2. TD (G) is identical with BU (G'), where G’ is the reverse of G (all arrows
pointing in backward directions).

3. If G is a graph without cycles, then TD (G) is identical with the reverse of
BU (G).

4. Each subgroup of §' has at least one simple cycle of the order &, where k is
the number of its elements.

Property 2 shows that the algorithm for construction of BU and TD is
essentially the same.

Property 4 suggests a deeper sorting algorithm for the graph G, in which
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after the failure to find unsubordinated nodes, one tries to find a non-zero set
S’ of nodes, each of which has not more than one link pointing to it. The LISP

function for such a process is given below:

(CANONC
[LAMBDA (G V)

(* “CANONC ' (F1 F2 F3) NIL” produces a representation
taking away elements with no links to the rest, with
one link, with two, etc.)

(COND
((NULL G)
NIL)
(T (CONS (SETQ V (CANONB G 0))
(CANONC (REMOVE V G])

(CANONB
[LAMBDA (G S)
(COND
((NULL G)
NIL)
((CANONA G G 8))
(T (CANONA G G (ADD1 S])

(CANONA
[LAMBDA (GUS)
(COND
((NULL G)
NIL)
((EQ S (TEST (LIST (CAR G))
(REMOVE (CAR G)

9)))
(CAR G))
(T (CANONA (CDR G)
Us])

In Fig. 1.5 we show another example of a graph, together with the represen-
tations TD, BU, TD*, BU*, the latter corresponding to “Top-Down’ and “Bottom-
Up” in the last mentioned algorithm.

D .
E c D[] [(4B)] (O] [ED)]
BU : [(ED)] [(® (O] [(4 B)]
B TD* : [(A)] [E) (B) ()] [(©) ((D)]
F > BU* : [(F) (E) (O] [(D)] [(4)] [(B)]

Fig. 1.5.
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- We will not use this new algorithm here, because the BU representation is all
that we need: one can work on the elements of the representation (on subgroups
of §') one at a time, from left to right, and be sure that nothing wrong will
happen to the rest of the graph. , )

However, we are planning to have a full search within a group in the hope
that, in practice, these groups will not contain very many elements, so the total
time will be reasonable.

2.VARIABLE REPLACEMENT IN RECURSIVE CODES
The following problem was formulated by J. Urmi and A. Haraldson. Suppose
one is given the list of functions:

G: (FI(X1,....XN) F2(X1,....XN) . . . F3(X1,...,XN))
Fig. 2.1.

and the corresponding list of “‘new variables™:

(X1Xx2...XN)
Fig. 2.2.

such that the value of X1 is to be set equal to the value of F1, the value of X2 to
the value of F2, etc.

In the general case, these functions will interfere with each other in the
sense that if previous evaluation results are put in some of the variables, the
value of the next processed function might change (we assume that the functions
in G are always evaluated in the order left to right). One would therefore have
to introduce a number of temporaries to save intermediate results and the
corresponding number of intermediate operations of SETQ type.

The problem is to find an optimal order of evaluation of elements G to
minimize the numbers mentioned. In the following, by F1, F2,... we will
assume any functional forms, though sometimes it is more convenient to refer
to them as functions, having certain lists of lambda-variables, etc.

This optimization problem shows up most clearly in the case of recursion
removal. Let us consider a rather artificial example of a recursive code:

(FOO
[LAMBDA (X Y Z)
(COND
((NULL (AND X Y Z)) NIL)
(T (CONS(QUOTE *)
(FOO (CDR X)
(CONS(CAR X)
(CDRY))
(CONS (CAR X)
. (CONS(CAR Y)
Fig. 2.3. (CDR Z])
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where
F1is(CDR X)
F2 is (CONS(CAR X) (CDR Y))
F3 is (CONS(CAR X) (CONS (CAR Y) (CDR 2)))
Fig. 2.4.

Now, trying to compute FOO iteratively, we will see that it would be wrong to
evaluate the arguments of a call of FOO in their natural order F1 F2 F3: in that
case, one would need to introduce two temporaries to save the results of evalua-
ting F1 F2, or “spoil” the original values of X1 X2 now needed for evaluation
of F3. The best order is, of course, F3 F2 F1, in which case no temporary is
needed,

This type of optimization is embedded in the program REMREC of T. Risch,
at least for the seven types of recursion which this program is able to handle,
provided that there are no additional side-ffects, induced by the forms F1, F2,
F3, themselves.

It is important to note here that today we do not have a recursion removal
which is in some sense universal, and existing programs might well be inefficient
‘when side-effects are allowed for because then they are bound to follow a
“worst possible case” approach (as REMREC does).

We feel that an optimization program (let us call it REMREM), being
separated from recursion removal, is an efficient tool for introducing into the
system some additional knowledge about the functions in question, particularly
about side-effects.

3. PROPOSED REMMEM ORGANIZATION AND ITS USE
The program REMMEM can be considered as an extra program to be applied
before a recursion removal (REMREC).

The program REMMEM has to provide for the following. For a given order
of evaluation of forms, it should be able to find the cost of the number of neces-
sary temporaries, find the optimal order and the optimal cost, and, if necessary,
rearrange the original evaluation order of recursive code. Below we will give a
brief description of those supporting REMMEM functions that were first written
for the simulated INTERLISP on the PDP-10 system in Stockholm and now are
transferred to the BBN-INTERLISP on the DEC-20 system of the Datalogy
Department, Linkoeping University. A fuller description is given later.

The function (EXPRISI (F1 F2 . . . FN)) gives a list, the head being the
optimal cost, the tail being the optimal evaluation order. For example, for the
collection of functions

(F1X) (F2XY) (F3XxYZ2)
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with (X Y Z) as a list of the new variables, this function gives
(0 (F3 F2 F1)).

(We assume no side-effects in forms F1 F2 F3 in this example).

The function (SEMPROG ‘(F1 F2 . .. FN)) gives a so-called semantic
program of function evaluation, that in our example (SEMPROG '(F1 F2 F3))
will look as follows:

((SAVE F1 X) (SAVE F2 Y) F3 (RETURN X F1 X)
((SAVE F1 X) (SAVE F2 Y) F3 (RETURN X F1 X) (RETURN Y F2 Y))

This by REMMEM is to be converted to
((SETQT__1 (F1 X)) (SETQ T_2 (F2 X)) (SETQ Z F3)

(SETQX T _1)(SETQ Y T_2))

4. TAKING SIDE-EFFECTS INTO ACCOUNT
To the best of our knowledge there is no attempt to incorporate knowledge of
side-effects in forms and optimize the evaluation order using it [Risch; Burstall
& Darlington]. On the other hand, we did not find a suitable classification of
side-effects in the INTERLISP system. In what follows we are trying, through a
discussion of different examples, to construct a definition of side-effect and
relative side-effect that can serve our purpose. Experienced LISP users are
advised to skip the following section.

In “pure” LISP any legitimate expression is constructed from a number of
primitives: NIL, lists, atoms, and functions, among which are CAR, CDR,
CONS, COND, EQUAL. In Boyer and Moore [1975] one can find an example of
such a “pure” system. The interpreter has initial information consisting of num-
bers of atoms (names and their values, properties) as well as a number of lists.
The interpreter takes one expression at a time and returns its value. It is a prop-
erty of the “pure” system that after the evaluation the LISP system “restarts”
in its initial state, There is no obvious trace in the system showing that some
expression has been evaluated. (CONS does create a new list, but there will be
no pointer to it.) The only way to change the result of evaluation of a given
expression is to change the initially chosen sets of atoms (values, properties) and
lists. One might say that the system has no memory for such an expression.

However, for the sake of convenience, efficiency etc., a number of functions
of quite a different nature were introduced into the LISP system.

The most commonly used is an assignment, SETQ. For example

(SETQ V 'LISP)
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has a value, but it is not of primary interest. The most useful and essential
property is that in addition to this expression obtaining a value, a new atom, v,
with value lisp has been constructed. This expression will be remembered by the
system. And this is a side-effect.

The expression

(DE FOO(L) (MEMB'L'(ABVC)))

also has a side-effect: now the system knows how to calculate a new function.

- The functions (print (x, file)) and (read (file)) have both side-effects in this
sense — the LISP system will be changed as a result of their evaluation, if one
includes the input-output media into the system.

Last we will mention a group of structure destroying functions, like RPLACA.
This function may or may not produce a side-effect in the system, depending on
its use. For instance, if the function FEE is defined as follows:

(FEE
[LAMBDA (X)
(RPLACA X (QUOTE E])

then (FEE '(4 B C) will have value (E B C). This is an example of a function
producing a side-effect on its lambda-variable: we will refer to it as “lambda
side-effect”.

We say the a LISP expression produces a side-effect on the system if and
only if the evaluation of this expression will change the system state to the
extent that some other expressions being evaluated before and after this event
will get different values. (It is interesting to note that in more *“ordinary” com-
puter languages it is only the side-effects that matter, when we enter with a
program. However, the complete program if it terminates normally and no errors
occur, should not have a sideeffect on the system, as the computer system
restarts in its initial state.)

Now returning to our optimization problem, we need a definition of a rela-
tive side-effect, relevant to pairs of expressions, evaluated sequentially, These
are special cases of side-effects as defined above.

Definition. We say that the form F1 produces a relative sideeffect on the
form F2 if and only if the evaluation of the form F1 might change the result of
evaluation of F2.

Note that the last definition includes, for example, the case of PRINT.
Indeed, if both F1, F2 are PRINT, the user will normally be interested in
having the printing done in a specific order (otherwise a result will be lost). In
other words, the evaluation F2 will be “‘of value” only if F'1 has been evaluated
(that is PRINT has been performed). So one can say that it is also a relative
side-effect when a certain order of evaluation is prescribed.
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In case of a recursion removal, one comes across two categories of side-
effect. Suppose that in a recursive call of function FOO (X1 X2 ... XN))we
have FOO (F1 F2 ... FN). Then in an iterative code we have to assign:

(SETQ X1 F1)
(SETQ X2 F2)

(SETQ XN FN)

Thus the iterative pattern will introduce some side-effects, even if the forms
F1 ... FN have no side-effects. We will call these side-effects negative (as one
does not normally want the value of some F3 to be changed by previous assign-
ments). It is this kind of side-effect that is taken care of mthe program REMREC
[Risch (1973)].

However, the forms F1 ... FN themselves might produce side-effects. We
believe that both types of side-effects should be treated within the same
formalism, and we illustrate this approach below.

We have a file DIMA-P that takes care of restrictions on the order of evalua-
tion. This seems to be the most frequent type of relative side-effect in practice.

The file DIMANP concerns a somewhat wider type of relative side-effect,
namely a side-effect through a variable. In this program it is reasonably assumed
that this kind of side-effect can be desirable or undesirable (we refer to them
as “positive” or “negative” side-effects).

5. DESCRIPTION OF DIMA-P, DIMANP AND EXAMPLES
One should not be surprised to see that the use of an automatic program taking
side-effects into account, requests a certain number of declarative statements
to be made. Eventually we intend to work in the prompt mode, when these
declarations are not made before the system itself requests them.

Normally, these declarations are a source of additional inconvenience for
the user, and he will probably prefer “‘the worst case” approach, when no opti-
mization is allowed. However, if efficiency of computation is essential, then
these declarations become necessary (and they should not be a problem for the
user, because they exist in his brain at the time of function design, if he inten-
tionally introduced some kind of relative side-effect).

In the program DIMA-P the only declaration is a list PSEFLIST, whlch
contains pairs of forms, whose evaluation order must not be changed. Given
PSEFLIST, the program DIMA-P will find an optimal evaluation sequence
under this constraint.

In the program DIMANP the declarations may be of a more sophisticated
type. This program takes care of relative side-effects through a variable, and the
user is asked to declare for each of the forms in question, which variables are
influenced by side-effects (if any). This information is stored under the property
SIDEF for each form. Then the relative side-effects are treated separately
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whether the corresponding pair of forms is in the list PSEFLIST or not. Only
in the last case is the side-effect treated as a negative one, and the system will
introduce a temporary if necessary to save the corresponding function from
“harm”,

We conclude this paragraph with an example, covering the questions dis-
cussed above. Before this we note that some authors (Burstall and Darlington)
have mentioned that the loss of efficiency in a recursive program is sometimes
due to the fact that the same forms are evaluated many times.

Suppose one has to give an iterative form for the computation of a recursive
given function:

(FOOXYZU)
Fig. 5.1

where in the recursive call to FOO we have to evaluate

[FOO

(CDR X)

(CONS (CARX)
(CDR 2))

(CONS (CAR X)
(CDR 2))

(CDR Y]

Fig. 5.2

Here we have four forms F1 F2 F3 F4, and in a normal run, the form F2 will
be evaluated twice, because it constitutes a part of the form F3,

If the recursion is deep, then for the sake of speed of computation one may
replace the code Fig. 5.2 with the following:

[FOO
(CDR X)
(SETQ T__1 (CONS (CAR X)
(CDR Z)))
(CONS (CAR X)
T_1)
(CDR Y]
Fig. §.3.

and in the iterative form we will find assignments:
(SETQ X (CDR X))
(SETQ T__1 (CONS(CAR X) (CDR Z)))
(SETQ U(CDR Y))
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The forms F2 F3 now have been replaced with F2! F3!. The form F2! has a
relative side-effect on F3! through the variable T__1. This is a positive side-
effect, as we introduced it intentionally.

Given the code Fig. 5.3 and ((F2! F3!)) as the value of PSEDLIST, the
program DIMA-P will preserve the order, and at the same time it will save ¥
for (CDR Y). (Actually, in this example DIMA-P will instead evaluate F4
before F21!).

Without the declaration of the PSEFLIST value the program might give
an error. There will be no error if we use the slightly different function FEE:

[FEE
(CDRX) -
(SETQ T__1 (CONS (CAR Y)
(CDR 2)))
(CONS (CAR Y)
T_1)
(CDR Y]

Fig. 5.4.

In this case DIMA-P will save Y for the form F3! (and for F4).
Returning back to codes for FOO, we see that there will be an error if one
takes instead of Fig. 5.3 the following:

[FOO
(CDR X)
(SETQ Y (CONS(CAR X)
(CDR 2)))
(CONS (CAR X) ’

(CDR Y]
Fig. 5.5.

Here we have also a negative (undesirable) side-effect of form F2! to the form
F4.
Now let us consider the following iterative pattern:

(SETQ X (CDR X))
(SETQ Y (CAR X) (CDR Z))
(SETQZ (CARX) Y)
(SETQ U(CDR Y))

Fig. 5.6A.

This will give the same result if now the second assignment is considered to be
positive for the third form but negative for the fourth, and this information
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should be supplied. A user might wish to avoid this complication, by putting
the fourth form in front of the second. However, he would be better off
supplying the information; otherwise a correct optimization will be excluded.

[FOO
(CDR X)
(CONS (CAR X)
(CDR 2)))
(CONS (CAR Y)
Y)
(CDR Y]
Fig. 5.6B.

In the case of Fig. 5.5 the program DIMANP, given the value of PSEFLIST
as ((F2! F3! Y)), will understand the difference between the two relative side-
effects and will either save the variable Y itself for use in 4, or will evaluate
F4 prior to F2!

Finally in the case of Fig. 5.6, the program DIMA-P will give a different
result from what we wanted: it will save the value of Y for the form F3! or
even reverse the order. Even declaring the value PSEFLIST as ((F2! F3!)) will
not help.

This side-effect will be treated by DIMANP correctly, even in the case of
Fig. 5.6 if supplied with the information ((F2! F3! Y)). Indeed this case looks
the most effective in gain of computation speed. If the value of PSEFLIST is
given here as ((F2! F3!)), the program will consider this “generalized” side-
effect as negative for all the forms involved and will save Y.

Thus, we would assert that previous programs like REMREC are able to
deal only with negative side-effects of a certain type with NIL as the value of
PSEFLIST.

We conclude with an example where nothing can be done to achieve the
goal as the use of side-effects there is inherently contradictory, asin the following
code for function FEE mentioned above:

[FEE
(CDR X)
(CONS (CAR Y)
(CDR Z)))
(CONS (CAR Y)
Y)

(CDR Y]
Fig. 5.7.

This expression will never give the same result as Fig. 5.4.
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In summary, we can see through our analysis that three cases can appear
while converting a recursive code into an iterative form in the presence of
side-effects:

(1) No side-effects in forms F1 F2 ... FN themselves, then the side
effects that appear in the assignment process are to be considered as
negative.

(2) A relative side-effect, requiring a certain order of evaluation of the
forms, these side-effects (mentioned above) are to be considered as
negative.

(3) A “positive” side-effect through a variable such that some of these
assignment side-effects now are to be treated as desirable as in the
example of Fig. 5.7.

(4) A combination of these cases.

~ In the INTERLISP compiler (Teitelman et al.) the basic frame fora function
changes the pointers to a new value of a variable after all the forms have been
evaluated. This arrangement takes care of cases (1) and (2), but not case (3). The
following adjustment will allow the possibility of full use of the side-effects
idea: in case (3) the result of evaluation of the form producing this “positive”
side-effect should be pointed as the new value of the corresponding variable
immediately upon the evaluation of the form. Then, provided that a certain
declaration is available, the code of Fig. 5.6 will produce the same result as the
code of Fig. 5.2, but more efficiently.

However, this reorganization will require an additional check in the com-
piler, and the overall efficiency might be reduced.

6. OUTLINE AND DETAILED DESCRIPTION OF PROGRAMS

Below we give a description of the program DIMANP. DIMA-P is a shorter
and simplified version of this. However, we would like to represent the main
file DIMANP because it can solve a wider class of problems, and it has certain
possibilities for extension.

The general approach in this program is based on search of optimal sequencmg
of form evaluation starting with the pairwise description of relations among the
forms in question.

The following is the list of possible “conflicts” of F1 and F2 on the variable
X, provided that these forms are evaluated in the order F'1 F2:

FI>X>F2 (F1 has s-e on X; X used by F2)

F1>X*>F2  (F1 has s on X; X used by F2,value F2 to X)
F1>*X>F2  (F1 hass-e on X, value F1 to X; X used by F2)
F1—*X<F2 (value F1 to X; F2 has s- on X)

F1<*Y<F2 (Xused by F1,value F1to X;F2hasseonX) "
FI1>*X>F2  (F1hasseon X, value F1 to X; F2 has s-e on X)
F1—*X>F2 (value F1to X; X used by F2)

F1<*X>F2 (X used by F1,value F1 to X; X used by F2)

Fig. 6.1 — s-¢ means “side-effect™.
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Here we have included only cases where the introduction of a temporary is
obligatory. We have not included cases where lambda side-effects in the forms
occur, because these cases are not studied completely yet.

Note that for the program DIMA-P, where no side-effects via variable of
negative nature are assumed, one need take into account only the two last
cases in Fig. 6.1. On the other hand this list can be extended,and we are planning
to do it to include the lambda-variable side-effects.

In DIMANP so-called semantic programs are heavily used to represent
programs of evaluation. This semantic program is a list containing four primitives:

F1 — formname

(SAVE X) — a temporary is introduced for X

(SAVE F1 X) — a temporary is used to store the result of evaluation of F1

(RETURN X F1 X) — stored in a temporary value of F1 to be returned
back to X

Fig. 6.2A.

We have found this language rather convenient for use, as it makes the logic
of a program very transparent at the stage of design of DIMANP,
The marginal semantic subprograms for collisions of Fig. 6.1 are given below:

For the codes FI>X>F2, FISX*>F2, F1I<*X>F2:
((SAVE X) (F1) (F2)

For the codes F1—*X<F2, F1>*X<F2:
((SAVE F1 =) (F2) (RETURN X F1 —))

For the code F1 <*X<F2:
((SAVE F1 X) (F2) (RETURN X F1 X))

For the code F1—*X>F?2:
((SAVE X) (F1) (F2))
or ((SAVE F1—)(F2) (RETURN X F1 —))

For the code FI<*X>F2:
((SAVE X) (F1) (F2))
or ((SAVEF1 X) (F2) (RETURN X F1 X))

Fig. 6.2B.

These are stored in the program and used by the function PEPROG to build a
semantic program for evaluation of forms F1 F2 ... in the given order for one
of the variables involved.
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The function SEMPROGS gives the final semantic program of evaluation of
the forms in their order for all “conflict” variables. It is done step by step by
using PEPROG, taking care of the proper place of all the primitives, in particular,
trying to put a RETURN primitive as early as possible, that makes it possible

_to arrange “the garbage collection of temporaries” at run tnne [Burstall and
Darlington] .

Finally, given a semantic program as an input, NORMPROG produces a list
representing a program in ordinary terms, using SETQ’s and temporaries.

The function FCOST is used to estimate the number of temporaries needed
for a variable, that might be 0, 1 or 2, Afterwards the EXPRISI calculates the
total cost in the number of extra SETQ’s needed to evaluate F1 F2...FNina
g1ven order.

Finally, the optimal sequence is discovered with the help of a full search
process, which of course is not very efficient as the time of the search grows
very rapidly with the number of forms.

However, as in rather general cases treated by DIMANP we do not see now
a more regular procedure to do it, and to save time we are heuristically applying
the canonical representation of a graph, described in the first part of the present
paper. The function CANONI gives a partition of the collection of forms into a
number of subgroups, having the property that the evaluation of a left group in
the list representing this partition has no effect on the result of evaluation of a
right group. This property lets the program of the order optimization and the
program construction run independently on these groups. Besides, it appears
that the same temporaries can be used several times. We believe that in practical
cases, even if the collection of forms is large, not all of them are heavily
interrelated.
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1. INTRODUCTION
Distributed systems are multi-processor information processing systems which
do not rely on the central shared memory for communication. The importance
of distributed systems has been growing with the advent of “computer networks”
of a wide spectrum: networks of geographically distributed computersat oneend,
and tightly coupled systems built with a large number of inexpensive physical
processors at the other end. Both kinds of distributed system are made available
by the rapid progress in the technology of large-scale integrated circuits. Yet
little has been done in the research on semantics and programming methodologies
for distributed information processing systems.

Our main research goal is to understand and describe the behaviour of such
distributed systems in seeking the maximum benefit of employing multi-processor
computation schemata,

The contribution of such research to Artificial Intelligence is manifold. We
advocate an approach to modelling intelligence in terms of cooperation and com-
munication among knowledge-based problem-solving experts. In this approach,
we present a coherent methodology for the distribution of active knowledge as
a knowledge representation theory. Also this methodology provides flexible
control structures which we believe are well suited to organizing distributed
active knowledge. Furthermore, we hope to make technical contributions to the
central issues of problem solving, such as parallel versus serial processing, centra-
lization versus decentralization of control and information storage, and the
“declarative-procedural” controversy.

This paper presents ideas and techniques in modelling distributed systems
and their application to Artificial Intelligence. In Secs. 2 and 3, we discuss a

tNow with the Department of Information Science, Tokyo Institute of Technology (T okyo
Kogyo Diagaku), Oh-Okayama, Meguro, Tokyo, Japan.
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model of distributed systems and its specification and proof techniques. In
Sec. 4 we introduce the simple example of an air line reservation system and
illustrate our specification and proof techniques by this example in the subse-
quent sections. Then we discuss our further work.

2. A MODEL OF DISTRIBUTED SYSTEMS
The actor model of computation (Grief and Hewitt 1975, Grief 1975, Hewitt
and Baker 1977) has been developed as a model of communicating parallel
processes. The fundamental objects in the model of computation are actors.
An actor is a potentially active piece of knowledge (procedure) which becomes
active when it is sent a message which is also an actor. Actors interact by sending
messages to other actors, More than one transmission of messages may take place
concurrently. Two events will be said to be concurrent if they can possibly
occur at the same time. Each actor decides how to respond to messages sent toit.
An actor is defined by its two parts, a script and a set of acquaintances. Its script
is a description of how it should behave when it is sent a message. Its acquain-
tances are a finite set of actors that it directly knows about. If an actor A
knows about another actor B, A can send a message to B directly. The concept
of an event is fundamental in the actor model of computation. An event is an
arrival of a message from actor M at a target actor T and is denoted by the
expression [T <= M]. A computation is expressed as a partially ordered set of
events. We call this partial order the precedes ordering. Events which are un-
ordered in the computation are concurrent. Thus the partial order of events
naturally generalizes the notion of serial computation (which is a sequence of
events) to that of parallel computation.

A collection of actors which communicate and cooperate with each other in
a goal-oriented fashion can be implemented as a single actor. In essence, actors
are procedural objects which may or may not have local storage. Some may
behave like procedures, and some may behave like data structures. Modules in
distributed systems are modelled by actors and systems of actors. In this regard,
IC (integrated circuit) chips can be viewed as actors.

Knowledge and intelligence can be embedded as actors in a modular and
distributed fashion. For example, frames (Minsky 1975), (Kuipers 1975),
units (Bobrow. and Winograd 1976), beings (Lenat 1975), stereotypes (Hewitt
1975) etc. which represent modular knowledge with procedural attachments,
are modelled and implemented as actors. In the context of electronic mail
systems and business information systems, objects such as forms, documents,
customers, mail collecting stations, and mail distributing stations are easily
modelled and implemented as actors. .

Messages which are sent to target actors usually contam continuation actors
to indicate where the replies to the messages should be sent. By virtue of con-
tinuations in messages, the message-passing in the actor model of computation
realizes a universal, yet flexible control structure without using implicit mechan-
isms such as push-down stacks. Various forms of control structure such as go-to’s,
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procedure calls, and co-routines can be viewed as particular patterns of message
passing (Hewitt 1977).

This model of computation has been implemented as a programming lan-
guage, PLASMA (Hewitt 1977). The script of an actor can be written as a
PLASMA program. We believe that message-passing semantics provide a basis
for programming languages for distributed systems. In Sec. 5, an example of a
PLASMA program is given as a script of a flight-data actor in the model of
a simple air line reservation system.

3. TECHNIQUES FOR SPECIFICATION AND VERIFICATION
In designing and implementing a distributed (message-passing) system, it is
desirable to have a precise specification of the intended behaviour of the dis-
tributed system. Also we need sound techniques for demonstrating that imple-
mentations of the system meet its specifications. Below, we give some of the
central ideas of our specification and proof techniques based on the model
introduced in the previous section. More detailed work will be found in Yonezawa
(1977).

.In specifying the behaviour of a distributed system, it is not only practically
infeasible, but also irrelevant to use global states of the entire system or the
global time axis which governs the uniform time reference throughout the
system. We are concerned with states of modular components of a distributed
system which interact with each other by sending messages. Thus we are inter-
ested in the states of actors participating in an event at the instance at which the
message is received.

In our specification language, conceptual representations are used to express
local states of actors (modules). Conceptual representations were originally
developed to specify the behaviour of actors which behave like data structures
(Yonezawa and Hewitt 1976). We have found them very useful to express states
of modules in distributed systems at varying levels of abstraction and from
various view-points. The basic motivation of conceptual representations is as an
aid in the provision of a specification language which serves as a good interface
between programmers and the computer, and also between users and imple-
menters. Conceptual representations are intuitively clear and easy to understand,
yet their rigorous interpretations are provided. Instead of going into the details
of syntactic constructs of conceptual representations, we shall give a few examples.
Below Yexp) is the unpack operation on {exp), that is individually writing out
all the elements denoted by {exp).

(CELL (contents: A)) ;a cell containing A as its contents.
(QUEUE (elements: [A B C})) ;@ queue with elements A B C.
(NODE (car: A)(cdr: B)) ;a LISP node containing A and B.

(CUSTOMER (letters: {\m})(#of-stamps-needed: n))
;a customer visiting a post office
swho carries letters 'm and wants n stamps,

(POST-OFFICE (customers: {'c}) (collectors: {!cI}))
;a post office which contains customers !c and mail collectors \cl.
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It should be noted that a conceptual representation does not represent the
identity of an actor. It only provides a description of the local state of an actor.
Thus to say that an actor Q is in the state expressed by a conceptual repre-
sentation (QUEUE (elements: [A B Cl)), an assertion of the following form is
used: . S - '

(Qis-a (QUEUE (elements: [A B C]))) -

Some examples of specification using conceptual representation are given in the
later sections. - ' ‘

Symbolic evaluation is a process which interpretsa module on abstract data
to demonstrate that the module satisfies its specification. Symbolic evaluation
differs from ordinary evaluation in that (1) the only properties of input that can
be used are the ones specified in the pre-requisites, and (2) if the symbolic
evaluation of a module M encounters an invocation of some module N, the
specification of N is used to continue the symbolic evaluation. The implementa-
tion of N is not used. The technique of symbolic evaluation has been studied by
a number of researchers, for example Boyer and Moore (1975), Burstall and
Darlington (1975), Hewitt and Smith (1975), Yonezawa (1975), King (1976).

Our method for symbolic evaluation of distributed systems is an extension
of the one developed for symbolic evaluation of programs written in SIMULAlike
languages (Yonezawa and Hewitt 1976). One of the main techniques we employ
in symbolic evaluation is the introduction of a notion of situations (McCarthy
and Hayes 1969). A situation is the Jocal state of an actor system at a given
moment. The precise definition of locality in the actor model of computation
is found in Hewitt and Baker (1977). By relativizing assertions with situations,
relations and assertions about states of modules in different situations can be
expressed. Explicit uses of situational tags seems to be very powerful in symbolic
evaluation of distributed systems. A simple example is given in Sec. 7.

Another technique we employ in symbolic evaluation is the use of actor
induction to prove properties holding in a computation. Actor induction is a
computational induction based on the precedes ordering (cf. Sec. 2) among
events. It can be stated intuitively as follows:

“For each event E in a computation C, if preconditions for E imply pre-

conditions for each event E’ which is immediately caused by E, then
the computation C is carried out according to the overall specification.”

" The precedes ordering has two kinds of suborderings, (1) the activation ordering,
“Gctivates”, which is the causal relation among events,and (2) the arrival ordering,
“arrives-before”, which expresses ordering among events which have the same
target actor. Thus there are two kinds of actor induction according to these
suborderings. An example of the induction based on arrival ordering is used in
Sec. 7.
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4.MODELLING AN ALR-LINE RESERVATION SYSTEM
A specification of an air line reservation system
As an example of distributed systems, let us consider a very simple air-line
reservation system. Suppose we have just one flight which has a non-negative
number of seats’ . A number of travel agencies (parallel processes) independently
try to reserve or cancel seats for this flight, possibly concurrently. We model the
airline reservation system as a flight actor F which behaves as follows. The
flight actor F accepts two kinds of message, (reserve-a-seat:) and (cancel-a-seat.).
When F receives (reserve-a-seat.), if the number of free seats is zero, a message
(no-more-seats:) is returned. Otherwise a message (ok-its-reserved:) is returned
and the number of free seats is decreased by one. When F receives (cancel-a-seat:),
if the number of free seats is less than the maximum number of seats of the
flight, a message (ok-its-cancelled:) is returned and the number of free seats is
increased by one, otherwise (foo-many-cancels:) is returned. Furthermore,
requests by (reserve-a-seat:) and (cancel-a-seat:) are served on a first-come-first-
served basis. '

To write a formal specification of the airline reservation system, we need
to describe the states of the flight actor. For this purpose, we use the following
conceptual representation:

(FLIGHT (seats-free: {m)) (size: (s)))

The number of free seats is ¢n), and ¢s) is the size of the flight in terms of the
total number of seats. The formal specification of the air-line reservation system
using this conceptual representation is depicted in Fig. 1.

The first (event:..)<lause states that a new flight actor F is created by an
event where the create-flight actor receives a positive number S. (Actor)* means
that (actor) is newly created. The second {event:..)-clause has two cases according
to the number of free seats at the moment when the flight actor F receives
(reserve-a-seat:). When the number of free seats is zero (Case-1), the state of F
does not change. When it is positive (Case-2), the number of free seats decreases
by one as stated by the assertion in the (next-cond.... )1-clause. The notation in
Fig. 1:

(event: [T (= M]
{pre-cond: ...)
{next-cond: ...{assertion) ...)
(return: {actor) })

means that when an event [T (= M] takes place, if the preconditions are satis-
fied, (assertion)s in the (next-cond:..)<lause hold immediately after the event

TA model of airline reservation systems which deal with more than one flight is discussed
in Yonezawa (1977).
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until the next message arrives at T.(Actor) in the (refurn:...)<lause is returned as
a result of the event. A {(next-cond:..)<lause differs from a {post-cond.:..)lause
in that assertions in a (post-cond:..)<lause hold at the time {actor) is returned,
whereas assertions in a {next-cond:..)-clause hold at the time the next message
arrives. The next message may arrive at T before or after a reply for the previous
message is returned. The third {event...)-clause is for the cancelling event, which
is interpreted in a similar way.

(event: [[create-flight (= S]
{pre-cond:(S) 0))
(return: F*) ‘
{post-cond: (F is-a (FLIGHT (seats-free: S} (size: S)))»

(event: [F (= (reserve-a-seat:)]
(case-1:
(pre-cond: (F is-a (FLIGHT (seats-free: Q) (size: S))))
{next-cond: (F is-a (FLIGHT (seats-free: Q) (size: 'S))))
(return: (no-more-seats:) ))
(case-2:
{pre-cond:
(F is-a (FLIGHT (seats-free: N) (size: S)))
(N)0))
{next-cond: (F is-a (FLIGHT (seats-free: N — 1) (size:!S))))
{return: (ok-its-reserved.) )

(event: [F (= (cancel-a-seat:)]
(case-1:
{pre-cond: (F is-a (FLIGHT (seats-free: S) (size: |S))))
(next-cond: (F is-a (FLIGHT (seats-free: S) (size: S))))
(return: (too-many-cancels D) ’
(case-2:
Kpre-cond:
(F is-a (FLIGHT (seats-free: N) (size: S)))
(N(S))
(next-cond: (F isa (FLIGHT (seats-free: N + 1) (size: |S))))
(return: (ok-its-cancelled:) ) )}

Fig. 1 — A specification of the air line reservation system (a spemﬁcatlon for the flight
actor).

5. IMPLEMENTING THE AIR LINE RESERVATION SYSTEM
Our strategy for implementing the air line reservation system (specified in the
previous section) is as follows. First, we implement a fhght-data actor which
satisfies the specification in Fig. 1.
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In Fig. 2 we give an implementation of the flight-data actor in PLASMA.

(create-flight-data =s) = ;create-flight-data receives a size s of flight.
(create-serialised-actor (size initially s) ;a variable size is set to s.

(seats-free initially s) ;avariable seats-free is set to s.
then s the following cases-clause is
;returned as an actor which behaves as a flight-data.

(receivers
(&) (reserve-a-seat:) swhen a (reserve-...) message is received,
(rules seats-free
>0 ,if seats-free is zero,
(no-more-seats:)) ;(no-...) message is returned.
®¢0 . sotherwise
(seats-free « (seats-free — 1)) sseats-free is decreased by one.
(ok-its-reserved.)))) ;(0k-...) message is returned.
(=) (cancel-a-seat:) sWhen a (cancel-...) message is received,
(rules seats-free

(3 size ;if seats-free is equal to size,
(too-many-cancels:)) ;(t00-...) is returned,
@ (<size) ;otherwise
(seats-free « (seats-free + 1)) ;seats-free is increased by one.
(ok-its-cancelled:)))))) ;(0k-...) is returned,

Fig. 2 — An implementation of a flight actor.

It is fairly straightforward to write a specification for this flight F by using a
conceptual representation:

(FLIGHT (seats-free: {m)) (size: (s)))

which describes the state of a flight actor. The number of free seats is (m)
and (s) is the size of the flight in terms of the number of seats. Note that if F
were sent more than one message concurrently, anomalous results would be
caused unless we take precautions. For example, in the implementation in
Fig. 2 if (reserve-a-seat:) and (cancel-a-seat:) messages are sent concurrently, a
(no-more-seats:) message might be returned even if there are vacant seats. There-
fore in order to model the air line reservation system by using the above imple-
mentation of a flight-data actor, the way it is used must be restricted so that
inference between different activations may not take place. As suggested in the
beginning of this section, the restriction we impose is that F must be used
seriglly in the sense that F is not allowed to receive a message until the activation
by the previous message is completed. Now the flight actor can be used to
implement the air line reservation system under this restriction.
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7. SYMBOLIC EVALUATION OF THE AIR LINE RESERVATION
SYSTEM

Our implementation of the air line reservation system is expressed by the
following simple PLASM A code:

(create-a-flight S)
which creates a flight which initially has the following conceptual representation:
(FLIGHT (seats-free: S)(size: S))

This establishes the first clause of the specification of the air line reservation
system. The other clauses are established in the same way using symbolic
evaluation.

8. FURTHER WORK
We are currently working to establish a coherent methodology for demonstrating
that a distributed message-passing system will meet its task specifications. As an
example, an actor model of a simple post office is studied in Yonezawa (1977).
It is shown that the overall task specifications of the post office are implied by
specifications of the individual behaviour and mutual interaction of actors in
the model. :

By using the technique of symbolic evaluation, we would like to analyse
the relationships and dependencies between modules in a distributed system.
This approach will be instrumental in assisting us with the evolutionary develop-
ment of distributed systems. :

We are also working on the application of procedural objects (such as actors)
to the area of business automation. In order to replace paper forms and paper
documents, we use “active” forms and “active” documents which are displayed
on the TV terminal as images accompanied by procedures. Active forms and
documents are sent from one site to another whereby clerks are requested to
provide necessary information with the guidance of the accompanying pro-
cedures, Such procedures may also check the consistency of filled items and
point out errors and inconsistencies to persons who are processing forms. Thus
active forms and documents accompanied by procedures enormously increase
the flexibility and security of message and document systems. Furthermore, we
propose to use the “language” of forms and documents as the basis for the user
to communicate with the information processing system. One of the ultimate
objectives of our research is to develop a methodology for the construction of
real-time distributed systems which can be efficiently and effectively used by
non-programmers.

Note added in proof
Since this paper was written the message-passing semantics group has continued
to develop the preliminary ideas in this paper. Recent results are reported in
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Abstract
A procedure is described which gives values to set variables in automatic theorem
proving. The result is that a theorem is thereby reduced to first order logic,
which is often much easier to prove. This procedure handles a part of higher
order logic, a small but important part. It is not as general as the methods of
Huet, Andrews, Pietrzykowski, and Haynes and Henschen, but it seems to be much
faster when it applies. It is more in the spirit of J, L. Darlington’s F-matching.
This procedure is not domain specific: results have been obtained in intermediate
analysis (the intermediate value theorem), topology, logic, and program verifi-
cation (finding internal assertions).

This method is a “maximal method” in that a largest (or maximal) set is
usually produced if there is one.

A preliminary version has been programmed for the computer and run to
prove several theorems. Some completeness results are given.,

1. INTRODUCTION
For many theorems the main difficulty in the proof is in defining a particular
set. Once that is done the proof often proceeds rather easily. For example, in

Theorem.! 3AV x(x e A—x<0),

if we let A = {x: x <0}, then we are left with the trivial subgoal:

(x<0—x<0).
!'Refer to Appendix I for the definition of such symbolsas 3, V, {x: P(x)}.
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Or, if we are proving the intermediate value theorem,

Theorem. If f is continuous for ¢ € x < b, f(a) <0, and f(b) > 0, then
f(x) = 0 for some x between a and b (See Fig. 1).

fix)

Fig. 1 — The intermediate value theorem.

Using the least upper bound axiom,

LUB Axiom. Each non-empty bounded set A of real numbers has a least
upper bound,

and if we let ’
A=Ix:f(x)<OAx<b},

then again the proof is rather straightforward (but harder than the last example).
The question, of course, is how to select A?

There are several other theorems in analysis, such as the Heine-Borel Theorem
where the chief difficulty lies in defining a particular set. Also a similar situation
comes up again and again in other parts of mathematics, and in application areas
such as program verification and program synthesis.

The problem of finding a value for a set variable 4, is of course equivalent
to the problem of giving a value to a one place predicate variable P. For example,
in the threorem

Theorem. x 20 Ay 20— AP[P(Ox) AV A(P(4,0) — A = xp)
AV AYKPAK)AK>0— PA+y,K—1)]
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(which arises from the field of program venﬁcatxon see Ex. 15, Sec. 5), if we
give the predicate P the value

P(4,K)=(A=(x—K)y)

then the theorem is reduced to a trivial subgoal.

Of course, this is a part of higher order logic, and as such can be attacked
by the systems and ideas of Huet [3], Pieterzykowski [10], Haynes and Hens-
chen [7], Andrews [11], etc. But these are very slow for many simple proofs.
For example, Huet’s beautiful system [3] is forced into double splitting on
the rather easy theorem given in Ex. 4 below. (Even a human has trouble applying
his procedure to this example.)

In this paper we describe a procedure which attempts to overcome this
difficulty. It is less general than those referenced above; it usually applies only
to a part of second order logic (but an important part); and it seems to be much
faster when it applies. Qurs is more in the spirit of J. L. Darlington’s “F-matching”,
but different in method and scope. :

Our methods are neither domain specific, nor just a collection of heuristics
for finding sets in a particular area like analysis. They can be used to prove
theorems (such as the intermediate value theorem) in analysis where the set A
is a set of real numbers, as well as theorems in topology where the set 4 is a
family of sets, and theorems from program verification, or from other areas
where set variables are to be instantiated. ‘

In Sec. 2 we give some preliminary examples, and in Sec. 3 we describe our
rules for generating the desired set A. They consist of basic rules which apply to
simple formulas and combining rules for combining the results from the basic
rules.

One of our goals in this work is to avoid indiscriminate matches (or attempts
at matches) between formulas such as (¢ € 4) and P, (where P is first order), but
rather to allow such a match only when (¢t € A) and P are somehow “connected”.
In this way the search is drastically reduced. Our basic rules (see Fig. 2) are a
partial attainment of this goal.

Our methods are “maximal” in that they usually generate the largest set
with the desired properties (if there is one). Of course some theorems such as,

JA[A is dense in R) A ((R-A) is dense in R)]

have no maximal (or minimal) solution for 4. Also in some cases there is more
than one maximal solution (see Ex. 5, Sec. 3), even infinitely many solutions.
However, we believe there is a wide class of interesting cases that have a unique
maximal solution, or at most one or two maximal solutions.

Our procedure utilizes the automatic prover described in [1] as a “control”
(see Sec. 4) for generating the desired sets. But one can follow this presentation
without full knowledge of that paper.
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In actual practice the prover makes two passes on a theorem: first to define
the set A4; second to prove the resulting theorem, after the set 4 has been in-
stantiated. Thus the procedure is sound, that is, there is no danger of it producmg
a false solution since the solution is always verified.

But the emphasis in this paper will be on the first pass, wherein the desired
sets are generated, and not on the second where the proof is completed.

In Sec. S we describe some major examples, in Sec. 6 we discuss the induc-
tion axiom and difficulties with it, and in Sec. 7 we make several comments.

In Appendix I we list a glossary of terms and symbols, and in Appendix II
we give some completeness proofs. Appendix III gives some further details of
examples from Sec. 5, and Appendix IV gives some example theorems about
general inequalities which might be of interest.

2. SOME PRELIMINARY EXAMPLES
We are concerned here only with cases of the form

34 P(4)

or

(Y A P(4)) —C

where the variable 4 is to be found (that is, given a value). Since ((V 4 P(4))
—> () is equivalent to 34 (P(4) — C), we will usually act as if our theorem is
already in the form 3A(P(4). Theorems where A4 is a constant can usually be
handled as first order logic.

We will treat only the case where there is but one such set variable 4. How-
ever, our methods will often work for theorems with many such variables.

Once the set A has been found, the theorem becomes first order, and, we
hope, not too difficult. That will often be the case. However, it is well known
that automatic theorem proving for first order logic is a most challenging and
unresolved task.

But as was stated earlier, there are many theorems where the first order
part is only moderately difficult once a set variable has been properly defined
(instantiated).

It is our objective here to automatically define such variables.

Let us look at some examples before giving the rules. These fragments
help illuminate the procedure. More substantial theorems will be given later in
Sec. 5.

Example 1. A4V x (x e A —x <0).
Solution: 4 = {x: x <0}.

This is the simple theorem which states that “there is a set A all of whose
members are non-positive”. Clearly, one such A is the set of all non-positive
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reals, and that is exactly what is retuned by our program. When this value is
substituted for 4 the theorem reduces to the trivial subgoal

x<0—x<0)

which our program quickly verifies as true.
Example2. 3GV A(AeG-— IB(BeFAACB)).
Solution: G={A4: 3B (BeFAACB}.

This example is very much like the previous one, except that G plays the
role of 4, 4 plays the role of x,and 3B (B € F A A C B) plays the role of x <O0.
Notice that the variable G is a ‘““family” variable rather than a “set” variable.
Thus we have (technically) proved a theorem in third order logic, although it is
for all practical purposes a theorem in second order. It is desirable, we believe,
to keep formulas like JB (B € F A A C B) together during the processing, and
this is what our program usually does.

Next we consider a theorem of a little more substance.

Example 3. (P(a) — JA[Vx(xeA—P(x)) NIy (v e 4)])
OoDD EVEN

Solution: 4 = {x: P(x)}.

It is now time to note that A = @ is a perfectly good solution to Ex. 1. How-
ever, A = @ will nor work for Ex. 3; here we must include in A af least the point
a. We prefer to put all we can in 4, thus getting a maximal solution.

In Ex. 3 there are two types of occurrences of A: the “EVEN" occurrence
¥ € A, and the “ODD” occurrence (x € A —> P(x))2 The ODD occurrences are
used to determine A4, (according to the rules in Sec. 3), and the EVEN occur-
rences are just checked after 4 has been defined®, Accordingly when the solution
given is put in for 4 we get

(P@) — [V x (P(x) — P(x)) A Ty P())])

. in which the ODD part is now trivial and the EVEN part is yet to be checked
(but can be).

The next example will illuminate that point.

Note that (x e A — P(x)) is equivalent to (x ¢ AV P(x)). If A does not occur in B (except
possibly as a skolem argument — see footnote 4) then A is in an EVEN position of 4 A B,
AV B, (B — A), B, and 4 itself; and 4 is in an ODD position of (4 — B), (~A4), and B.
Also an EVEN position of an EVEN position is EVEN, ODD of ODD is EVEN, ODD of
EVEN is ODD, and EVEN of ODD is ODD.

*This is equivalent to putting the universal set U for A for the EVEN occurrence and inter-
secting it with the set {x: P(x)} gotten for the ODD occurrence.

57



REPRESENTATIONS FOR ABSTRACT REASONING

Example 4. @<b<c— JA@¢ ANbeANcdA))
ODD EVEN ODD

Solution: {x: x #a Ax#c}.

~ The two ODD occurences give respectively {x: x # a} and {x: x # c}, and
the EVEN occurrence gives U(using the rules of Sec. 3) which are combined (by
the “combining rules” of Sec. 3) into the given solution.
Notice that this is not the only solution. There are many others such as

{x:a<x<c}

{x: a<x<b},

), | .
but none of these is maximal. Our method gives the maximal solution if there
is one.

We could have developed a minimal theory, gettlng the smallest sets, by
using the EVEN occurrences of 4 instead of the ODD, but we have a slight
preference for maximal. Intermediate sets would be difficult to produce auto-
matically, Only when we work against the extremes do we reduce the complexity
of the problem.

3. SET BUILDING RULES

3.1 Basic rules ) ]
Our rules for generating maximal sets are of two kinds: (i) basic rules and (ii)
combining rules. The basic rules give solutions to certain subformulas of the
form: (x € A), (x ¢ A), (x e A — P(x)), and the combining rules consolidate
these basic solutions into one general solution, depending on the placement
of these subformulas in the theorem. For instance, in Ex. 4 above, the sub-
formulas (z ¢ A), (b € A), and (c ¢ A) were connected by “A”, (and in EVEN
positions) so the corresponding solutions {x: x #a}, U, and {x: x # c} were
intersected to obtain the general solution {x: x #a A x #c}.

Fig. 2 gives our first set of basic rules. More are added later. In Fig. 2 the
subformulas shown are expected to be in an EVEN? position of the theorem
being proved, and the theorem itself is to be in skolemized form®.

Also it should be noted that these rules cannot handle an expression in A
until it is reduced to the form (x e A). (This includes the cases x ¢ A and
(x € A — ().) This reduction may require the use of hypotheses, definitions,
and lemmas. '

The rules of Fig. 2 operate under the restrictions listed in Table 1. In
Rules B1 and B2, “x” is required to be a skolem? function of 4, and not appear
in the rest of the theorem. That is to say the subformula

V x(xeA— P(x))
“See [2], footnote 12, or [1], App. 1 for a complete descnptlon of skolemization. Here this

means, essentially, that V x (x e A — P(x)) etc. occurs in an EVEN position of the theorem
within the scope of A.
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occurs in an EVEN position of the theorem within the scope of 4. See Sec. 7
for a further discussion of this and some means of easing these restrictions on x.
Similarly for x and y in B2'.:

, Subformula Solution
Bl. (xeAd— P(x)) {z: P(2)}
B2. (f(x)ed — P(x)) {z: Vs (z=f(s)— P}
B2". (f(x,y)e A — P(x,y)) {z: VrVs(z=f(s)— P(, s))}
B3. (ted—P) {z:z=t— P}
B4. (1¢4) {z: 2 #1¢}
BS. P(does not contain A) U (universal set) (IGNORED in case of
conjunctions)
B6. (ted) U
B7. E(teAiseveninE) U
BQ If B1-B4 yield {z: P(z)}, {z: As P(2)}
and s is a variable in P(z)
BE  ELSE U

Fig. 2 — Basic rules.

Table 1
Restrictions on the basic rules of Fig. 2

0. The rules B1-BE apply to subformulas in EVEN positions of the theorem,
A is a set variable to be instantiated. It is the only set variable (indeed the
only higher order variable) in the theorem. A occurs only in the form
(t € A), or as a skolem function argument.

1. In Bl x is a skolem function®* of 4, 4 does not occur otherwise in P(x),x
does not occur elsewhere in the theorem, and no other variable occurs in
x (that is, x is a skolem function of no other variable but A).

2. In B2, B2, x and y are skolem functions of 4, A does not occur otherwise

in P(x) or P(x,y), x and y do not occur elsewhere in the theorem, and no

other variable occurs in x, y, f(x), or f(x,»).

In B3, 4 does not occurin ¢ or P.

In B4, A does not occurin ¢.

In BS, A does not occur in P.

In B6, A does not occur in ¢.

In B7, every occurrence of an expression of the form (t € A) in £, is in an

EVEN position of E; A does not occur in £. A cannot occur in E except in

one of these subformulas (¢ € A).

In BQ, s is a variable in P(z), but does not occur elsewhere in the theorem.

9. In BE, the subformulas have the form of B1-B7 or BQ, but the restrictions
1-8 are not satisfied.

®
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Note that when the term “¢” is not quantified within the scope of the
quantification of 4, as in ,

Vb AA(ted— P()

then by Rule B3, we do not derive the solution {z: P(2)} as was done in Rule
B1, because it is not the maximal solution. Rather the maximal solution is
{z: z=1t — P(¢)} as given by Rule B3. Rule B4 acts similarly.

Rules B5-B7 give the universal set U as a solution for expressions of the
form (t € A) and for EVEN combinations of these. Since (U N Ao) = Ao, the
effect is to ignore expressions that give the solution U whenever they are con-
joined (connected by “A”) to other expressions.

In BQ, s is allowed to appear only in P(z). (These rules might be changed
later so that we delay the quantification of s (in {z: 3s P(z)}) until the entire
solution of the whole theorem is obtained, and in that way be able to handle
the case when s occurs elsewhere in the theorem.)

These rules and those in Secs. 3.2-3.6 are supported to some degree by the
proofs in Appendix II. Our objective is to find maximal sets for a few basic
forms, and to give combining rules that retain that maximality.

3.2 Combining rules for conjunctions '

We will first give, in Fig. 3, three combining rules for conjunctions before giving
others. These three rules, with the basic rules of Fig. 2, have been sufficient to
prove a number of interesting theorems. Even our extended list of combining
rules is by no means complete; we are now trying to validate and extend both
the basic and combining rules.

If
(i) A, is the (only)® maximal solution for P(4), and
(ii) A, is the (only) maximal solution for Q(4), and
(iii) both A4, and A, are obtained from the basic rules of Fig.2, or
from combining rules C1-C3, or if
(iii") P(A)and Q(A4) have the intermediate property (see below), then

Cl. (4; N A;) is a maximal solution of (P(4) A Q(A4)), if it has a
solution, and

C2. (A4; N 4,) is a maximal solution of (H — P(4) A Q(A)), if it has
a solution, provided that “4” does not occur in H, and

C3. (4; N A;) is a maximal solution of ((R V P(4)) A Q(4)) if it has
a solution, provided that “4” does not occur in R. '

Fig. 3 — Three combining rules for conjunctions.

SIf P(4) or Q(A4) has more than one maximal solution (see Ex. § and Fig. 5 below), this rule
still applies to at least one of the solutions 4, of P(4) and one of the solutions 4, of Q(A)
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Definition. We say that a formula P has the subset property (superset property)
if for each B and C, if B is a solution of P, and C'is a subset (superset) of B, then
C'is a solution of P,

Definition. We say that a formula P has the intermediate property if for each
B, C, and D, if B and D are solutions of P and B.Q}C C D, then C'is a solution of
P.

It is easily seen that if P has the subset property or the superset property,
then P has the intermediate property, because @ is a solution of a formula with
the subset property (if it has any solution), and U is a solution of a formula with
the superset property (if it has any solution). ,

It is easily shown that the subformulas in Rules B1-B5, and BQ, have the
sub-set property, and those of Rules B5-B7 have the superset property. See
Theorems 7-11 and the accompanying Remark of Appendix II.

Also if Py and Q, have the subset property and if P, and Q5 have the super-
set property, and if P; and Q5 have the intermediate property, then

P, A\ Q; has the subset prbperty

P, A\ Q, has the superset property

P;3 A Q3 has the intermediate property
Py A Q, has the intermediate property.

This is shown graphically in Fig. 4. (See Appendix II.)

A subset intem?ediate superset

subset subset intermediate intermediate

P intermediate intermediate intermediate intermediate
superset intermediate intermediate superset

Fig. 4 — The status of (P A Q) when P and @ individually have the subset, superset or
intermediate property.

Corresponding results hold for
H—PAQ),
(H_)P2 A Qz) H
(RVPYAQy), ete.,

where 4 does not occur in H or R, and hence the combining rules of Fig. 3 are
valid under condition (jii") as well as (iii), by Theorem 12-13 of Appendix II.
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(The reader might wish to skip to Sec. 4 and Exs. 8-12 of Sec. 5 which|
“apply only the rules of Figs. 2 and 3, before continuing this section.)

3.3 Comblnmg rules for disjunctions
Often there can be more than one maximal solution or even infinitely manysS.
For example the theorem

JAVX(xed—Px)VVy(yed— Q0))]
has two maximal solutions

{z: P@)} and {z: Q@)}
(But ’

[z PO)V Q@)

is not a solution!)
When there is more than one maximal solution we will indicate the “maxi-
mal solution” as a family Fof sets. For example, ’

Example 5. P(a) — JA([V (xe A—P(x)) Ay (y e A))]
VIVx(xed—Q)A 3y (e A)]).

Solution: ¥ = {{z: P(2)}, {z: Q(2)}}.

Then we must verify that some member of Fdoes indeed satisfy the theorem.
In this example only {z: P(z)} satisfies.
This brings us to combining rules C4-C6 in Fig. S.

- It should be noted that the basic Rule B3 is really a special case of rules
B4, B6, and C4, because (x € b — P) is equivalent to (x ¢ b V P) which yield
the solution F= [{z: z # b}, U}, and the solution {z: z = b —> P} is also either
U or {z: z # b}, depending on whether P is, or is not, true.

3.4 Further basic and combining rules

Each of the subformulas in the basic rules of Fig. 2, except Rule BE, have the
intermediate property (see above). This allowed us to use the rather simple
combining rules of Fig. 3 for conjunctions. We will now consider some cases
where the subformulas do not have the intermediate property, and we give
two rules in Fig. 6 which are combinations of basic and combmmg rules. w is
the set of non-negatlve integers.

$See Sec. 3.5.

11t is somewhat misleading to call a family like F the “solution” of a theorem like Ex. S,
because some members of Fmay not satxsfy the given theorem. A more appropriate term
might be “family of candidate solutions™, in that this farmly must contain all maximal sets
A which can satisfy the given theorem.
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If (i), (ii), (iii") of Fig. 3, then
C4. F={A4,,4,} is the maximal solution of (P(4) V Q(4)).
Also if
(iv) P(A) has a maximal solution F;, and
) Q(A) has a maximal solution 3, where
(vi) &, and &, are gotten from C4, C5, or C6, or are gotten
from B1-BQ where the output there is treated as a singleton
"[Ao}, then '
Cs. (H1 U &) is a maximal solution of (P(4) V Q(A), and

C6. (F1 NN F,)" includes a maximal solution of (P(4) A Q(A)).

Fig. 5 — Two combining rules for disjunctions.

(& n N F,) is the family of sets (D, N D,) withD, e F, and D, e F,.

If P(A) has the (only)® maximal solution
{z: p(2)},
and P(A) has the subset property, and Q(4) is
(xedNqg(x)— f(x)eA)
where x is a skolem function of A, A does not occur otherwise in x,
q(x), or f(x), and x does not occur in P(4), and if
PA)NQA)
has a solution, then it has the maximal solution,
BCl {z:p()A[Vn(new—p f"(2)
. VEiN(New/\~qu(z)/\Vn(new/\n<N—->pr(z)))]}.
The set :
BC2 {z:p@)AVn(newAqf"@)—pf** @)}
is also a solution of (P(4) A Q(A)) provided it is a solution of Q(4),
but it may not be maximal.

Fig. 6 — Further combination rules.

The rule BCI gives a set Ao which is maximal (see Theorems 14-15, App. II)

but often unwieldly. A suggested strategy is to try BC2 and if that fails (because

it may not be a solution)then try BC1. (See Exs. 13-15 in Sec. 5.)
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The rules of Fig. 6 can be extended to non-monadic cases where x is replaced
by (x.»), or (x,y,2), etc. (See, for example, Rules BC1' and BC2' of Fig. 7.)
Also the quantification Rule BQ can be applied here too.

If P(A) has the (only)® maximal solution
{z: p(2)}
and P(4) has the subset property, and O.(4) is
(xy)ed Nq(xy) — f(x) e 4)

where x and y are skolexﬁ functions of ‘A, A does nbt occur otherwise in
X, ¥, q(x,y) or f(x,y) andx and y do not occur in P(4), and if

@A) A Q)
‘has a solution, then it has the maximal solution

BCl' {z:p@)A[Vn(new—>pf* (), ML)
VAN (Ve w A~ q NI1L(), 1,(2))
AVn(@newAn<N—pf"IL4),LE)}

AB'C2' [z:p(D) AV n (new A q U (), ,2)) — p f* 1 (I1(z), M,(z)))}

is also a solution of (P(4) A Q(A)) provided that it is a solution of Q(4), but it
‘may not be maximal.

1 If z is the ordered pair, (4,b) then |11, (z) = a,[and I1,(2) = b.

Fig. 7 — Further combining rules.

3.5 Infinitely many maximal solutions
We saw in Sec. 3.3 an example which has two maximal solutions. Others have
more, even infinitely many. For example »

Example 5A. 3AV xVy (xeA Ay e A— P(xp)).
If P(x,y) can be “separated”, the solution is easy. For example if P(x,y) = p(x)
A q(»), then the maximal solution is {z: p(2) A q(2)}.

However, if P(x,y) = (0 < 3 <y <2x), then the maximal solutions consist

of the inﬁmte famﬂy of sets of the form

{x: a<x<2a}
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for @ > 0. This is the family of bases of the squares shown in Fig. 8, Notice
that these maximal solutions may overlap.

Clearly one could not try all of these solutions in order, as could be done
in Ex. 5. However, as we shall see shortly, our rules can be very effective even
when there are infinitely many solutions.

Example 5B. JAVLIyVYz[zeAd—p(Ey) AqLy)]
This is equivalent to (successively):

JA43gVLVz[zed—p(Eegl)) Aq(Lg(L))]
gJA[Vz(zeA— VY LpEg))AY Lq(Lg(L))].

1) Jg3A[Vz(zed —P(z,8) A Q).
Now if gy is a solution for Q(g) then

{z: P(z.0)}

is a maximal solution (1). At first blush this would seem of little value, since
finding such a go is itself a search problem in second order logic, (and since
indeed the complete maximal solution of (1) is the possibly infinite family
of all such {z: P(z,g,)}). However, in many applications the family of maximal
solutions is reduced to a family of one by matches during the proof of other
parts of the theorem. This is exactly what happens in the use of the Least Upper
Bound Axiom, (LUB), to prove theorems like Ex. 11 of Sec. 5. In such cases we
are proving some conclusion C from LUB:

(LUB — ().
.This is equivalent to

{~C—~LUB)
" which is equivalent to (see Ex. 11 for the statement of LUB)
~C—3A(C..AVI[Ix(..)VIy(Vz(zed— .. )A..)]),

which has (partly) the form

dAVIAyVz[(zeA—p@Ey)) Aq(y)]
which is like Ex. 5B above. In the proof of Ex. 11 below, we are able to
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instantiate the variable y (with, say, yo) and get the corresponding maximal
solution

{z:pCyol

in a satisfying way.

Fig 8 ~ Infinitely many maximal solutionsof 3AVxVy (xeA Ny ed — P(x,y))

3.6 Other monadic camT
In Sec. 3.5 we are given

{z: P(z,2)}
as the maximal solution of
Example SA. AAV xVy (xeA Ny e A — P(x,y))

in the case when P(x,y) could be expressed as a conjunction of the two monadic

predicates p(x) and q(»).
We now give a few other such results.

+ This work has a definite relation to that of Behmann. See Sec. 7.4.
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Example 5C. AAVxVy (xeAAyeA—p(x)V q®)).

Solution: F={A44,4,}, where A, = {x: p(x)},4.={y: ¢()}.

Example 5D. 3AVxVy(xeAVyeA—p(x)Aq()).

Solution: {z: Vs (p(z2) A g(s) Ap(s) A q(2))}.
This is a special case of the following where P(x,y) is not necessarily monadic.

Example SE. 3AVxVy(xed Vy eA— P(xy)).
Solution: {z: V¥ s (p(z,5) A p(s,2))}.

Example 5F. 3AVxVyVz[(xeAV(yeAdAzeAd)— (p(x)ARY))
V@& ATE)].

Solution: F = {4;N A, AN A}, where
Ay={x:VyVz (@) ARGV (@x) AT@)}
Ay={t:Vx (p(x) AR®)} ,
As={:Vx@E)AT@®)} .

It appears that for the monadic case, maximal solutions of the kind given
for Ex. 5F can be determined by the pattern of occurrencesof x € 4,y € 4, etc.,
p(x), ¢(»), etc. in the conjunctive normal form of the theorem. Such a procedure
if worked out and validated may or may not contribute much to practical
automatic theorem proving, though it should have theoretical interest.

Obviously this is related to Behmann’s decision procedure for monadic
second order logic [13].

4, CONTROL
4.1 The prover as a control
As mentioned above, the set-building rules of Sec. 3 are-used to propose a value
for a set variable A and then IMPLY, our automatic prover [1] is used to prove
. the resulting theorem.

It turns out that the prover is also a convenient vehicle for controlling the
use of the set-building rules. In doing so it proceeds in its normal way to prove
the theorem, applying a list of production rules: to manipulate the theorem, to
propose subgoals, to manipulate the data base, to match, etc.? The set building
rules are added to these production rules.

8The reader is referred to [1] for details and examples. For our purposes here the prover
described in [1] has been augmented by a data base for handling our set variables and
interval types (see Sec. 4.2). These data base manipulations are in the spirit of those men-
tioned in [9]) and applied in [5, 6] and [8].
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For example, in proving the theorem,

Example 6. 3A (P(@) Na#+b—>Vx(xeA—PEDA Ay (y eA) ANb¢A),
it first skolemizes and sets up the goal

P@Na#Fb— (x4 eA—Px )N@YeA)NDb¢A) , O)
and then splits it up into subgoals (1), (2), (3).

(P@ANa#b— (x4 €eA—P(x4)). (1)

Rule B1 is applied to this subgoal to yield the solution {z: P(z)} for A. This

value of A4 is not substituted for A4 in the remainder of the theorem, but rather
is placed in the data base, to be combined with other values gotten later.

(P(@Na#+b—yeA). 2)
This subgoal is ignored by Rule B6. (Actually it yields the universal set U,
which will be intersected with other sets and therefore “ignored”.)

(P@Na#b—b¢A). ' 3
Rule B4 is applied to this subgoal to yleld the solution {z: z # b} for 4.
This too is placed in the data base, and combined with the earlier solution,

yielding
{2: P)Nz#b} ™
as the curfent solution for 4.

Since (3) is the last subgoal, the final solution (*) is substituted for 4 in the
original theorem, getting the new goal:

P@) Aa#b—> (P(xe) Axo#b —> P(x0)) A (PG) Ay #b)
A~ (P(B) A b #b)). | O)

Now this, which is a first order theorem, is proved as a series of subgoals.

Our intention here is to emphasize the part of the process that builds the
set A using the set-building rules, and to de-emphasize the proof of the resulting
first order theorem.

4.2 Interval types and inequalities .

Before describing other examples in Sec. 5 we will describe another part of our
data base which is called “Interval types” in [1] and “Typelists” in [S-6] which
plays a crucial part in proofs of theorems in real analysis. This is best 111ustrated
with examples.
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Example 7, (P(1) — IAx (0<x <2 AP(x))).
The skolemized goal is

PQ)— (0<x<2APX))). ()
The prover handles the first subgoal
P(1)—m0<x<2) (1)

not by giving some particular value to x, such as 0 or 2 or 1, but rather by
storing the entry {x: 0 2} in the data base, indicating that the variable x is now
restricted to the interval 0 < x < 2. The entry {x: 0 2} is called a restriction
interval for x. The prover then goes to the second subgoal.

@) — P()) \ @

with x still a variable. When this goal is solved, with 1/x, then it must verify that
this substitution is consistent with its data base entry, that is, that

0<1<2,

Such data base mechanisms are used in the proof of the intermediate value
theorem in Ex. 11 below, and other like proofs in real analysis. These concepts
which were used in [2], have literally made the undoable doable. Otherwise
one is involved in the use of the axioms for the real numbers and for inequalities
which tend to choke automatic provers not using special mechanisms like this.

5. SOME MAJOR EXAMPLES
We describe here the proof of some theorems,’ following the steps taken by the
prover, but omitting much of the detail in order to emphasize the set-building
rules of Sec. 3. We will give examples from topology, real analysis (the inter-
mediate value theorem), logic, and program verification.

The non-mathematically-oriented reader can follow these examples to some
extent and get the main ideas without studying continuity and topology.

Example 8. If a set B contains an open neighbourhood of each of its points,
then B is open.®

Or symbolically
(Vx(xeB— 3D (Open D Ax ¢ D A\ D CB))—> Open B).

}See Sec. 7.6 for a discussion of what was actually proved by the computer on these examples.
®An open neighbourhood of a point x is just an open set containing x. We will use the capi-
talized OPEN to represent the family of all Open sets. (Union G) is defined to be the set of
points contained in some member of G.
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We shall use the following lemma:
L: The union of a family of open sets is Open, That is,
(3G (G S OPEN A D = (Union G)) — Open D).°
Our object will be to find this family G.

Using L as a hypothesis, our skolemized goal becomes

L .
([G € OPEN A D = (Union G) — Open D] ()
A[xeBy— (Ogen D, \Nx €D, \D, C By — Open Bo).

Using the lemma L (first hypothesis) with Bo/D we obtain the subgoal,

(L AB—> G C OPEN A Bo= (Union G)) . O)
The first subgoal
(LA B—> G C OPEN) ot

becomes, upon definition of C and OPEN, and skolemization,

(LAB—> V A (4 eG—> Open 4)), '6))
(LAB—(Ag €G—OpenAdg)).

Rule B1 is applied to obtain the solufion {z: Open 2} for G This is
stored in the data base and G remains a variable.

In the second subgoal
(L A B — By = (Union G)) @

the program defines “=", and splits to get subgoals (2 1) and (2 2), in which
“C” and “union” are defined, and skolemized.

(L A 8 —> B, C (Union G)) 2.1)
(LAB—Vx(xeBy—3D(DeG NAxeD)))
(LAB—"(XoeBo""’(DGG/\XOGD)))

IGNORED by Rule B7.

{See footnote 12.
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(L A 8 —> (Union G) C Bo) ' (2.2)
(LAB— VYD (DeG— DCBy)
(LAB— (DG € G— D¢ C By)).

Rule B1 is applied to obtain the solution {z: z C Bo}.

Combining Rules C1-C3 are applied to produce the general solution
Go= {z: openz ANzC B}
for G. When G, is substituted for G in the lemma L our goal ( ) p. 70, becomes

(L A B—> G, C OPEN A B, = (Union Gy)), O)
or
(L AB—> G, C OPEN A By C (Union Go) A (Union Go) C B).

The first and third subgoals are immediate consequences of the definition of
Gy, and the second is a consequence of the hypothesis 8. Indeed, we note the
general prmcxple that usually the only subgoals that need to be verified are the
pnes which are IGNORED earlier.

Example 9. If F is a family of open sets covering the regular topological space X,
then there exists a family G of open sets which covers X and for which GC C F,1°

Our object is to find this family G.
We will use the definitions

Regular: VAV x(Opend AxeA—3IB(OpenBAxeBABCA)
OCF: F C OPEN A Cover F
CoverF: Vx3J4(AeFAxeA).

Thus our theorem becomes
(Regular AOCF-— 3G(OCGAGCCF)),

(Regular A OC Fo— (OC G AG C CFy), ()
in skolemized form. This is split into subgoals (1), (2), (1 1), (1 2), using the
definition above as appropriate.

(Regular A OC Fy— OCG). 1)

1%We will denote by A the “closure” of a set 4, and by G the family of closures of members
of G, that is, G = {4: A ¢ G}. Furthermore (H C C F) means that H is a refinement of F,
that is, each member of H is a subset of a member of F,or (VA (A e H—3AB(Be FALB)).
Thus (GC C F) means VA (4 e G— 3B BeFNA QB))
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The solution F, for G would work for th1s subgoal but would eventually fail
for subgoal (2), and be rejected.

(Regular A OC Fy— G C OPEN A Cover G) . (1)

(Regular A OC Fo—> G C OPEN) v an
(Regular A OC Fo—> V (4 € G — Open A4)) .

After skolemizing, Rule B1 yields {z: Open z} for G.

(Regular A OC Fy—> Cover G) . 12)
This is IGNORED by Rule B7, using the definition of “Cover”.

(Regular A OC Fo— GC C Fy) 2)
(Regular AOCFo—V A (A eG-—>BB(BeF0/\A C B)))
(Regular AOCFo—(Ag eG—(BeF, AAg CB))).

Rules B1 and BQyield {z: 3B(Be FoAZ C B)}

Combining Rules C1-C3, give the general solution
{Z: OpenZA3B(BeF,AZCB)}

which satisfies the theorem.
The next (rather simple) example is given to show the ‘effect of lemmas on
the maximal solution. Let R represent the real numbers and Q the rationals.

Example 10. 3A (A is dense in R A (R-A) is dense in R)v.
This of course has no maximal solution for 4. However, if we employ the
lemma,

L: VY B (QC B —> Bisdense in R)
AY D (D C Q— (R-Disdense in R).

then we do get a maximal solution.

(QcB = dense YA(DC Q —B—> dense (R-D)) : Q)
— dense A A dense (R-A4). o
(a A B —> dense A). Use a with 4/B . ' 1
(@Ap—QCc4) 4 (1 BO)
@ANBAXx €Q— x4 €4). '
IGNORE by Rule BS.
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(a A B —> dense (R-A)) Use 8 with A/D. Q)

(@AB—A4CQ) (2BO)
@AB—(xqeAd—x €Q).
Rule B1 gives the solution {z: z € Q} for 4.

Here a theorem with no maximal solution was given one by the use of the
lemma. In other theorems, the maximal solution is often changed (decreased)
by the use of lemmas. Indeed, that is the case in Ex. ll below where a non-
maximal (but adequate) solution

{z.z2<bAf(z2)<0}
is given instead of the actual maximal solution

{z: Ix@E<x<b Af(x)<0)}.

Example 11. (Intermediate Value Theorem)
If £ is continuous for a < x <b,a < b, f(a) <0, and f(b) >0, then f(x) = 0 for
some x between a and b. (See Fig. 1). \

The proof of this will require the least upper bound axiom.

LUB. Each non-empty bounded set A has a least upper bound.

The object here is to find the set A required by the least upper bound
axiom. The definition of the set needed is not at all obvious (even for humans).
We believe that the use of a natural deduction prover, such as ours, as a
control, is the key to this kind of problem, whereby the prover explores its
various subgoals in a natural way and uses the basic set-building Rules B1-BQ
as they become applicable. Only combining Rules C1-C3 are applicable in this
example, so the basic solutions are intersected to obtain the general solution

{z:2<b A f(z) <0}

for 4.
The theorem and axiom (in symbols) are:

Th, Vy(a<y<b—>Contfy)/\a<b/\f(a)<0/\f(b)>0
—3Ax (f(x)=0).

LUB. YVAQ@QuVYt(teA—t<u)ANIr(red)—
Al[Vx(xed—x<])
AVy(Vz(zeA—z<y)—I<y)]).
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Instead of the definition of continuity we use the two lemmas

L1.  (Contfx—»
Va@<fe)—t(@<xAVs(t<s<x ——>a<f(s))))

L2, (Cont fx —
Va(f(x)<a-—>3t(x<tAVs(x<s <t——>f(s)<a))))

Our skolemized!! goal is therefore

(LIAL2ALUBAH Aa<b Af@)<OAO<f(b)—f(x)=0) ()
where (rearranged and skolemized)

L1 =(Contfx' A ((f(5) <a’ As<x' —s<t)—x' <t;)
— f(x")<d).

L2=(Contfx" A((@ SfEAX"<s—1,<s)—1,<x")
- —a' <f(x")).

LUB= [(t4, €4 —*tA,,<;;)/\reA —
x'ed—x"<IYAN((zg €A — 24 <Y)— 1, <Y)]

H,=@<y'<b— Contfy").
We shall denote all of the hypotheses by H in the following.
H—f(x)=0) : , )
The conclusion is defined, getting '
H— ) <OANO0<f(x))
which is split into subgoals (1) and (2) below.
H— f(x) <O). (1)

Since f(@) < 0 is a hypothesis this goal is satisfied by the substitution a/x,
but this value for x will eventually fail on subgoal (2) So it instead uses L1 with - .
0/a’, x/x', getting

(H— Contfx AN(f()<ONAs<x —s<t)—x<t)) (I L1)!

1n some cases here, to simplify the presentation, we have shortened the skolem expres- °
sions, with /, instead of /4, t, instead of 1/, # instead of £24", etc.
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(H — Cont f x). Use H; with x/y". (1L11)
H—a<x<Db). (1L11L1)
The entry {x: a b} is placed in the data (see Sec. 4.2); x remains a variable,

H—{(fG)SOAsSx—s<t)—x<1y)) (1L12)
a
HNANOSOAsSx—s<t)—x<t)).

Use LUB with lo/x, t,/y.

HNa—(tyy €A —ty, <SUYNreAN(zygeAd—z4 <ty)).
(1 L12 LUB)

Before the program can proceed with this subgoal it must check (see Sec.
4.2) that the value /o just given x is consistent with the data base entry {x: a b},
which was placed there in goal (1 L1 1 Hy), that is, that a <}, <b. The prover
calls itself to do this

(H— a<l,<b) (CHECK)
(H—a<l,). Use LUB with a/x'. (CHECK 1)
(H—> (tgy €A —> 14, <u)AreA Naed). (CHECK 1 LUB)

Again it must check that the substitution a/x is consistent with the data
base, that is, that 2 <a < b. But this is immediate, so it proceeds.

(H— (tay €A — t4, Su) (CHECK 1 LUB 1)

IGNORED by Rule BE since the variable u is a skolem argument of ¢#4,.
(See Restriction 8, Table I).

(H—> r € A). IGNORED by Rule B6. (CHECK 1 LUB 2)
(H — a € A). IGNORED by Rule B6. (CHECK 1 LUB 3)
(H —> 1< b). Use LUB with b/y. (CHECK 2)

H—(@qued—ty, SUYNredAN(EzyeAd— 24 <D))
(CHECK 2 LUB)
2 The parenthesized list in the right margin represents a “theorem label” or *‘goal label”
which is used by the computer to let the reader know what part of the proof is being

attempted. If a goal (A) is split, its two subgoals are labelled (A 1) and (A 2). “L1” means
backchaining on lemma L1, etc.

75




REPRESENTATIONS FOR ABSTRACT REASONING

H— (tgy €A — tgy <u)) (CHECK 2 LUB 1)
IGNORED by Rule BE

(H—reAd) (CHECK 2 LUB 2)
IGNORED by Rule B6.

(H— (z4 €A —z4 <b)) (CHECK 2 LUB 3)

Rule B1 gives {z: z < b} for 4 which is placed in the data base.
This finishes the subgoal (CHECK), that (@ < I, < b), so the program
returns to
(1 L1 2LUB)
HANa—(tgyyeAd—tgy, SWNreAN(zsed—2z4<1ty)

HNa— (tgy € A— tq, <u)). (1L12LUB1)
The current value {z: 2 < b} of A satisﬁes this goal, with b/u.

(H A a—>r e A). IGNORED by Rule B6. (1L12LUB2)

HANa— (24 eA— 24 <t))*? (1L12LUB3)
HAaAzy e A—z,4 <ty). Use awithz/s.
a=(fE)SO0NsSx—s5<1ty)

HNaNzgeA—f(z4)<O0Azy <X) (1L12LUB3a)
HAaNzg e A—f(z4)<0). ~ (1L12LUB3al)

Rule B1 gives the solution {z: f(z) < 0} for A. This is combined with the
current value to get {z: z < b A f(2z) < 0} which is placed in the data base.

(1L12LUB3a?2)
(HAaAzg e A— 2z, <x).Use LUB, with z4 /x', Io/x.

(1L12LUB3a2LUB)
HNaNzgeA—(tgueA—t, SUYNred ANz, €A).
These are verified as before.
This finishes subgoal (1). As we shall see, subgoal (2) will produce no more
solutions for A, so we will then only be left to check that

{z: 2 <b A f(z) < 0} is indeed a solution for 4.

13Rule B1 cannot be used here because of condition 1, Table I: ¢, is really a skolem function
of x' x' is replaced by x, l,, is a skolem function of A4, x is replaced by /,, so ¢, is a skolem
function of A and hence A occurs in ;. The program easily detects this because its current
" representation of £, shows it as a skolem function of A.
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H — 0<1(l)). ()

Note that the substitution /4 /x gotten from subgoal (1) is used in subgoal
@ Use L2 with lo/x", 0/a’.

(H —> Cont fIo A (0 <£(5) AlySs— ;<) —1,<Ilp)) (2L2)

(H — Cont fl,). Use H, L21)
(H—a<Iy<b).Proved as before. (2L21H)y)
(H"’((O<f($)/\’o<s-">t2<S)—*t2<Io)) (2L22)

(H/\(O gf(S)/\lo<S7’__)t2<S) '_)tzglo).
Use LUB with t,/x".

HAYy—(tgueA—t,SUYAred NteA). (2L22 LUB)
Subgoals (2 BC 2 BC 1) and (2 BC 2 BC 2) are proved as before.

(HN\~y—> t,eA). IGNORED by Rule B6. (2L22LUB3)

This completes subgoal (2). The solution {z: z < b A f(z) < 0} is now
substituted for 4 in LUB, and the whole theorem (which is now first order) is
proved again. See Appendix IV for this and othed related example theorems.

Example 12, VF ({x}e F— {y}e F)— VY A(xeA—yecA).
This example which was suggested by Peter Andrews'? s just the theorem
(x}={l—x=y)
where (a = ) has been characterized by V D (a 6 D — f € D), (with the proper

typing on D).
Here we need to find a maximal solution for F.,

((xol € F— {yo} e F) — (xoe Ag—>yo€ Ag)) O)

(({xol € F— {yo} e F) Axge Ap—>yo € Ay).
When attempting to backchain on the first hypothesis, the subgoal

(ol e F—yoeAy)

is attempted which yield, by Rule B3, the solution {z: z = {yo} — yo € Ao}
for F.

“Private communication.
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When this is substituted for F in the theorem it becomes first order,

([({xo} = {70} — Vo€ Ao) — (o} = {yo} — Y0 € 40))] Ax0 € Ao
—>yo€Ao) ()

which is simplified to

H.
([{xo} = Iy — Yo € A)) —> Yo € Aol A Xo€ Ag—> Yo Ao)

because {yo} = {yo} is recognized as true.
Backchaining on the first hypothesis H; gives the subgoal

(HiAxoeAdo— (Ixo} = {yol — yo € 40)) (Hy)
(Hy Axoe Ao A {xol = {yo}l — yo€ Ao).

By defining the set equality, “=" (that is, D = E is replaced byDC EA
E C D)), and “C” (that is, D C E is replaced by V ¢t (t € D — ¢t € E)), and
reducing ¢ € {x} to ¢ = x, this is transformed to the goal
HiAxoe AgA(t=Xxo—>1=yo) — Yo € Ao),
which is true with x,/¢ by backchaining and equality substitution.

Example 13. 3A [Vx(xeA—x20)AVx(xeAANx#0—x-2¢eA)].

(The reader might want to take a minute to obtain the maximal set 4 himself
before seeing the solution given by Rule BC1.)

[(x4€A—x4 20N (x4 €A Axy F0—x, -2¢€A4)]. O)
The first subgoal
(xq4€eA -—>x.>0) : ¢y
yields by Rule BI, |
Ay={z:z2>0}

Since subgoal ‘(1) has the subset property!S, it follows that Rule BC1 of Fig. 6
applies to the second subgoal

(xp€ANAxp#F0—>xp -2€4) oo Q)
15 See Sec. 3.2.
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to obtain the maximal solution,

A, ={z:z220N[VYn(new-—z-2n>0)
VINNewAz-2N=0AVn(new An<N—z-2n20))]}

Since V n (n € w —> z - 2n = 0) is false, this becomes

Ay={2:220 NAINWNVewAz=2NANV¥n(new An<N—
z 22n))}

This description of 4, is now simplified (by the author) to obtain

Ay={z: 220N INNew Az=2N)}
= the non-negative even integers,
because

Vai(newAnSN—z22n)Az=2N
«—>VnnewAnSN—2NZ2n)Nz=2N
«—— TRUEAz=2N

+—>z=2N,

Example 14
JAVxVYylgxy)ed —Pxy) AN((xy)eANqxy)—
fxy)eA)

[(g(xava)ed — P(xaya)) A((xa,ya) €A N q(xp,yA) —
f(xa,ya) € 4)]. O)

The first subgoal
(g(xaya) €4 — P(xp,yA)) )
yields by Rule B2',
Ay={z:VsVt(z=g(st)—P(,01)}.

Since .goal (1) has the subset property!$, it follows that Rule BC2' applies
to the second subgoal (with p(2) =V s V t (z = g(s, t) — P(s, 1)),

(A yA) eANg(xaYA) — f(xA,YA) € 4) )]
to obtain the solution
Ay={z:VsVt(z=g(s t)— P(s, 1)
AV n[newAq(f*(Iz), @) — Vs ¥ t (" (1(2), Ta(2))
=g(s, ) — P(s, )]}
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To verify that this is a solution we note first that it clearly satisfies subgoal
(1) because 4, C A, and goal (1) has the subset property. Thus we need only
verify the second subgoal (2) with A replaced by A,. This is done in Appendix
III. Also we show there that it may not be maximal, but that for the special
case of Ex. 14 given in Ex, 15 below, the solution A, is maximal.

Example 15,
APVAVK [POX)ANPMAL) — A=xy)ANPAK)ANK#0
— P(A +yK-1)].

This theorem arises from the field of program verification, in a case where
the internal assertion P is not given but must be found by the prover. The theorem
represents the verification conditions for a simple program which multiplies in-
tegers x and y. (See Fig. 9). No attempt is made here to prove that the program
halts.

A-— 0

K -— x

b PIAK)

[
{ k=00 >YES haiT

NO

A-—A+y
K ~—K-1

Fig. 9. — Flow chart for a simple multiply program.

We will suppress the input assertions x = 0, y = 0, x, y integers, and will
(for consistency of notation only) replace the two-place predicate P by a set B
of ordered pairs. Our rules of Sec. 3 were not meant for sets of ordered pairs
but appear to work on this example, provided that several facts about ordered
pairs and integers are built into the program. This example is included here only
to show the kind of examples that might be handled with some more work.

The skolemized theorem is

[0,x)eBA(Ap0)eB— Ag =xoy0) . 0)
N ((ApKp)e BAKp#0— (Ap+¥o Kp—1)e B)]
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The first subgoal
0,x)eB 1)

is IGNORED by Rule B6.

The second and third subgoals are exactly in the form of Ex. 14 with
BJA, A/x, K]y, Mst(s, 0)/g, Ast(s = xo'yo)/P, Ast(t #0)/q, Ast(s + yo, t—1)/f. Thus
we get, similarly to Ex. 14, a solution

{z: VsV t(z=(50)—s=x0V0)
AV n[newATL Qst(s + yo, t—1Y'(I(2), T,(2)) #0
— V51 (st (s +¥o, i_l)nﬂ‘(nl(z), IL(2)) = (51,0) — sy =x¥)1 }.

This solution will work but needs considerable simplification for clarity and
ease of use. Much of this simplification, but probably not all, which is done here
by the author, can be done by the program, by storing additional entries in the
REDUCE table and PAIRS table of the program (see [1]).

The variable Z which represents an ordered pair is replaced by the variable
pair (z,,2,). The solution is then successively simplified as follows:

{z1,22): (22 =0 —z; = Xx¢¥¢)
AVnnewAz;—n#0
— Vs ((z1+ @+1)yo. 2, —n—1) = (5, 0) — s =x¥0)] }
={4,K): (K=0—"4 = x5y0)
AVYnVs [newAK#nAA+n+)yo=sAK=n+1)
—>s=Xxo¥ol}

={(4,K): (K=0—A4 =x5,)
AVnYs [newAK=n+1-—=A4+@m+1ys=xv0}

={(4,K): (K=0—A4 =x,¥,)
AYn [newAK=n+1—4=(xo—K)l}

={(4.K): (K e w—4 = (xoK)yo}.
This corresponds to the predicate;
PAK)Y=(Kew— A= (xK)yo)

which is the internal assertion usually given by humans for the program depicted
in Fig. 9.

81



REPRESENTATIONS FOR ABSTRACT REASONING

6. THE INDUCTION AXIOM

One of the most used concepts from higher order logic is the induction axiom:
IA: VAQeAAYx(xeAd—x+led)—Vy (yeA))*.

For example in proving

Example 16
n
Y i=nn+1)/2,
=1

if we let

A={n: § i=n(n+1)/2}
i=1

then we can easily show that 0 € 4 and V x (x € A — x+1 ¢ 4) and hence
conclude from IA that A contains all non-negative integers.

It was therefore a great disappointment to find that the procedure of this
paper would not “work” for the induction axiom. Nor is it possible to wait for
the instantiation of other variables, as we did so successfully with the Least
Upper Bound Axiom (see Sec. 3.5 and Ex, 11, Sec. 5), to unlock our procedures.
The following simple example serves to show why. '

Example 17.
IAAPO)AY x (P(x) — P(x+1)) — V y P(y).

When IA is defined we get

VA[OeAAVx(xed—x+led)—Vy (¥ ed)]
APO)AVY x (P(x) — P(x+1)) —Vy P(),

which, when skolemized, becomes

[0eAA(xqg €eAd— x4+l eA)—>y eA)]
A P(0) A (P(x) — P(x+1)) — P(yo) .

The set variable A occurs only in IA, and no connection between IA and the rest
of the theorem can be made except by matching a term like (y € A) against a
term like P(yo). But this is exactly what we do not want (and our rules forbid
it); we do not want the indiscriminate matching of expressions of the form
(v € A) against arbitrary subformulas in the theorem, because this leads to a
greatly exploded search. In our rules we match only when there is a “con-

16Of course this could have been expressed in terms of a predicate P, with P(x) replacing
xXe Av
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‘nection” between the things being matched. This causes us to fail here, but the
saving on other examples is our compensation,

This axiom or its equivalent'® has been used extensively in automatic
theorem proving [17-20] especially in cases where the theorem to be proved
can be used as the induction hypothesis. Boyer and Moore [17] have been able
in some cases to ‘“generalize” the induction hypothesis and thereby prove
(automatically) some theorems not amenable to the simpler techniques.

We can of course add an additional induction-procedure to our prover and
use it for induction proofs without compromising the set-building rules of this

paper.

7. COMMENTS, QUESTIONS, AND FUTURE PLANS

7.1 Maximal method

We have set ourselves the task of finding a maximal set A, satisfying a given
condition Q(4), and have given some rules for doing this in certain cases. These
have been applied to a number of theorems to obtain successful results, although
there are many we cannot handle. Of course there are cases such as Ex. 10 which
have no maximal solution. But some of these may become “maximizable”
during the proof when a particular lemma is used (as did Ex. 10).

7.2 Delaying

In our procedure we have employed a concept of delaying, whereby we delay
the final determination of a set A until all parts of the theorem have been
processed. Early subgoals place restrictions of the form {z: P(z)} on A4, but leave
A itself as a variable to be further considered later. Later subgoals may further
restrict A, or may force 4 to take a particular value 4 o (for example, by matching).
In this last eventuality the program must check that 4, is consistent with the
earlier restriction {z: P(z)}. This kind of delaying has the marked advantage of
not closing off the determination of A by assuming early values for it; but rather
keeping it “‘as general as possible,” putting on restrictions only as they are forced.
Thus we see that the notions of “maximality” and “delaying” are somewhat
analogous.

This concept of delaying is an important one in other parts of automatic
theorem proving. Huet’s Constrained Resolution [3] is an example of it where
he delays the higher order unifications until resolution matches have been
made. The most general unifier [16] is another example, in that it lets resolution
(or whatever prover that uses it) delay as long as possible the assignment of
constant values to variables. ‘

Also our use of delaying for set variables is entirely analogous to the concept
of interval types [2, 5, 6] explained in Sec. 4.2, when a variable x is restricted
to an interval [z < x < b] to satisfy an earlier subgoal, but left a variable to be
instantiated or further restricted later. This technique has greatly simplified our
Proofs in analysis, and we expect other such “delaying” methods to be developed.
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7.3 Holding formulas together

As mentioned earlier, we try to avoid indiscriminate matching of formulas of
the form ¢ € A (where A is a variable) against all other subformulas P in the
theorem. This prevents an “explosion” in the number of search paths.

Also we believe it important to hold formulas together during the proof,
and retain, as far as possible, the original quantification (see Ex. 2). Thus we try
to avoid procedures which convert the theorem into clausal form or other normal
forms.

7.4 Relation to the work of others

Darlington’s program [12, 14] has proved Ex. 8 and other examples using his
F-matching. Our procedure has a similarity to F-matching and was partly inspired
. by talks with Darlington. But it is different especially in its use of the maximality
concept which is an outgrowth of the ideas in [15, Sec. 10], and in other ways.

This work is of course related to Behmann’s decision procedure for monadic
first and second order logic [13, 13a, 22]". A cursory look at [13] indicates
that our solutions are often the same as Behmann’s. His methods might be
extended to also handle a number of non-monadic cases (as ours do). So it seems
that an extensive study of papers on monadic logic is very much in order,

The procedures of [3, 4, 7, 10, 11] are more general than ours, and their
research provides a necessary base for this type of research; we only feel that our
work can be more effective on a limited, but important part, of higher order
logic.

7. 5 Completeness

All of our rules are sound because no matter what value we get for the set
variable A, we always verify it with another pass through the prover. The only
question, then, is one of completeness.

There are three kinds of incompletness encountered here. First, there are
cases, as mentioned above, which have no maximal solutions. Secondly, there
are cases which have maximal solutions but for which we have as yet no rule.
And thirdly, there are cases where the rules we give are not complete. Our basic
rules B1-B7 (Fig. 1 with restrictions in Table I), and BC1 (Fig. 4) are complete.
Proofs of this are given in Appendix II. And completeness is retained when we
combine the basic solution according to the combining rules C1-CS (Figs. 2, 3).
However, we propose using these basic solutions and combining them even in
cases where the conditions of Table I, and Figs. 1-4, are not satisfied, and in
these cases the results will not always be maximal. Also in cases like Rule BC1
where the maximal set is rather complex we suggest trying first a simplified
version, which often gives the maximal solution but may not.

Maximal or not, they still offer in many cases a good (qulck) guess for 4,
a heuristic for generating a candidate for 4.

17, A. Robinson first pointed this out to me.
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We have used these rules to generate certain family variables (for instance
Exs. 2, 8, 9) instead of set variables. Much work needs to be done in extending
these rules and in investigating their completeness.

We propose using them in cases where several set variables are to be instantia-
ted instead of just one, and see no reason why good results cannot be obtained,
even though the process is probably not complete.

In many cases the restrictions in Table I will disappear during the proof of a
theorem, when a certain variable is instantiated. For example, in trying to prove

vx (f(x,y) e A — P(x))

where y is a variable (and therefore not a skolem function of A4), Restriction 2
of Table I prevents us from applying Rule B2 (because the variable y appears in
f(x,)). But once y is instantiated, by say 4, then Rule B2 applies and we obtain
the solution

{Z.’ Yt (Z =f(t,ao) _"P(t,ao))} .

Another way of overcoming these restrictions is by using an equivalent form
of an expression. For example, Rules B1 and B2 cannot be used on

Vx[(x e A — P(x)) A (f(x) e A — Q(x))]

because in each subgoal “x occurs elsewhere in the theorem,” but this can be
(automatically) changed to the equivalent form

Vx (x €A — Px)) AVy(f(r) e A — Q)]

where that restriction has been eliminated. (This was implicitly assumed in
Exs. 13-15).
Also formulas of the form

Vx(@(x)V (x €A — p(x))
can be transformed to

Vi(xed —p(x)Vq(x);
and  Vx(@&)A(xed —p())
to vy qa() VVx(x e A — p(x));

and  VxVy(f(x)eAVyed—p(xy))

to Vx(f(x) eA — p(xp))
t AVy(y ed—p(xy));
etc.
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It should be noted that the “solution” U derived from Rule BE appears to
be useless. However, Rule BE has been placed there to prevent the program from
failing in some subformulas where the solution U (from those subformulas) can
be combined with solutions from other parts of the theorem.

7.6 implementation
An augmented version of the prover described in [1] has been used to prove
some example theorems, This augmented version, which is called ““the set variable
prover,” is designed to proceed in the machine-alone mode (that is, not man-
machine), but not all of Exs. 1-15 of this paper were actually proved completely
by the computer. Some were proved outright; some could have been proved by
minor changes in the program which we are in the process of makmg, and some
require more extensive changes.

Recall, from Sec. 4, that two passes are made by the program in proving
a theorem: a first pass to determine a value for the set variable 4; and a second
pass to prove the resulting theorem, after the new value is substituted for 4.°

Examples 1-4, 6-10, 12, were run completely by the computer (with no
human intervention). Exs. 5, 5C-5F, 11, 13-15, have been done by hand using
the procedures of this paper. Exs. 5A, 5B, 16, 17 are for illustrative purposes only.

The first pass of Ex. 11, in which the set

={z2:2<b Af(2) <0}

is defined, using the'rRules of Fig. 2, has been run by computer alone. This is

the crucial pass for satisfying the aims of this paper. However, after this value is
substituted for A in the least upper bound axiom, an interesting and truly
challenging theorem about general inequalities results:

Ex. 1I. HHAL AL, ALUB' —3x(f(x) SOAO0<f(x)),
where H,, L;, and L, are given on page 74, and LUB' is

JuVvt<OAfOSKO—:<u)AIre<bAf(H<0)—
AIVx(x<OAf(x)<K0—x<])
AVY(VzESBAf(Z)<0—z<y)—I<y)].

In theory, our program can prove Ex. 11} but in actual practice it cannot
now because of time and space limitations.

These proofs have utilized a newly installed, heuristically controlled, backup
mechanism (in the spirit of CONNIVER) which prevents trapping!®. The remaining
difficulty with Ex. 11 might be eliminated by further changes to our backup
mechanism.

"*Trapping occurs in proving a conjunction (P(x) A Q(x), when a value X, given to satisfy
P(x) later fails on Q(x), and when another value x, would have satisfied both.
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7.7 Open questions

The rules here are given for only one set variable. What happens when we try to
use them for more than one set variable, or for a combination of set variables
and family variables (and/or higher order variables)? Hand proofs seem to
indicate that these rules can still be applied, with minor alterations, but much
needs to be done to determine their completeness. If more than one set variable
(or family variable) is present, how many passes are needed by the prover?

Can these methods be extended for instantiating simple function variables
(that is, sets of ordered pairs)? Ex. 15 is actually such a case, How about sequences?
If one uses the Bolzano-Weierstrass theorem instead of the (equivalent) least
upper bound axiom to prove theorems in intermediate analysis (like Ex 11),
then instead of instantiating a set variable 4, we would be required to instantiate
a sequence variable. Is that just as easy?

7.8 Future plans

Try more examples.

Provide for a heuristic backup.

Heuristic control of the use of lemmas and hypotheses.

More basic and combining rules to handle other cases that we now know
and that may arise.

Procedures for instantiating simple function variables.

Procedures for handling many set and higher order variables at once.
(Obviously this can have only limited success because of theoretical limits on
completeness in higher order logic.)
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APPENDIX I

Glossary of terms

xeA X is a member or element of the set 4

{a} The set whose only member is ¢ :
{x: P(x)} The set of those x’s for which P(x) is true
P—Q P — Q; that is, if P then Q

PAQ Pand Q

PVQ PorQ

~P not P

IxP(x) . for some x, P(x); that is, there exists an x such that P(x)
Y x P(x) For all x P(x); that is, P(x) is true for eachx
R the set of all real numbers

Q the set of all rational numbers
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AisdenseinR for each two numbers x and y in R there is a number z in A
withx<z<y

See a calculus book for the definition of “continuous’’.

See a topology book (for example, J. L. Kelly, General Topology, Van Nostrand),
for definitions of terms such as: topology, open, closed, neighbourhood, union,
regular topological space, cover, refinement.

APPENDIX (I

Some completeness results

The purpose of this Appendix is to show that the rules of Sec. 3 do indeed
give the maximal solution for the cases considered,

Theorems 1-7 below establish this for the basic Rules B1-B7 of Fig. 2, and
Theorems 12-13, for combining Rules C1-C3 of Fig. 3. Theorem 8Q relates to
Basic Rule BQ, Fig. 2, and Theorems 14-15 to Figs. 6 and 7,

In this Appendix we will consider formulas Q@ which contain only one set
variable 4, and such that 4 occurs only in the form x € 4, or as arguments of
skolem functions,

We will say that a subformula § of Q is in an EVEN position of Q if Q has
one of the forms:

SAR),RAS),SVR),RVS),R—S5),VxS, 3AxS,

and if 4 does not occur in R except as a skolem argument, and S is in an ODD
position of Q if Q has the one of the forms:

~S, (S — R)'.

And we furthermore say that S is in an EVEN (ODD) position of Q if § is in
an EVEN (ODD) position of a subformula §' of @ which is in an EVEN position
of @, or if § is in an ODD (EVEN) position of a subformula §' of Q which is in
an ODD position of Q.

We say that 4 occurs EVENLY in Q if each occurrence (x € A) in Q is an
EVEN occurrence. Similarly we say that 4 occurs ODDLY in Q if each occurrence
(x € A)in Q is an ODD occurrence.? For example, if Q is

Vx(xeA—p(x) NIy (yeAd)

then A occurs oddly in the first conjunct and EVENLY in the second.

! The only logical connectives are: A, V, =, ~, ¥, and 3.

3Clearly, if A occurs EVENLY (ODDLY) in P, and P is an EVEN position of @, then 4
occurs EVENLY (ODDLY) in Q, and if P is in an ODD position of Q then 4 occurs ODDLY
(EVENLY) in Q.
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A set A, is said to be a maximal solution for Q(4), if Q(4,) is a theorem,
and for any set B, :

(QBYNACB— Ao=B).
That is, d¢is a “largest” set A which will satisfy the theorem 34 Q(A4).
The symbol U will represent the universal set (or class). Here the only
properties of U we will need are: x e U, for all x; and D N U = D, for all D.
Recall the definitions of subset property, superset property, and intermediate
property from Sec. 3.2.

Theorem 1. If “A” does not occur in P(x), then Ao = {z: P(x)} is the maximal
solution for 34 V x (x e A — P(x)).

Proof. 1t is a solution because by substituting 4, for A we get
Y x (P(x) — P(x))
which is true.
To show that A, is maximal we can show that B C A, for any solution B,
that is, that
Vx(xeB—P(x))—BCAp,

or, successively,

Vx(xeB—P(x))NzeB—z€A,,
Vx(xeB—P(x)) Aze B— P(z),

which follows by substituting z for x in the first hypothesis.

Theorem 2. If “A” does not.océut iﬁ P(x) or f(x), then
Ao={z: V5 (z=1(s) — P())}

is the maximal solution for 34 V x (f(x) e A — P(x)).

Proof. The proof of this is like that of Theorem 2’ below.

Theorem 2'. If “A” does not occur in P(x,y) or f(x,y), then

| Ao={z: Y rYs(z=f(rs)— P(rs))}

is the maximal solution of 34 V x V y (f(x,y) e A — P(x,y)).
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Proof. 1t is a solution because by substituting A, for 4 we get
Vx Vy (Vr Vs (f(x,y) = f(r.s) — P(r,8)) — P(x,))
which is true (substitute x for r and y for s).

‘To show that A, is maximal we can show that B C A,, for any solution
B, that is, that

VxVy (f(x,y) € B— P(x,5)) — BC Ao ,
or, successively,

VxVy (f(x,y)e B—P(x,y)) AzeB—z¢€A,,

VxVy (f(x,y) e B— P(x,y)) Az € B—> YrV¥s (z = f(r,5) — P(r.9)),
VxVy (f(x,y) e B— P(x,y)) Nz € B \z = f(r,s) — P(r,5),

VxVy (f(x,y) € B—> P(x,y)) A f(r,5) e B—> P(r,5),

which follows by substituting 7 for x and s for y in the first hypothesis.

Theorem 3. If “4” does not occur in b or P then
Ag={z:z=b—P}
is the maximal solution of (b € A —> P).

Proof. 1t is a solution because by substituting 4, for 4 we get
(G®=b—P)—P)
which is true.

To show that 4, is maximal we can show that B C A4, for any solution B,
that is, that

(beB—P)—BCA,,

3

or, successively,
(beB—P)ANzeB—(z=b—P),
(beB—P)ANzeBA z=b—P,
(beB—P)ANbeB—P,

which is true.
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Theorem 4. If “A” does not occur in b, then
Ap={z:z#b}
is the maximal solution of (b ¢ A4).
Proof, We must show that
b ¢ {z:z#b}
which is immediate, and
b¢ B—BCAo,
or b¢BANzeB—z#Db, .
which is immediate. | |
Theorem 5. If “A” does not occur in P then U is a maximal solution of P.
Proof. This is obvious.
Theorem 6. U is a maximal solution of (¢ € 4).

Proof, U is a solution because (x e U) is true for any x. Also it is maximal since
B c Uforany B.

Theorem 7. If every occurrence of an expression of the form (¢ € A)inE isin
an EVEN position of E, and “A” does not occur in E except in one of these
(t € A), then U is a maximal solution for E.

Proof, Use structural induction, and Theorems 6 and 5.

Theorem 8. Each of the following has the subset property.
1 Vx(xed —P(x))
2 Vx(f(x)e A— P(x))
2' VxVy (f(x,y) e A — P(x,))
3 (bed—P)
4 (béA).

Proof. In each case we must assume that B is a solution of the given formula and
that C C B, and show that C is also a solution of that formula. For example in
.1 we must show that : :

Vx(xeB—P(x))—Vz (ze C—P(%)),
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but this is immediate since C C B. Similarly
Vx (f(x)e B— P(x)) — VY z (f(z) e C— P(2)),

VxVy (f(x,y) e B— P(x,y)) — Vs ¥t (f(s,t) e C — P(s5,1)) ,
beB—P)—(beC—P),

and  (B¢B—b¢C). ' Q.ED.
Theorem 9. Each of the following has the subset property.

1 3y Vx(xed— P(x,y))

2 3y Vx(f(x)ed — P(x,y))

2" 3z VxVy (f(x,y) e A — P(x,y,2))

3 Ay @®@)ed — P(y))
4 3y 60)¢A).

Proof. Similar to the proof of Theorem 8. We must show that if C C B then
Jy Vx (x € B— P(x,y)) — Iy Vx (x e C— P(x,y)).
But this is equivalent to |
(CCBA 3y [Vx(xeB— P(x,y)) — V¥x (x e C— P(x,y))]
which is true. Similarly for 9.2-9.4. Q.E.D.

Remark. Since V x 3y (x € A — P(x,y)) is equivalent to Vx (x e 4 —
y P(x,y)), it follows from Theorem 8.1 that V x 3y (x e A — P(x,y)) has the
subset property. A similar result holds for Vx 3y (f(x) € A — P(x,»)), and
VxVYy 3z (f(x,y) €e A — P(x,y,2)).

Theorem 10. If “A” does not occur in ¢ then (¢ € A) has the superset property.

Proof. Suppose that B is a solution of (¢t € A) and B C C, then ¢ € B and hence
teC. Q.ED.

Theorem 11. If every occurrence of “4” in E is of the form (¢ ¢ A) where
(t € A) is in an EVEN position of E, and “A” does not occur in ¢, then E has the
superset property.

Proof. Use structural induction and Theorem 10.

Theorem 12. If P and Q each have the intermediate property and “A4” does not

occur in H or R, then (P A Q), (H — P A Q), and (R V P) A Q), have the
intermediate property.
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Proof, This is immediate.

Theorem 13. If A, is the (only) maximal solution of P, and A, is the (only)
maximal solution of Q, and P and Q have the intermediate property, then
(4; N A,) is the (only) maximal solution of (P A @), and of (H — P A Q), and
of (R V P) A Q), provided that “4” does not occur in H or R, and provided
© that (PAQ),(H— P A Q),and (R V P) A Q) have any solution,
Proof. We will show that (4, N A4;) is the maximal solution of (P A Q). The
result for (if — P A\ Q) and ((R V P) A Q) follows similarly.

Suppose that B is a solution of (P A Q). Then it is a solution of P and of
0, and since A; and A4, are maximal solutions of P and Q respectively, it follows

that B C Ay, and B C A,,and hence that BC A; N A4,. Thus we have that B and
Ay are solutions of P and that

BCA;NA,CA, .
Thus since P has the intermetiiate property, it follows that (4; N A4,) is a solu-
tion of P, Similarly (4, N A,) is a solution of O, and hence (4; N A,) is a
solution of (P A Q). It is also maximal since :
BCA N4, .
Theorem 14. (See Fig. 6). If 34 P(4) has the (only)" maximal solution
Ay={z: p(A)},
and P(A) has the subset property, and Q(A) is
Vx(xeAANAqx)—f(x)eA)
and if
34 (P A 0(4)) G
has a solution, then it has the maximal solution,

Ay={z:p@)A[Vn(n ew —pf"(2)
VINWewA~qf @) AVn(new/Vin <N—->pf"(z)))]}

Proof. The proof that A4, is a solution is entirely similar to that given for
Theorem 15 below,
The proof that A, is maximal will now be given.

t See footnote §, p. 60.
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To show maximality, we must show that if 4, is any solution of (*) then
Ao Q_Az. That is,

PA0) AQ(Ag) — A4, C 4)),
or equivalently
H, P(4q)
H, AVx(xeAgNq(x)— f(x)eAy)
H3 /\xoer

—_—
G p(xo)
G A [¥n (new—>pf"(xq)
VINWVewA~qf " x)AVn(new An<N—pf*(x))].

To prove C, we first recall that A; = {z: p(z)} is a maximal solution of
P(A4). So since A, is also a solution of P(A) it follows that A, C 4. Thus,
using Hj,

x0€AoCA={2:p(2)},

and hence x, € {z: p(2)}, from which C follows.
To prove C, let us suppose that ¥ n (n € w —> p f"(x,)) is false, and let n,
be the first member of w for which

H, ~p [ (xo).
If ny = 0, then f"*(X0)j= f2(x) = x,, and ~p (x) in contradiction to C
(which was just proved). Thus we may assume that n, >1,and letn, =n, — 1.
So we have ny € w and
H; Vn(newAn<n,— p(f"(xo)).
Now if it were true that
(A)  Vn(mewAn<n— q ("))
it would follow from H,, H; and H, (using induction) that
M (xg) e 4,

and hence, since 4o C 4, C {z: p(2)}, that
pU™* (xo))

or p(f"2 (xo))
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in contradiction to H,. Thus (A) is false and there is a first N e w for which
N <nyand ~qf" (xo).
Since N < n,, it follows from Hj that

NewA ~qafNx)AVn(newAn<N—pf"(xo))

as required for C,.
This completes the proof of Theorem 14.

Theorem 15. (See Fig. 7). If 34 P(A) has the (only)f maximal solution

Ay={z:p()}
and P(A) has the subset property, and'Q(A) is
Vxvy (.)€ 4 Ag(x,y) — f(x.p) € 4)
and if
JAP(A) A 0(4))

has a solution, then it has the maximal solution

Ay={z:p(@) A [Vn(ng,w—*pf"(Z)) ,
VINWewA~qfN@AYn(new An<N—p )]} |

Proof. We show here that 4, is a solution. The proof that it is maximal is entirely
similar to the proof of maximality in Theorem 14. .

We must show that P(4,) and Q(4,) are true. Since A, is a solution of
3 A P(4), and A; C Ay, and since P(4) has the subset property, it follows that
P(A,) is true, We must now show Q(A,) is also true, that is, that

((x-y) eAZ A Q(xvy) —Qf(x’y) EAZ)

or equivalently,

*)  PEYAIVr(ew —p M)
VINWNewA~qf EYAVYn(new An<N—pf(xy)]
Aq(x,y)—p f(x,y) '

AVn(ew—pf ()
VINVewA ~g N () AVR(n ew AnSN—pf*(f(x, ).

See footnote § of the paper.
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This theorem (*) is true if we can prove the two subgoals (*1) and (*2)
below. (The disjunction in the hypothesis of (*) is split to help form the two sub-
goals (*1) and (*2).) Note also that £ (f(x,»)) = f**1(x,»).

H  py) D
H, AVn@mew—pfi(xy))
H, ANq(x,y)

——

Cl pf(x'y)
G /\Vno(noew—->pf"°+1(x,y))

H, p(x,y) v *2)
Hy  3N,Woew A~qfNop,y) AV n(new An<No— p f(x,9))

Hy q(x) :

Cl pf(x’y)

G AINWVewA~q V@) AV no(noe w Ang<N—»

Iy,

In proving Conclusion C1 of (*1) we use hypothesis H, with n = 1, (Note
that f(x,y) is the same as f(x,y).)

In proving Conclusion C2 of (*1) we use hypothesis H, with n = nqy+ 1.

In these two proofs we used the facts that 1 € w, and that ng + 1 e w
whenever ng € w.

We now come to Conclusion C1 of (*2). Since by Hj, g(x) is true, it follows
from Hj that Ny # 0, that is, that Ny > 1. So we can take n = 1 in H} to reach
the desired conclusion Cj.

In proving Conclusion C; we again note that Ny > 1. Also by Hj we have
that Ny € w. Thus Ny — 1 € w, and we can take N = Ny — 1 in C;. With this
substitution for NV, we are left to prove

Cn p " (x,y)

Ca N~q fN“(x»J’)

under the assumption that

H, npew Anyg<SNy—1.

C3i and Cy, will both follow from Hj with n = ny+ 1, after we verify, with
the help of H,, that ny+ 1 € wand ng < Ny—1.
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APPENDIX Il
Further details of examples

Example 14. Verification of subgoal (2). (Continued from page 80)
We must show that
(y)e A N q(x,y) — fx,y) € A2)

where
Ay={z: VsV t(z=g(st)— P(s1)
AVnlnewAq(f"(h(), IL(z)— VsVt "), M,E)

=g(s) — P}
={z: VsV t(z=2g(st)— P(s,)
AV nVsYtinewAqf (i), ThE) A M (M), 1,:)
=g(s,t) — P(s,0)]}
That, is we must show that

Hy VsV t((x,y)=g(st) — P(s1t))
H, AVYnVsVYtlnewAqf"ey) A" xy) =gt — P@0)
HEI Aq(xry) ) '

————y

G VsVt (f(x.y) =g(sf) — P(s,1))
C, AVnVsVtnewAqfxy) A 2(x,y) = g(s,H) — P(s,0)] .

To prove Cy we assume
H, fx,y)=2g(sot0)
 and prove
Cu P(so, to)- .
| Using H, with s = 8o, t = to, and n = 0, we are left with the subgoal
0ewAqxy)Nf(xy)=2g(so t)

‘ which follows from Hj and H,.
To prove C; we assume

H s Ng€ W

Hye  Aqff ey

Hy  Af"2(xy)=g(s0t0)
and prove

Cay P(s0, to).
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Using H, with § = s, £ = to, and n = ny + 1, we are left with the subgoal
not 1ew Aq ™ (x,y) Af"*(x,y) = g(s0. to)
which follows from Hg, He, H4, and the fact that (n € w — m + 1 € w). Q.E.D.

In this example, it was necessary to show that A, was indeed a solution
because we used Rule BC2' of Fig. 7, which is not guaranteed to produce a solu-
tion, and certainly not guaranteed to produce a maximal solution. Indeed 4, is,
in general, not maximal for Ex. 14, as the following counterexample will show.
However, for the special case of Ex. 14 given in Ex, 15 we do have a maximal
solution, as is shown below. Of course, Rule BC1' of Fig. 7 would always give a
maximal solution of Ex, 14 as is proved in Appendix II.

Counterexample. To show that the A, gotten here by using Rule BC2' of Fig. 7,
will not always give a maximal solution.
First recall that Ex. 14 is:

JAVxVYy [(gt,y) e A —P(x,y) A((xy) €A Aq(x,y) — |
fx.y)eA)].

We saw above that Rule BC2' gives the solution

Ay={z: VsV t(z=g(st)— P(s,1)
YnVsVt[newAqf"@) A ) =g(s,t) — P(s,0)]T.

To see that this is not always maximal let

g(x,y)=(x,y)
P(x,y)=x>0
q(x,y)=x+#0
fe,y) =x—2,

(This in essence is Ex. 13.)

Then .
Ay={z:VsVt(z=(5t)—520)
AVnY s Vit [newAlstterm (A st(s —2, ) (2)) #0
A Qs =2, @) = (1, t) — 5,2 0] }
={(,y): VsV t(xy)=(s)—s>0)
AVaVs Vit newAx—2n+0
A(x—zn—zxy) = (sls tl)_-)sl>0]}
={xy):x20AVYn(newAx+#2n—x—2n—2>0)}
={(xy):x20AVn(new—x=21Vx>22n+2)}
= @ (The empty set).
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While A, = @ is indeed a solution of this special case of Ex. 14, it is nota
maximal solution, because (exactly as in Ex, 13)

Ar={(xy):x>2A AINNew Ax=2N)}

is also a solution and A5 # Q.
Incidentally, 4, is maximal because it is produced by Rule BC1', which
always gives maximal solutions. (See Theorem 15, Appendix 11 )

APPENDIX IV
Some example theorems about aono}al inequalities

‘We will list here some of the theorems which appear as subgoals in the proof
of Ex. 11. They are (except G1) theorems about general inequalities (i.¢., where
both existential and universal quantification is present).

The question we want to raise, is whether some of the methods of Pres-
burger Arithmetic and linear programming can be extended for use on these
kinds of theorems, and thereby avoid having to explicitly use the axioms for
inequalities and real numbers,

These example theorems will be given in terms of LUB, LUB1, LUB2, L1
and L2, which are as follows:

LUB: ([uVt<bAfOSKO—:t<Su)AJr(r<bAf(r)<0)]
— A [Vx(x <bAf(x)<0—x <))
AVY(VzESDAfR)K0—z<y)—I<y)])

LUBL: Vx(x<bAf(x)<0—x<I)

LUB2: Vy(VzE<bAfR)<0—z<Ky)—I<y)

L1: Vx(@<x<bAO<Lf(x)— Ft(t<x AVs(t <s<x —0<f(5))
L2: Vx(@<x<HOAfX)<0— Tt(x <t AVs(x <s<t— f(s) <0)))

EXAMPLE Theorems

Gl: FO<OANOSf(BYAD<SI— b<])
This is a ground theorem, so the ordinary Presburger methods, with equahty :

substitution, will suffice.

G2: (f(1)<ol/\o<f(b)/\1<t/\b<1—>ay[(Vz(z <bAf2)<O0
—z<y)Ay<i})

G3: (f() < OAOf(b) A Vs(0O<f(s) Al<s—->t<s)/\LUBl A LUB2
— <)

G4: (@<bAfla)<SOAO<f(b) ALUBALLAL2— 0<f()

G5: (@<bAf(@)<OANOSF(B)ALUBALIAL2—3x(f(x)<OAO
<f(x)).
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A Production System for Automatic Deduction

N. J. Nilsson

Artificial Intelligence Center
SRI International, USA

Abstract

A new predicate calculus deduction system based on production rules is pro-
posed. The system combines several developments in Artificial Intelligence and
Automatic Theorem Proving research including the use of domain-specific
inference rules and separate mechanisms for forward and backward reasoning.
It has a clean separation between the data base, the production rules, and the
control system. Goals and subgoals are maintained in an AND/OR tree structure.
We introduce here a structure that is the dual of the AND/OR tree to represent
assertions. The production rules modify these structures until they ‘“‘connect”
in a fashion that proves the goal theorem. Unlike some previous systems that
used production rules, ours is not limited to rules in Homn Clause form. Unlike
previous PLANNER-like systems, ours can handle the full range of predicate
calculus expressions including those with quantified variables, disjunctions,
and negations.

1. BACKGROUND
Logical deduction is a basic activity in many artificial intelligence (AI) systems,
Specific applications in which deduction plays a major role include question-
answering, program verification, mathematical theorem-proving, and reasoning
about both mundane and esoteric domains.

Of the several different approaches to deduction pursued by Al research,
we might mention two extremes. In one (see for example, Hewitt, 1971),
deduction procedures are, based on more or less intuitive, ad hoc, and informal
considerations. Such an approach derives its main advantage, namely efficiency,
from the specialized, domain-dependent heuristics that can be tightly encoded
in the system. The approach sometimes suffers, however, from excessive rigidity
that frustrates the evolutionary development of systems. Most examples of
designs based on this approach also exhibit deficient logical competence.
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(See Moore, 1975, for a discussion of these deficiencies and some remedial
suggestions.)

At the other extreme, deduction is based on some formal logical system
such as the predicate calculus. (See for example, Chang and Lee, 1973.) This
approach confers the power of a well-developed logical formalism and is com-
patible with the evolutionary development of systems. When deductions are
based on uniform (that is, domain-independent) inference rules, however, the
resulting systems are often too inefficient to be useful.

In this paper we shall propose a deduction system that enjoys most of the
logical power of the formal systems without embracing their inefficient uni-
formity. It uses specialized, domain-dependent inference rules that are encoded
as productions. As with most production systems, it can easily be modified
and extended by adding new production rules or by modifying old ones. The
system is based on a synthesis of several ideas from various authors in artificial
intelligence and automatic theorem-proving. (The most immediate intellectual
debts are to Bledsoe, 1977; Fikes and Hendrix, 1977; Hewitt, 1971; Kowalski,
1974a,b; Loveland and Stickel, 1973; Moore, 1975, and Sickel, 1976. Related

-work has been done by Nevins, 1975; Reiter, 1976; and Wilkins, 1974.)

Before describing the system in detail, we shall briefly mention some of
the factors affecting its design. First we would like, in particular, to avoid the
inefficiencies of resolution-based theorem-proving systems. As has been
observed by several authors, the “clause form” used by resolution theorem-
provers contributes to inefficiencies in two major ways: common sub-
expressions in goals or axioms are “multiplied-out” into several different clauses,
each provoking its own separate but possibly redundant proof attempts; and
conversion to clause form destroys possibly valuable heuristic information
carried by the form of implicational statements among the axioms.

Second, we prefer a system in which the basic deduction steps have
“common-sense” intuitive appeal. The process of resolution is, for some,
difficult to relate to more familiar reasoning processes. This feature is especially
important in those systems whose reasoning must be easily understood by
users. Ease of understanding is also advantageous during system design and
debugging. The processes of *“natural deduction” more closely realize this goal
than does resolution.

We want to be able to incorporate domain-specific knowledge into the
system, This knowledge might consist of special inference rules and how to use
them. In this regard, it is sometimes especially important, for efficiency, whether
a deduction step proceeds forward (from the assertions toward goal) or back-
ward (from the goal toward the assertions). The domain expert, who participates
in the design of the system, can often indicate the most efficient direction for
each inference.

We are sufficiently impressed with the advantages of production systems
(Davis and King, 1977) that we would like to model our design on that paradigm.
Previous production system designs for deduction systems, however, had some-
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what limited logical power. (An example is the restriction to Homn Clauses in
Kowalski, 1974b.) We want our system to be able to employ the full expressive
power of the first-order predicate calculus, including the ability to reason with
disjunctive assertions, negations, and quantification of variables. Certainly our
system should be sound (that is, it should not prove invalid expressions). With
regard to completeness (that is, being able to prove any theorem), we are less
doctrinaire. We insist only that it behave reasonably according to criteria specific
to the domain of application. Any incompletenesses that cannot be tolerated
must be repairable by evolutionary changes to the system.

We also note that the production system paradigm permits a convenient
separation between the “logical knowledge” embodied in the assertions and in
the production rules and the use of this knowledge by a control system. Changes
can be made to each component separately, depending on whether the logic or
its control is to be changed. In particular we envision a more domain-specific
control system than the simple, uniform interpreter used by most resolution
systems.

We want the methods used by our system to be easily extendable to repre-
sentations that are “richer” than the usual implementations of predicate calculus
data bases. We have in mind, specifically, semantic networks (Fikes and Hendrix,
1977) and “structured-object” representations (Bobrow and Winograd, 1977)
with built-in features for indexing, taxonomic reasoning, and sorting of argu-
ments according to type.

Lastly, we attach great importance to the “aesthetic appeal” of the system.
It should have a clean design, and it should itself be a clear statement of a useful
synthesis of some of the best ideas in automatic theorem proving. We will gladly
trade some efficiency for enhanced clarity.

2. OVERVIEW OF THE SYSTEM
The classical model of theorem-proving in the predicate calculus involves three
major components, First, there is a set of axioms or assertions that express
information about the domain of application. For geometry, for example, these
would be the fundamental postulates plus whatever other theorems we want to
start with. (It is neither necessary nor desirable to limit the assertions to some
primitive or minimal set.) Second, there are domain-independent, uniform rules
of inference (such as resolution, modus ponens) that can be used to derive new
assertions from existing ones. Finally, there is a conjectured theorem, or goal,
to be proved. A proof consists of a sequence of inference rule applications
ending with one that produces the goal.

Al research has produced an important deviation from this approach. The
assertions are divided into two distinct sets: facts and rules. Facts are specific
statements about the particular problem at hand. For example, “Triangle ABC
is a right triangle” would be expressed as a fact. Rules are general statements,
usually involving implications or quantified variables. For example, “The base
angles of an isoceles triangle are equal” would be expressed as a rule. Rules
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are used in combination with facts to produce derived facts. One could think
of them as specialized, domain-dependent inference rules. ‘

This distinction can be further explained by a simple example. In the
classical approach, from the two assertions 4 and 4 => B we could derive the
assertion B by modus ponens. In the Al approach, from the fact 4 we could
derive the fact B by using the special rule A => B. The distinction between
facts and rules is an important part of our deduction system.

The rules will be used as production rules. They will be invoked by a pattern
matching process. Some will be used only in a forward direction for converting
facts to derived facts; others will be used only in a backward direction for con-
verting goals to subgoals. The developing sets of facts and goals will be repre-
sented by separate tree structures. Goals will be represented in an AND/OR -
goal tree, and facts will be represented in a newly-proposed structure that we
shall call a fact tree. Rules are employed until the fact tree joins the goal tree
in an appropriate manner. The entire process will be under the supervision of
a control strategy that decides which applicable rule should be employed at any
stage. We shall not propose any specific control strategies in this paper but
shall merely point out that the designer has the freedom to use any domain-
specific information whatsoever in the control system.

Several designs of this general sort have been proposed (see, for example,
Kowalski, 1974b), but most of them have had restrictions on the kinds of
logical expressions that could be accommodated. Although AND/OR goal
trees have been used before, the notion of a fact tree, dual to the goal tree,
allows some interesting correspondences, such as that between ‘“reasoning
by cases” and dealing with conjunctive goals, for example. :

We shall first explain the system by means of the propositional calculus
and then indicate how we deal with quantification.

3. GOAL TREES AND FACT TREES
A. Conversion of facts and goals to standard form
In this section we shall introduce the tree structures used to represent collections
of facts and goals. Facts and goals can be any expressions of the predicate .
calculus (propositional calculus for this section). We do convert them, though,
into a standard form. Implications are changed to disjunctions by using the
equivalence between (4 => B) and ("4 & B). Negations are “moved in” by using
the equivalences between ~(4 & B) and ("4 V ~B) and between ~(4 V B) and
(A4 & ~B). Repeated negations are eliminated by using the equivalence between
~7A and A. Once a goal or fact expression has been converted to this standard
form, it will consist of a conjuctive/disjunctive combination of literals. For
example, the expression ~H —> G & “’(F & “'B)] would be converted to
HV [G&(CFV B)}.

Ordinarily the domain expert, who is providing us w1th facts and rules
would not give us any facts containing implications. These would be given as

-
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rules. Also, goal statements would not ordinarily contain implications, (The
“hypotheses” of a theorem to be proved would ordinarily be represented as
facts, the conclusion as a goal.) We may have disjunctive facts, however, The
distinction between A V B as a fact and 4 => B as a rule is simply this: as a
fact, the domain expert is simply saying that either 4 or B is true and he doesn’t
know which. As a rule, the domain expert is saying that A is useful for proving B.

The system makes quite different use of the two forms.
Also note that our conversion of facts and goals to standard form is not

the same as conversion to clause form in resolution. In general, clause form
involves more expressions. Our standard form is very close to the form of the
original expressions.

B. AND/OR goal trees

For a goal of the form (Al & ... & An) we must prove all of the goals A1 and
... and An. For a goal of the form (41 V...V An), it suffices to prove one of the
goals Al or ... or An. Structures called AND/OR goal trees (Nilsson, 1971) are

used in many Al systems to represent collections of subgoals and their relation
to the main goal.

Any goal expression that has been converted to our standard form can be
represented by an AND/OR goal tree having single literals at its tips. For
example, the expression H V [G & ("F V B)] would be represented by the
AND/OR tree shown in Fig. 1.

Hv[G&(~FvB)]

Fig. 1 — An AND/OR tree.

k)

In AND/OR goal trees, nodes (such as node G in Fig. 1) whose incoming
branches are connected together by an arc are called AND nodes. If their
incoming edges are not so connected, the nodes are called OR nodes.
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C. OR/AND fact trees

It is convenient to represent the facts to be used in a deduction by a structure
that is the dual of the AND/OR goal tree. We shall call this dual structure an
OR/AND fact tree. The notational conventions for the fact treg¢ are the reverse
of those for the goal tree. We shall represent conjunctive facts by a structure
consisting of AND-nodes, thus:

A B

(A&B)

Disjunctive facts will be represented by a structure consi;sting of OR-nodes,
thus:

A B8

fAvB)

Note that for fact trees the arc connecting the branches is used with disjunctions
rather than with conjunctions. Also, fact trees are drawn “upside down” com-
pared with goal trees.

Any fact expression that has been converted to our standard form can be
represented by an OR/AND fact tree having single literals at its tips. For
example, the expression 4 & [B V (C & E)] & D would be represented by the
OR/AND tree shown in Fig. 2.

The reason that we use opposite conventions to denote disjunctions and
conjunctions in fact and in goal trees has to do with the nature of their duality.
We shall see later that these opposite conventions will simplify some definitions.

(For both goals and facts we will represent repeated instances of the same
literal by different nodes. This practice allows us to use trees instead of graphs.)

D. Connecting fact and goal trees: Proof termination

The problem of making a deduction is to “connect” the goal tree to the fact
tree. This will be done mainly by using rules to extend the trees. We will also
admit a process that allows a type of tree pruning. But before moving on to
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A&[BVv(C&E)]&D

Fig. 2 — An OR/AND tree.

discuss these subjects, let us first define precisely what is meant by “connecting”
" a goal tree to a fact tree.

The connections between fact and goal trees are at nodes labelled by the
same literal. In the original trees, such nodes must be tip nodes. After the trees
are extended by rule applications, the connections might occur at any node
labelled by a single literal. We shall call nodes labelled by a single literal literal
nodes. After all such connections are made, we still have the problem of deter-
mining whether or not the expression at the root of the goal tree logically
follows from the expression at the root of the fact tree. Our proof procedure
will terminate when this determination can be made (or when we can conclude
that it can never be made). The termination condition is a simple generalization
of the condition for determining whether the root node of an AND/OR tree
is “solved” (Nilsson, 1971, p. 89). The termination condition is based on a
simple symmetric relationship, called CANCEL, between a fact node and a
goal node. In the definition of CANCEL we use the phrase arced nodes to
refer both to AND nodes in goal trees and to OR nodes in fact trees. If CANCEL
holds for two nodes n and m, we shall say that n and m CANCEL each other.
CANCEL is defined recursively as follows:

Two nodes n and m CANCEL each other (that is, CANCEL(n, m) holds)
if one of (n, m) is a fact node and the other a goal node, and

0) if n and m are labelled by the same literal,
or 1) if n has arced successors, {s;}, such that CANCEL(s;, m) holds for
all of them,
or 2) if n has unarced successors, {s;}, such that CANCEL(s;, m) holds
for at least one of them.
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Our definition of CANCEL supports a simple termination checking process
that starts at nodes labelled by the same literal and propagates the CANCEL
relation toward the roots. The proof procedure terminates successfully whenever
we can show that the root of the fact tree and the root of the goal tree CANCEL
each other. "

Note, in particular, that our proof procedure treats conjunctive goal nodes
correctly. Each conjunct must be proved before the parent is proved. Disjunctive
fact nodes are treated in a dual manner. In order to use a disjunct in a proof,
we must be able to prove the same result, using each of the other disjuncts in
turn. This process is sometimes called “reasoning by cases”.

The reader might like to establish termination for the goal-fact tree pairs
of Fig. 3.

{AvBJ&C

FACT TREE

1
(AvB)&C

17

GOAL TREE - ,

FACT . TREE

Fig. 3 — Example goal-fact tree pairs.
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E. Transferring between fact and goal trees: Checking for contradlctory facts and
tautological goals
Being cancelled by the fact tree is only one of the ways that a goal can be
satisfied. We can also show that a goal is true by reducing it to a tautology.

Recognizing some tautologies in goals can be accomplished by a simple

extension of the termination process just described. We shall introduce our
discussion of this extension by describing how nodes could be transferred
between the goal and fact trees.

Suppose from a given set, F, of facts, we must prove a disjunctive expression
of the form G1 V G2, where G1 and G2 can be any expressions. In logical
notation we can represent this problem by the expression:

F|-Gl V G2,

(The expression “4 |- B means “B logically follows from 4”.) Now we can
invoke what we shall call here the law of transfer to convert this problem into
either of the following ones:

(F&~G1) |- G2
or
(F&~G2) |- G1.

That is, one of the goal disjuncts can be negated and transferred to the fact tree,
where it is conjunctively associated with the other facts. For example, the
tautological goal 4 V "4 can be represented as a goal 4 and a fact 4. The termi-
nation check now reveals that the two root nodes CANCEL, so we have a proof.,

In a dual fashion, we could recognize contradictory facts by transferring
one of the conjuncts of a fact conjunction over to the goal tree. To do so, we
negate the fact tree to be transferred and disjunctively append it to the goal
tree. In either case, when a tree is negated prior to transfer we need only negate
the literal nodes; the reversed conventions on arced and unarced nodes automati-
cally provide the correct interpretations when the tree is transferred.

But we really do not have to perform these transfer operations explicitly in
order to deal with tautological goals and contradictory facts. Instead, we can
allow oppositely signed literals of the same tree to CANCEL each other and then
use the rest of the definition of CANCEL to propagate CANCELled nodes
toward the roots. In this manner, the definition of CANCEL is extended to
apply to nodes in the same tree. In applying the definition, we need to label the
root of the goal tree and the root of the fact tree with the same identifier. Termi-
nation can now occur if the root of one tree CANCELs either itself or the root

‘of the other.

Note that proof strategies based on proof by contradiction (refutatxon)
involve transferring the entire negated goal tree to a conjunctive branch of
the fact tree. Also in some theorem-proving systems (for example, Fikes and
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Hendrix, 1977), disjunctive goals are split into alternative subproblems in
which the negation of the sibling goals can be locally added to the fact base
for each subproblem. This strategy corresponds to a local transfer process.
"For our purposes, with our extended definition of CANCEL, it doesn’t really
matter whether we leave the fact and goal trees as originally given or whether we
perform explicit transfer operations.

The reader will note that computing CANCEL relations within the same’
tree corresponds to a type of resolution process. General resolution of facts
(or goals) is not so simply accomplished, however.

The transfer operation is one way of transforming a given problem into
a set of equivalent ones. Another type of transformation is used in some
systems (such as that of Fikes and Hendrix, 1977) for dealing with disjunctive
facts. Suppose our problem is to prove the expression G from the expression
F & (F1 V F2), where G, F, F1, and F2 can be any expressions. We can convert
this problem into either of the following pairs of problems: -

F|-"F1

and
F&F2|-G
or
F|-"F2

d
F&Fl |-G

That is, we first prove one disjunct false and then use the other to prove G.
~ But the subproblem F |- ~F1 corresponds to a transfer operation that really
does not need to be performed by our system with its extended definition of
CANCEL. The other subproblem, F & F2 |- G, evolves naturally in our system
as a result of the recursive definition of CANCEL. There is a dual explanation
that can be given for dealing with conjunctive goals.
Now that we are well equipped to recognize when our proof process can be
terminated, we can begin discussing how rules are used to extend the fact and
goal trees. We first discuss the form of the rules.

A. Rule forms '

We allow two. basic types of rules. One, called an OPERATOR, is used to
extend the fact tree. OPERATORs permit the system to reason in a forward
direction. The other type, called a REDUCER, is used to extend the goal tree.
REDUCERs permit the system to reason in a backward direction. OPERATORs
and REDUCERs are roughly analogous to the antecedent and consequent
theorems, respectively, used in the PLANNER language (Hewitt, 1971). As in
PLANNER, OPERATORs and REDUCERs are invoked by a pattern matching
process. Each has a distinguished literal, called the pattern, that is used to match
a corresponding literal in the fact or goal tree.

The basic form of an OPERATOR is

. A=>EXP
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where EXP is any predicate calculus expression, and where an underline beneath
a literal indicates that. this literal is the pattern. Thus OPERATORs are always
implications whose antecedent consists of a single literal that is the pattern, If
this pattern matches a literal in the fact tree, then the fact tree can be extended
at this node by sprouting a descendant OR/AND tree representation of EXP,

The basic form of a REDUCER is

EXP=>4
where EXP can be any predicate calculus expression. Again, the pattern is
underlined. REDUCERs are always implications whose consequent consists
of a single literal that is the pattern. If this pattern matches a literal in the
goal tree, then the goal tree can be extended at this node by sprouting a
descendant AND/OR tree representation of EXP,

It is only for reasons of simplicity that we constrain our rules to have single-
literal patterns. Useful variants of our system can be devised in which tree
structures more complex than a literal node are used as patterns. Of course the
matching process for these more complex structures would be correspondingly
more tedious. Also, later, we shall discuss a technique for achieving the effect of
more complex OPERATOR antecedents by allowing OPERATOR consequents
to contain rules.

It has been argued by Moore (1975) that the contrapositive of a REDUCER
should be expressed as an OPERATOR and vice versa. Thus if A => EXP is
useful as an OPERATOR, its contrapositive form, namely ~(EXP) => "4, would
also be useful as a REDUCER, Our system will automatically add these contra-
positive forms for every rule entered into the system. (Note that after negating
an expression, we must move the negation in.)

The existence of the contrapositive forms of rules means that it does not
make any difference to our system whether goals and facts are kept on their
own side of the line or transferred. If a goal invokes a given REDUCER, then
the fact resulting from transferring that goal would invoke the corresponding
OPERATOR. Thus, it is really unimportant whether we maintain goals and facts
as given or whether we negate all of the goals, for example, add them to the
fact base, and look for a refutation. We shall adopt the convention of main-
taining goals and facts as given, mainly to ease the process of explaining the
behaviour of the system to the user.

B. Use of rules
The basic cycle of operation of our deduction system can be informally
described by the following steps:

(1) Initialize the goal and fact trees to the given expressions.

(2) If the termination check succeeds, exit.

(3) Use the domain-specific control strategy to select one of the literal
nodes and an OPERATOR or REDUCER whose pattern matches this
literal node.

(4) Apply the selected rule, extend the goal or fact tree, and go to (2).

111




REPRESENTATIONS FOR ABSTRACT REASONING

Rule application,is thus a pattern-directed process having effects on data
bases (fact and goal trees). The system design can thus reasonably be described
as a “production system” in the sense in which that term is generally used in
AI research. In the next section we shall show how the system might work on
some propositional calculus examples.

5. PROPOSITIONAL CALCULUS EXAMPLES

As a first example of how the system works, suppose we want to prove
{HV [G & (B V ~F)]} from the expression {4 & [B V (C & E)] & D}. We are
given the REDUCERs :

Rl: C&E=>"F
~and.
R2: D=>G.

From these, we construct the corresponding OPERATORs
01:. F=>"CV"E

“and:.
02: "G=>"D.

The fact and goal expressions are already in standard form. We show their tree
representations in Fig. 4.

HVIG&(Bv~F))]

GOAL TREE

CANCELLED PAIRS

{9.5)
{12.5)

FACT TREE D

A&[BV(CRE)&D

Fig. 4 — Example fact and goal trees.
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GOAL TREE

(o]

CANCELLED PAIRS

(9.5)
(12.5)
{15,3)
(1.3}
{11,1)

CANCELLED PAIRS

(9.5) (16:6)
125) (17.8
153)  [10.6
1,3) (2.6}
§11,1 ) (12 4)

Fig. 6 — The final stage of a proof.

In Fig. 4, we use capital letters next to the tip nodes for literals, and we
use numerals to label the nodes themselves for later reference. We connect
matching nodes by dashed lines. From Fig. 4 we see that nodes 9 and S
CANCEL. Using the definition of CANCEL, we note that nodes 12 and 5
CANCEL. It will be helpful to keep a list of the CANCELled pairs. This list is
also shown in Fig. 4.
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None of the OPERATORS is applicable, but both of the REDUCER:s are.
Suppose we apply|R2 first, adding node 15 to the goal tree. After this cycle,
the situation is as depicted in Fig. 5. We have updated the list of CANCELled
pairs. At this stage we have essentially reasoned only about one case of the
disjunct BV (C & E). V

Now we apply the only remaining applicable rule, R1. The resulting trees
are shown in Fig. 6. The list of CANCELled pairs includes (1,1), so we terminate
successfully.

For our second example, we will illustrate how CANCELling nodes in the
same tree can be used to obtain a proof. Suppose our goal is to prove B V Cand
we are given the following OPERATORS:

01: “C=>D
02: D=>B.

We w111 assume we have no facts. The problem would be straightforward if we
were .to split B V C into two disjunctive subgoals such that while working on
subgoal B we could assume (locally) the fact ~C. This fact would combine
with OPERATOR Ol to produce fact D, which in turn would combine with
02 to produce B.

Our system does not. make these local assumptions, but the use of contra-
positive rules and CANCELling nodes within a tree accomplishes the same
thing. The contrapositives of our OPERATORs are the REDUCERSs

RI: "D=>C
R2: “B=>"D.

Now RI can be used on subgoal C to produce subgoal “D. REDUCER R2
can be used on this subgoal to produce subgoal ~B. This subgoal CANCELs the
earlier subgoal B, with the ultimate result that the root CANCELS itself. (The
reader may want to verify this with the help of a diagram.)

A case of special interest occurs when a rule application produces a literal
node that CANCELs one of its own literal node ancestors. This corresponds
to a special case of ancestor resolution. Propagation of the CANCEL relation
may then ultimately result in a node CANCELling itself. For purposes of
CANCEL propagation, any node that CANCELSs itself can be regarded as being
CANCELled by the root node of the opposite tree. (Self-CANCELing goal
nodes correspond to tautologles and self-CANCELIing fact nodes correspond to
contradictions.)

Another interesting case occurs when a pair of sibling nodes CANCEL
each other. If the siblings are unarced, then obviously their parent CANCELs
itself, and we have the previous case. If the siblings are arced, the parent node.
cannot possibly appear in a proof, so it is eliminated from the tree. If this
parent node is itself arced, its parent is eliminated, and so on. If a root node
-is ever eliminated, the entire proof attempt fails. :

and
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There are some problems (even in propositional calculus) that our system
cannot solve. Our tolerant attitude towards this sort of incompetence is
explained as follows. We are relying on the domain expert to provide guidance
about which rules are useful and in which direction they should be used. We
must hope that his expertise enhances the efficiency of the system. But depen-
dence on the expert carries a price: gaps in his expertise decrease the com-
petence of the system. There are some simple examples that illustrate this point.

Suppose that the goal is BV Cand the OPERATORs are 4 =>Band "4 =>C.
Unfortunately, these rules work in the wrong direction; if they were REDUCERSs
instead, the goal would be easy to prove. (The contrapositive REDUCERS of the
given OPERATORs are of no help.) One way round this difficulty is to use
- the implict fact A V "4 as if it were explicitly in the fact tree. The given
OPERATORS could then be used to obtain a proof. Obviously this strategy of
assuming all tautologies to be explicit facts would defeat our attempts at
efficient operation, because it would allow every OPERATOR to be used in
every problem. Another possible approach to this problem would be to analyse
the OPERATORs to look for pairs having oppositely signed patterns. The
disjunction of their consequents could then be added to the fact tree. (A dual
approach could be used with REDUCERs.) But this catches only first-level
difficulties. The main point is that to increase efficiency we are using the rules
only in a given direction, and we are not allowing the rules to interact among
themselves, therefore the domain expert must pose the problem in such a way
that the system can still find a solution even with these restrictions.

Another troublemaker involves the goal 4 => C (that is, "4 V C) and the
facts A => B (thatis, "4 V B) and B => C (that is, "B V C). Suppose there are
no OPERATORs and no REDUCERSs. Since facts cannot interact among them-
selves, we cannot produce a proof. Again the domain expert has failed us in
not structuring the problem correctly.

Our attitude toward these problems is to avoid the easy but inefficient
approach of allowing intrafact and intrarule inferences. That is precisely what
our system is trying to escape. Instead, we will exploit the inherent modularity
of the system to correct inadequacies in the rule and fact base as they are
discovered. :

6. EXTENSION TO QUANTIFICATION

A. Overview

The system we have described for propositional calculus can be easily modified
to deal with quantified variables in expressions. The modifications involve: (1)
replacing certain variables by skolem functions, (2) using unification during
CANCEL operations, and (3) associating a substitution with each CANCEL
relation. In this section, we shall discuss these modifications and present some
examples.
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" B, Skolemization

. Fact expressions receive the same initial preparation as for the propositional
_calculus case; implications are eliminated, and negations are moved in. We use
" the equivalences between

~(EXISTS x) F(x) and (FORALL x)[“F(x)]
and between

i ~(FORALL x) F(x) and (EXISTS x)[*F(x)]

to move negations in through quantifiers. Next we replace all instances of
existentially quantified variables by skolem functions of .those universally
quantified variables in whose scopes they reside. Next we drop all quantifiers
and henceforward adopt the convention (for facts) that all variables are uni-
versally quantified. When a fact expression is in this form, it can be represented
as an OR/AND fact tree. The literals at the tip nodes may contain variables, of
course.

- Goal expresswns also receive the same initial treatment. Skolemization,
however, is different. In goal expressions, we replace all instances of universally
“quantified variables by skolem functions of those existentially quantified
variables in whose scopes they reside. (Recall that goals can be regarded as
negated facts, and that negated existential quantifiers are equivalent to universal
ones. .Thus, it shouldn’t be surprising that skolemization of goal expressions
uses conventions dual to those of skolemization of facts. If we are able to
prove some expression F(a) where a is a constant different from those used
in the facts and rules - that-is, it is a skolem constant — then we can deduce
- (FORALL x) F(x) by universal generalization. Skolemization of universally
quantified variables in goals can thus be regarded as using the rule of universal
generalization in reverse.)

_ After elimination of the universally quantified variables, we can drop all
“of the ‘quantifiers and adopt the convention that all variables (in goals) are
existentially quantified. When a goal expression has been thus prepared, it can
be represented as an AND/OR tree. '

Skolemization of variables in rules is just slightly more complicated. (We
_allow rules of the same general form as in the propositional calculus case,
however, they can have arbitrary quantification.) Quantifier scopes in rules can
" be of three types: the scope can be the entire implication or limited to either the
antecedent or the consequent. We skolemize any existential whose scope is
either the entire implication or its consequent. We skolemize any universal
whose scope is limited to the antecedent of the implication.

After . skolemization, we can drop the quantifiers, and the variables will
“behave correctly”. That is, when an OPERATOR is used, those variables
occurring in the new fact nodes will have assumed universal quantification,

and similarly for REDUCERS.
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C. Use of rules .

When a rule is used to extend the fact or goal tree, its pattern must be unifiable
with the literal at the node from which it extends. It will be convenient to repre-
sent this matching process by an explicit edge of the tree and associate the most
general unifier (mgu) with this edge. Thus, when the OPERATOR A(x, a) =>
B(z, x) is used to extend the fact node A(d, y), we produce the following
structure:

B(z, x)

Alx, a)
E {blx,aly }
O Alby)

We represent “match edges” in trees by dashed lines and label them by the mgu
obtained in unification. (Note that we do not apply to the rule consequent the
substitution obtained by unifying with the antecedent. The equivalent of this
operation will be incorporated into our new definition of CANCEL.) When a
match edge is added to the tree, the node associated with the rule pattern is
always an “unarced” node. ‘

The variables that occur in the fact and goal trees should be kept stan-
dardized apart. This means that any variables that are common across goal
disjuncts or fact conjuncts can be given different names. For example, the goal
expression A(x) V B(x) can be changed to A(x) V B(»). The fact expression
C(x) & D(x) can be changed to C(x) & D(y).

D. Extending the definition of CANCEL
We must extend the definition of CANCEL so that it takes into account the
substitutions obtained during matching. For example, in propagating CANCEL
relations involving arced nodes to the parent of the arced nodes, we must make
sure that the substitutions for variables at these nodes are “consistent”. The
necessary elaboration involves associating a substitution with each CANCEL
relation and modifying the definition of CANCEL to check for substitution
consistency.

In the definition, we use the concept of a unifying composition (uc).
The unifying composition of two substitutions, u; and u,, is a most general
substitution, u, satisfying ‘

(Luy)u = (Lu)uy = Lu = (Luy)u = (Lu)u,

for an arbitrary literal L. (The expression Lu denotes the result of applying
substitution u to literal L) If no such u exists, then the uc is undefined. The
uc of a set of substitutions {uy, ... u,} is the uc of any member, u,, of the set
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with the uc of the rest of the set {u,, ... u,}. The substitutions in a set are
inconsistent if the set has no uc.
The following are examples of unifying compositions (Sickel, 1976):

uy u, u

{a/x} {b/x} undefined
{x/y} {y/z} {x/y,x/z}
{f(z)/x} {f(a)/x} {f(a)/x, a/z}
{x/y,x/z} {a/z} {a/x, aly,a/z}
{s} {} {s} '

The new definition of CANCEL is that nodes n and m CANCEL

"(1.1)  If n and m are literal nodes of different trees and if the corres-
_ ponding literals are unifiable. In this case, we associate the mgu
with CANCEL(n, m),
or (1.2) If n and m are literal nodes of the same tree and if one of the
corresponding literals unifies with the negation of the other. In this
case, we associate the mgu with CANCEL(n, m),
or (2) If n has arced successors, {s;}, such that CANCEL(s;, m) holds for
‘ all of them, and the uc of the set of substitutions associated with
the individual CANCELs exists. In this case, we associate the uc
with CANCEL(n, m). '
or (3) If n has unarced successors, {s;}, such that CANCEL holds for at
least one of them and the uc of the edge substitution and the
substitution associated with the individual CANCEL exists. In this
case, we associate the uc with CANCEL(n, m).

The consistency requirement on the individual substitutions in part 2 of our
definition for CANCEL ensures proper propagation of CANCEL through arced
nodes. The consistency requirement in part 3 of our definition ensures that the
proper instances of matched rules are used to extend the trees. (In using part 3
of the CANCEL definition, we assume that the empty substitution is associated
with nonmatch edges.)

E. An example . ‘

Several important mechanisms are implicit in our definition of CANCEL. These
can best be understood by detailed examination of an example. The example is
illustrated in graphical form in Fig. 7. The fact expression is shown at the
bottom of the figure in OR/AND tree form; the variable “s” is assumed to have
universal quantification. The goal expression is shown at the top in AND/OR
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tree form; the variable “x” is assumed to have existential quantification. The
rules are simply shown as unconnected pieces of graph near the tip nodes where
they ultimately will be used. All nodes in the graph are given a number. (In this
example, it happens that the rules will be used at most once, so we prenumber
their “nodes” for convenience.) Rule patterns are indicated by the usual con-
vention. Lower-case letters near the beginning of the alphabet (for example,
a, b, c, ...) denote constants, and lower-case letters near the end of the alphabet
(for example, ... x, y, z) denote variables. All variables have been standardized
apart. We have not shown the contrapositive forms of the given rules since they
won’t be used in this example.

At the outset we notice that there are several applicable rules. Since we have
not yet advocated any particular control strategy, we shall trace through this
example in an order that best illustrates the points we wish to make.

AlX) & B(X)
GOAL TREE
A(x}(J 30 Blx)(O 31
Aly) 26 AlbIH27 Blal()28 Blc)(M29
clyioya DlyiD22 Glz)(H23 HNa)(H24 Jlc) ()25

Cla)OQ14 plaaQ1s Gl Hay Q17 Ny Malye  J(t)(D20

Ela) Q7 Fla)(O8 HIbIO9 Klda) O KIAON a1z Ldi(O13

El(a)
FACT TREE

Elal& Flal&lKis) v L(s)}

Fig. 7 — An example with variables.
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First, let us match node 30 with the REDUCER node 26. The mgu is {y/x}.
(When a variable is substituted for another variable, we adopt the convention
of substituting the variable about to be added to the tree for the one already
in the tree.) The goal tree that results after this match is shown in Fig. 8. No
CANCEL relations are established yet, but we do associate {y/x} with the match
edge between nodes 26 and 30. Let’s next match goal nodes against REDUCER
nodes 27, 28, and 29. The goal tree will now be as shown in Fig. 9.

Alx) & Bix)

Alx) /&%

y/x

/A(g\]
CinL2 Diy)

Fig. 8 — The goal tree after applying a REDUCER.

Ax) & Bix)
Al A
{y/x \\\\ {/} N \\

' b/X} = \ =~ ~
A A(b) B P2 Bie Y2
Ciy Diy)\Js22 Gz\V/23 Ilia\J24 J)\J25

Fig. 9 — The goal tree after applying four REDUCERs.
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We could continue to apply REDUCERs or OPERATORs until some nodes
could be CANCELled, but already at this stage it is possible to predict that
certain later attempts at CANCELling will fail. Notice in Fig. 9 that any attempt
to propagate a CANCEL relation up through node 27 to node 30 will involve the
substitution {b/x}. But this substitution is inconsistent with all of the substi-
tutions shown below node 31. If we have exhausted all possible matches to node
31, then we know that the substitution {b/x} at node 30 can never occur in a
proof because only & or ¢ can be substituted for x. Such an occurrence would
correspond to a violation of horizontal consistency (Sickel, 1976). Thus, there
can be no unifying composition of a CANCEL relation propagated up through
node 27 with a substitution for any CANCEL relation in which node 31 par-
ticipates. At this stage, we can prune node 27 (and, with it, node 23) from the
goal tree and save ourselves the effort of attempts to prove G(z). (Fishman
and Minker, 1975, achieve a similar effect with their “z-representation”.)

Quite analogous considerations would allow us to prune node 11 (and, with
it, node 18) from the fact tree after we have matched against the OPERATOR
nodes 10, 11, 12, and 13, After all of this, the fact tree is as shown in Fig. 10.
(Note that all possible matches below a set of AND nodes must be considered
before horizontal consistency violations can be detected. Practically, such con-
sistency violations may be difficult to detect because the set of possible matches
typically grows as the dual tree grows.)

Hay( )17 Ha ()19 J )20

Lidh(H)10 Lih ()12 Lid {13

Ela & Fla)& [Kisyv Lis)]

Fig. 10 — The fact tree after applying four OPERATORs.
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Now, we can do some CANCELling between the literal nodes of the fact
and goal trees. The following CANCELled pairs can be established:

17,249){ 1}
(19 49{ 1}

(20 25) {c/t}.

By using the CANCEL definition we can, for example determine next the
following CANCELled pairs:

(29,20) {c/t}

(31, 20) {c/x, c/t}
(31,13) {¢/x,c/t}
(31,6) {c/x,c/t,d/s}.

The associated substitutions are merely unifying compositions between edge
substitutions and previous CANCEL substitutions. If a uc did not exist for a
proposed CANCEL relation, then we could not establish this relation. Such an
occurrence corresponds to a violation of vertical consistency (Sickel, 1976).

We can also obtain another CANCEL relation between nodes (31, 6) by a
different route and thus with a different substitution, namely {d/s, a/x}. We
represent both of these substitutions by repeated instances of CANCEL(31, 6).

The other CANCEL relation of interest that can be established at this
stage is between the node pair (5, 31) with associated substitution {d/s, a/x}.
To summarize, the CANCEL relations of interest (that is, those between nodes
closest to the roots of the trees) are now:

(6,31) {c/x,c/t,d[s}
(6,31) {d/s, a/x}
(5,31) {d/s,a/x} .

We note that the last two CANCEL relations can be combined to yield
CANCEL(4, 31) with associated substitution {d/s, a/x}. This in turn yields
CANCEL(1, 31), {d/s, a/x}.

In a straightforward manner, we can next match against the OPERATOR
nodes 7 and 8 and perform matches between literal nodes to obtain:

CANCEL(2, 21) {a/y}
CANCEL(3, 22) {a/¥}

These relations produce the sequence:

CANCEL(1, 21) {a/y}
CANCEL(1, 22) {a/y}
CANCEL(1, 26) {a/y} .

Proceeding through the match edge between nodes 26 and 30, we obtain:
CANCEL(1, 30) {a/x} .
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Combining this relation with CANCEL(1, 31), {d/s, a/x}, we obtain finally:

CANCEL(1, 1) {d/s, a/x} .

. Thus the goal is proved from the given facts. The relevant instance of
Fact |- Goal, useful for many information retrieval applications, can be simply
obtained by applying the substitution associated with CANCEL(], 1) to both
the fact and goal expressions. This operation yields:

E(a) & F(a) & [K(d) v L(d)] - [A(a) & B(a)] .

7. SOME EXTENSIONS

A. Embedding new rules in operators

One way of relaxing the single-literal restriction on rule patterns is to allow
rules to be embedded in the consequents of OPERATORSs. Since (4 & B) =>C
is equivalent to.4 => (B => C), we can get the effect of the conjunctive pattern
by adding the new OPERATOR B => C when A appears in the fact tree. One
cannot simply add the new rule to the global rule base, however. Suppose we
have the OPERATOR 4 => (B => C) and the fact A V D. When B => C'is
added as a new OPERATOR, we must be careful not to use it on the disjunct D.
The rule B => C can only be used “in the context™ of A4.

A simple generalization of our rule-based system supports the correct use
of OPERATORs embedded in the consequents of OPERATORs. (Embedding
REDUCERs in OPERATORs appears to be much more complex. Thus, we will
not use REDUCER contrapositive forms of embedded OPERATORs.) The
generalization involves associating each OPERATOR with a node of the fact
tree. The initial set of conjunctive OPERATORSs is associated with the root of
the fact tree. An OPERATOR added at node n is associated with node n. The
OPERATORS associated with node n can be used on facts associated with node
n or its descendants.

This technique even generalizes nicely to permit “disjunctive” OPERATORs.
Suppose we have an OPERATOR of the form 4 => [(B => C) V (D =>E)].
Before such a rule disjunction is associated with the fact tree at literal node 4,
we split node 4 into the disjunction 4 V 4 and represent the disjunction by two
OR node descendants of 4. A different rule disjunct is then associated with each
of the OR nodes. If the initial OPERATORSs are in some complex logical
relationship to each other, we represent this relationship by the appropriate
OR/AND tree and label each of the tip nodes of this tree by the initial fact
expression. This fact expression is then put in OR/AND tree form at each of
the tips.

If the embedded OPERATORS contain quantified variables, these can be
skolemized at the time the OPERATORs are associated with nodes in the fact
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tree. Care must be taken to ensure that the appropriate instance of an embedded
OPERATOR is added.

B. High complexity proofs

Our system, as we have described it so far, is not able to find proofs for which
any of the goal or fact expressions need to be rewritten with different variables
and used a multiple number of times. (We can, of course, use the same node any
number of times, but such usage does not rewrite any variables in the expression
at the node. Also, we can use rules any number of times, each with different
variables.) In analogy with a definition of proof complexity given by Sickel
(1976), we shall say that the complexity level of a proof is precisely the number
of times a fact or goal expression must be rewritten for multiple use. So far, then
our system can produce only proofs of complexity level zero.

As examples of problems requiring complexity-level-one proofs, we have:

1) Goal: A(x)
Fact: A(a) V A(b)

and its dual,

2) Goal: B(a) & B(b)
Fact: B(x).

Straightforward attempts at proofs for these problems by our system are
frustrated by horizontal consistency violations. However, if in problem 1, for
example, we replace the goal by the equivalent one A(x) V A(y), then a proof
is easy to obtain. '

Following Sickel, we might adopt the strategy of trying first to obtain a
complexity-level-zero proof. If that attempt fails, we can look for higher com-
‘plexity proofs in stages. The search for a complexity-level-one proof would
involve selecting each of the goal and fact variables (in turn) and rewriting as a
disjunction (for goals) or as a conjunction (for facts) the highest node in the
goal or fact tree that contains that variable. Substitution consistency violations .
provide obvious clues about which variables should be rewritten.

To rewrite a goal node A(x), for example, we produce the following tree
structure: ‘

Alx)

Ayl Alz)
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To rewrite a goal node A(x) & B(x), for example, we produce the following
tree structure:

Alx) and B{x)

A(yland Biy) A(z)and B(z)

Aly) By Al2) B(2)

8. Conclusions

We have presented a design for a general system that uses production rules and a
data base of fact and goal trees to perform deductions. The system can be regar-
ded as a synthesis of many current and some new ideas in automatic deduction.
The major innovations presented in this paper are the OR/AND fact tree and
the CANCEL operation. These ideas bring a simplifying symmetry to several of
the standard techniques for reasoning about facts and goals.

Logical completeness of the general system has not been a design goal.
Instead, we assign responsibility for acceptable performance of any specific
system to the domain expert, who provides the rules, and to the designer of the
specific system, who can repair any unacceptable deﬁc1enc1es in performance
by adding or modifying rules or facts.

An important topic that we have not yet addressed concerns the control
strategy for the system. Specialized control strategies for different domains
of application (for example, deductive retrieval, theorem-proving, common-
‘'sense reasoning) will probably be necessary in order to achieve high performance.
The control system must ensure that appropriate rules are used sufficiently
often to prevent the usual combinatorial explosion. Separation of facts,
OPERATORs, and REDUCERs should, we believe, help contain this explosion.

It is also hoped that the proposed system will serve as the beginning of a
theoretical foundation for the various applications of “rule-based systems” now
being developed by AI research. Many of these systems are fundamentally
deduction systems even though some of them allow uncertain or probabilistic
facts and rules. Extending the present system so that it could also deal with
uncertain knowledge would be a valuable future project.
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Abstract

We discuss first order theories in which individual concepts are admitted as
mathematical objects along with the things that reify them. This allows very
straightforward formalizations of knowledge, belief, wanting, and necessity in
ordinary first order logic without modal operators. Applications are given in
philosophy and in artificial intelligence. We do not treat general concepts, and
we do not present any full axiomatizations but rather show how various facts
can be expressed.

INTRODUCTION -

“ .. it seems that hardly anybody proposes to use different variables for propo-
sitions and for truth-values, or different variables for individuals and individual
concepts.” — (Carnap 1956, p. 113).

Admitting individual concepts as objects — with concept-valued constants,
variables, functions and expressions — allows ordinary first order theories of
necessity, knowledge, belief and wanting without modal operators or quotation
marks and without the restrictions on substituting equals for equals that either
device makes necessary.

In this paper we will show how various individual concepts and propositions
can be expressed. We are not yet ready to present a full collection of axioms.
Moreover, our purpose is not to explicate what concepts are, in a philosophical
sense, but rather to develop a language of concepts for representing facts about
knowledge, belief, etc. in the memory of a computer.

Frege (1892) discussed the need to distinguish direct and indirect use of
words. According to one interpretation of Frege’s ideas, the meaning of the
phrase ‘Mike’s telephone number” in the sentence “Pat knows Mike's telephone
number” is the concept of Mike’s telephone number, whereas its meaning in
the sentence ‘Pat dialled Mike's telephone number” is the number itself. Thus if
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we also have ‘Mary’s telephone number = Mike's telephone number”, then ‘Pat
dialled Mary's telephone number” follows, but ‘Pat knows Mary's telephone
number™ does not.

1t was further proposed that a phrase has a sense which is a concept and isits
meaning in oblique contexts like knowing and wanting, and a denotation which
is its meaning in direct contexts like dialling. Denotations are the basis of the
semantics of first order logic and model theory and are well understood, but
sense has given more trouble, and the modal treatment of oblique contexts
avoids the idea. On the other hand, logicians such as Carnap (1947 and 1956),
Church (1951) and Montague (1974) see a need for concepts and have proposed
formalizations. All these formalizations involve modifying the logic used; ours
doesn’t modify the logic and is more powerful, because it includes mappings
from objects to concepts. Robert Moore’s forthcoming dissertation also uses
_ concepts in first order logic.

The problem identified by Frege — of suitably limiting the application of
the substitutivity of equals for equals — arises in artificial intelligence as well
as in philosophy and linguistics for any system that must represent information
about beliefs, knowledge, desires, or logical necessity — regardiess of whether
the representation is declarative or procedural (as in PLANNER and other Al
formalisms). ‘

Our approach involves treating concepts as one kind of object in an ordinary
first order theory. We shall have one term that denotes Mike’s telephone number
and a different term denoting the concept of Mike’s telephone number instead
of having a single term whose denotation is the number and whose sense is a
concept of it. The relations among concepts and between concepts and other
entities are expressed by formulas of first order logic. Ordinary model theory
can then be used to study what spaces of concepts satisfy various sets of axioms.

We treat primarily what Carnap calls individual concepts like Mike’s tele-
phone number or Pegasus and not general concepts like relephone or unicorn.
Extension to general concepts seems feasible, but individual concepts provide
enough food for thought for the present. v

This is a preliminary paper in that we don’t give a comprehensive set of -
axioms for concepts. Instead we merely translate some English sentences into
our formalism to give an idea of the possibilities. -

KNOWING WHAT AND KNOWING THAT
To assert that Pat knows Mike’s telephone number we write

true Know(Pat, Telephone Mike) . (1)
with the following conventions:

1. Parentheses are often omitted for one argument functions and predicates.
This purely syntactic convention is not important. Another convention
is to capitalize the first letter of a constant, variable, or function name
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when its value is a concept. (We considered also capitalizing the last
letter when the arguments are concepts, but it made the formulas ugly.)

Mike is the concept of Mike; that is, it is the sense of the expression
“Mike”. mike is Mike himself.

. Telephone is a function that takes a concept of a person into a concept

of his telephone number. We will also use telephone which takes the
person himself into the telephone number itself. We do not propose to
identify the function Telephone with the general concept of a person’s
telephone number,

. If P is a person concept and X is another concept, then Know(®, X) is

an assertion «concept -or proposition meaning that P knows the value of
X. Thus in (1) Know(Pat, Telephone Mike) is a proposition :and not a
truth value. Note that we are formalizing knowing what rather than
knowing that or knowing how. For Al and for other practical purposes,
knowing what seems to be the most useful notion of the three. In
English, knowing what is written knowing whether when the “knowand”
is a proposition.

. It is often .convenient to write know(pat, Telephone Mike) instead of

true Know(Pat, Telephone Mike) when we don’t intend to iterate
knowledge further. know is a predicate in the logic, so we cannot apply
any knowledge operators to it. We will have

know(pat, Telephone Mike) = true Know(Pat, Telephone Mike).  (2)

. We expect that the proposition Know(Pat, Telephone Mike) will be

useful accompanied by axioms that allow inferring that Pat will use this
knowledge under appropriate circumstances, that is, he will dial it or
retell it when appropriate. There will also be axioms asserting that he will
know it after being told it or looking it up in the telephone book.

. While the sentence “Pat knows Mike” is in common use, it is harder to

see how Know(Pat, Mike) is to be used and axiomatized. I suspect that
new methods will be required to treat knowing a person.

. true Q is the truth value, ¢ or f, of the proposition Q, and we must
‘write true Q in order to assert Q. Later we will consider formalisms in

which frue has a another argument — a situation, a story, a possible
world, or even a partial possible world (a notion we suspect will eventu-
ally be found necessary).

. The formulas are in a sorted first order logic with functions and equality.

Knowledge, necessity, etc. will be discussed without extending the logic
in any way — solely by the introduction of predicate and function

symbols subject to suitable axioms. In the present informal treatment,

we will not be explicit about sorts, but we will use different letters for
variables of different sorts.
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The reader may be nervous about what is meant by concept. He will have to
remain nervous; no final commitment will be made in this paper. The formalism
is compatible with many possibilities, and these can be compared by using the
models of their first order theories. Actually, this paper isn’t much motivated by
the philosophical question of what concepts really are. The goal is more to make
a formal structure that can be used to represent facts about knowledge and
belief so that a computer program can reason about who has what knowledge in
order to solve problems. From either the philosophical or the Al point of view,
however, if (1) is to be reasonable, it must not follow from (1) and the fact
that Mary’s telephone number is the same as Mike’s, that Pat knows Mary’s
telephone number.

The proposition that Joe knows whether Pat knows Mike’s telephone
number, is written (

Know(Joe, Know(Pat, Telephone Mlke)), 3)
and assertmg it requires writing
true Know(Joe, Know(Pat, Telephone Mike)), @)

while the proposition that Joe knows that Pat knows Mike’s telephone number is
written

K (Joe, Know(Pat, Telephone Mike)), )

where K(P, Q) is the proposition that P knows that Q. English does not treat
knowing a proposition and knowing an individual concept uniformly: knowing
an individual concept means knowing its value, while knowing a proposition
means knowing that it has a particular value, namely ¢. There is no reason to
impose this infirmity on robots.

We first consider systems in which corresponding to each concept X, there is
a thing x of which X is a concept. Then there is a function denot such that

x =denot X. (6)
Functions like Telephone are then related to denot by equations like

VP1 P2.(denot P1 = denot P2 O denot Telephone P1 =
denot Telephone P2). o M

We call denot X the denotation of the concept X, and (7) asserts that the deno-
tation of the concept of P’s telephone number depends only on the denotation
of the concept P. The variables in (7) range over concepts of persons, and we
regard (7) as asserting that Telephone is extensional with respect to denot. Note
that our denot operates on concepts rather than on expressions; a theory of
expressions will also need a denotation function. From (7) and suitable logical
axioms follows the existence of a function telephone satisfying

VP (denot Telephone P = telephone denot P). ®)
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Know is extensional with respect to denot in its first argument, and this is
expressed by

VP1 P2 X(denot P1 =denot P2 D denot Know(P1,X) =
denot Know(P2, X)), )]

but it is not extensional in its second argument. We can therefore define a predi-
cate know(p, X) satisfying

VP X (true Know(P, X) = know(denot P, X)). (10)

(Note that all these predicates and functions are entirely extensional in the
underlying logic, and the notion of extensionality presented here is relative to
denot.)

The predicate frue and the function denot are related by

VQ.(true Q = (denot Q = 1)) (1)

provided that truth values are in the range of denot, and denot could also be
provided with a (partial) possible world argument.

When we don’t assume that all concepts have denotations, we use a predi-
cate denotes(X, x) instead of a function. The extensionality of Telephone would
then be written

VP1 P2 x u(denotes(P1,x)N\denotes(P2,x)\
denotes(Telephone P1,u) D denotes(Telephone P2, u)). (12)

We now introduce the function Exists satisfying
VX.(true Exists X = Ax.denotes(X, x)). (13)

Suppose we want to assert that Pegasus is a horse without asserting that Pegasus
exists. We can do this by introducing the predicate Ishorse and writing

true Ishorse Pegasus (14)
which is related to the predicate ishorse by
VX x.(denotes(X, x) D (ishorse x = true Ishorse X)). (15)

In this way, we assert extensionality without assuming that all concepts have
denotations. Exists is extensional in this sense, but the corresponding predicate
exists is identically true and therefore dispensable.

To combine concepts propositionally, we need analogs of the propositional
operators such as And, which we shall write as an infix and axiomatize by

VQ1 Q2.(true(Q1 And Q2) = true Q1 A true Q2). (16)
The corresponding formulas for Or, Not, Implies, and Equiv are

VQ1 Q2.(true(Q1 Or Q2) = true Q1 V true Q2), an

VQ.(true(Not Q) =1true Q), (18)
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V01 02.(true(Q1 Implies Q2) =true Q1 D true Q2), (19)
and

V01 02.(true(Q1 Equiv 92) =(true Q1 =true Q2)). . (20)

The equality symbol “=" is part of the logic so that X = ¥ asserts that X
and Y are the same concept. To write propositions expressing equality, we
introduce Equal(X, Y) which is a proposition that X and Y denote the same
thing if anything. We shall want axioms

VX true Equal(X, X), » 1

VX YA{true Equal(X,Y) =true Equal (Y, X)), {2 -~

and

vx ‘YZ.(true‘ Equdl(X, Y) A true Equal(Y, Z) D true Equal(X, Z) {(23)
making true Equal(X, Y) an equivalence relation, and

VX Y x.(true Equal(X, Y) Adenotes(X,x) O denotes(Y, x)) 2%
which relates it to equality in the logic. We can make the concept of equality
essentially symmetric by replacing (22) by

VX Y. Equal(X, Y) = Equal(Y, X), (25)

that is, making the two expressions denote the same concept.
The statement that Mary has the same telephone number as Mike is asserted

by .
true Equal(Telephone Mary, Telephone Mike), (26)

and it obviously doesn’t follow from this and (1) that
true Know(Pat, Telephone Mary). 27

To draw this conclusion we need something like

true K (Pat, Equal(Telephone Mary, Telephone Mike)) (28)

and suitable axioms about knowledge. ,

If we were to adopt the convention that a proposition appearing at the
outer level of a sentence is asserted and were to regard the denotation-valued
function as standing for the sense-valued function when it appears as the second
argument of Know, we would have a notation that resembles ordinary language
in handling obliquity entirely by context. There is no guarantee that general
statements could be expressed unambiguously without circumlocution; the fact
that the principles of intensional reasoning haven’t yet been stated is evidence
against the suitability of ordinary language for stating them.
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FUNCTIONS FROM THINGS TO CONCEPTS OF THEM
While the relation denotes(X, x) between concepts and things is many-one,
functions going from things to certain concepts of them seem useful. Some
things such as numbers can be regarded as having stendard concepts. Suppose
that Conceptl n gives a standard concept of the number n, so that

Vn.(denot Concept1 n = n). (29)
We can then have simultaneously

true Not Knew(Kepler, Composite Number Planets) (30)
and

true Knew(Kepler, Composite Concept1 denot Number Planets). (31)

(We have used Knew instead of Know, because we are not now concerned with
formalizing tense.)

(31) can be condensed using Compositel which takes a number into the
proposition that it is composite, that is,

Compositel n = Composite Concept1 n (32)
getting
true Knew(Kepler, Composite 1 denot Number Planets). (33)

A further condensation can be achieved by using Composite2 defined by

Composite2 N = Composite Concept 1 denot N, (34)
letting us write
true Knew(Kepler, Composite2 Number Planets), (35)

which is true even though

true Knew(Kepler, Composite Number Planets) (36)

is false. (36) is our formal expression of “Kepler knew that the number of
planets is composite”, while (31), (33), and (35) each expresses a proposition
that can only be stated awkwardly in English, for example, as “Kepler knew
that a certain number is composite, where this number (perhaps unbeknownst
to Kepler) is the number of planets”.

We may also want a map from things to concepts of them in order to
formalize a sentence like, “Lassie knows the location of all her puppies”. We
write this

Vx.(ispuppy (x, lassie) D
true Knowd(Lassie, Locationd Conceptd x)). (37

Here Conceptd takes a puppy into a dog’s concept of it, and Locationd takes a
dog‘s concept of a puppy into a dog’s concept of its location. The axioms
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satisfied by Knowd, Locationd and Conceptd can be tailored to our ideas of
what dogs know.

A suitable collection of functlons from thmgs to concepts might permit a
language that omitted some individual concepts like Mike (replacing it with
Conceptx mike) and wrote many sentences with quantifiers over things rather
than over concepts. However, it is still premature to apply Occam’s razor. It may
be possible to avoid concepts as objects in expressing particular facts but
impossible to avoid them in stating general principles.

RELATIONS BETWEEN KNOWING WHAT AND KNOWING THAT
As mentioned before, “Pat knows Mike's telephone number” is written

true Know(Pat, Telephone Mike). (38)
We can write “Pat knows Mike's telephone number is 333-3333”
_true K(Pat, Equal (Telephone Mike, Conceptl “333-3333"")) (39)

where K(P, Q) is the proposition that denot(P) knows the proposition Q and
Concept1(*333-3333") is some standard concept of that telephone number.

The two ways of expressing knowledge are somewhat interdefinable, since
we can write

K(P, Q) = (Q And Know(P, Q)), (40)
and ‘ ' A
true Know(P, X) = 3A.(constant A A true K (P, Equal X, 4). @)

Here constant A asserts that A4 is a constant, that is, a concept such that we are

willing to say that P knows X if he knows it equals A. This is clear enough for

some domains like integers, but it is not obvious how to treat knowing a person.
Using the standard concept function Concept1, we might replace (41) by

true Know(P, X) = Ja.true K(P, Equal(X, Conceptl a)) 42)

with similar meaning.
(41) and (42) expresses a denotational definition of Know in ‘terms of K. A
conceptual definition seems to require something like

VP X.(Know(P, X) =
Exists X And K(P, Equal(X, Concept?2 denot X))), - (43)

where Concept2 is a suitable function from things to concepts and may not be
available for all sorts of objects.

REPLACING MODAL OPERATORS BY MODAL FUNCTIONS
Using concepts we can translate the content of modal logic into ordinary logic.
We need only replace the modal operators by modal functions. The axioms of
modal logic then translate into ordinary first order axioms. In this section we
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will treat only unquantified modal logic. The arguments of the modal functions
will not involve quantification, although quantification occurs in the outer logic.

Nec Q is the proposition that the proposition Q is necessary, and Poss Q is
the proposition that it is possible. To assert necessity or possibility we must
write true Nec Q or true Poss Q. This can be abbreviated by defining nec Q =
true Nec Q and poss Q correspondingly. However, since nec is a predicate in the
logic with ¢ and f as values, nec Q cannot be an argument of nec or Nec.  *

Before we even get to modal logic proper we have a decision to make —
shall Not Not Q be considered the same proposition as (), or is it merely exten-
sionally equivalent? The first is written

VQ. Not Not Q = Q. (44)
and the second
VQ.true Not Not Q = true Q. 45)

The second follows from the first by substitution of equals for equals.

In Meaning and Necessity, Carnap takes what amounts to the first alterna-
tive, regarding concepts as L-equivalence classes of expressions. This works
nicely for discussing necessity, but when he wants to discuss knowledge without
assuming that everyone knows Fermat’s last theorem if it is true, he introduces
the notion of intensional isomorphism and has knowledge operate on the equiv-
alence classes of this relation.

If we choose the first alternative, then we may go on to identify any two
propositions that can be transformed into each other by Boolean identities.
This can be assured by a small collection of propositional identities like (44)
including associative and distributive laws for conjunction and disjunction,
De Morgan’s law, and the laws governing the propositions T and F. In the second
alternative we will want the extensional forms of the same laws. When we get to
quantification a similar choice will arise, but if we choose the first alternative, it
will be undecidable whether two expressions denote the same concept. I doubt
that considerations of linguistic usage or usefulness in Al will unequivocally
recommend one alternative, so both will have to be studied.

Actually there are more than two alternatives. Let M be the free algebra
built up from the “atomic” concepts by the concept forming function symbols.
If ==is an equivalence relation on M such that

VX1 X2 e M((X1 == X2) D (true X1 = true X2)), (46)

then the set of equivalence classes under == may be taken as the set of concepts.
Similar possibilities arise in modal logic. We can choose between the con-
ceptual identity

VQ.(Poss Q = Not Nec Not Q), 47
and the weaker extensional axiom
VQ.(true Poss Q = true Not Nec Not Q). (48)
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We will write the rest of our modal axioms in extensional form.

We have
VQ.(true Nec Q D true Q), (49)
and
vQ1 Q2. ~ (50)

(true Nec Q1 A true Nec(Q1 Implies Q2) O true Nec Q2).
yielding a system equivalent to von Wright’s T.

S4 is given by
VQ.(true Nec Q = true Nec Nec Q), ‘ (51)
and S5 by ’
VQ.(true Poss Q = true Nec Poss Q). (52)

Actually, there may be no need to commit ourselves to a particular modal
system. We can simultaneously have the functions NecT, Nec4 and Nec5, related
by axioms such as

VOQ.(true Nec4 Q D true Nec5 Q) (53)

which would seem plausible if we regard S4 as corresponding to provability in
some system and SS5 as truth in the intended model of the system.
Presumably we shall want to relate necessity and equality by the axiom

VX.true Nec Equal (X, X). . (54)
Certain of Camap’s propbsals translate to the stronger relation
VX Y.(X=Y = true Nec Equal(X,Y)) (55)

which asserts that two concepts are the same if and only if the equality of what
they may denote is necessary.

MORE PHILOSOPHICAL EXAMPLES — MOSTLY WELL KNOWN
Some sentences that recur as examples in the philosophical literature will be.
expressed in our notation, so the treatments can be compared.

First we have “The number of planets = 9” and “Necessarily 9 =9” from
which one doesn’t want to deduce “Necessarily the number of planets = 9.
This example is discussed by Quine (1961) and (Kaplan 1969) Consider the
sentences

—nec Equal(Number Planets, Concept1 9) (56)
and .
nec Equal(Conceptl number planets, Concept1 9). X))

Both are true. (56) asserts that it is not necessary that the number of planets be
9, and (57) asserts that the number of planets, once determined, is the number
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that is necessarily equal to 9. It is a major virtue of our formalism that both
meanings can be expressed and are readily distinguished. Substitutivity of equals
holds in the logic but causes no trouble, because “The number of planets = 9”
may be written :

number(planets) =9 (58)
or, using concepts as

true Equal{Number Flanets, Conceptsl 9), (59)
and “Necessarily 9=9" is written
nec Equal (Concept1 9, Conceptl 9), (60)

and these don’t yield the unwanted conclusion.

Ryle used the sentences “Baldwin is a statesman” and “Pickwick is a
fiction™ to illustrate that parallel sentence construction does not always give
parallel sense. The first can be rendered in four ways, namely true Statesman
Baldwin or statesman denot Baldwin or statesman baldwin or statesmanl
Baldwin where the last asserts that the concept of Baldwin is one of a statesman.
The second can be rendered only as true Fiction Pickwick or fictionl Pickwick.

Quine (1961) considers illegitimate the sentence

(3x)(Philip is unaware that x denounced Catiline) 61)

obtained from “Philip is unaware that Tully denounced Catiline” by existential
generalization. In the example, we are also supposing the truth of Philip is aware
that Cicero denounced Cataline”, These sentences are related to (perhaps even
explicated by) several sentences in our system. Tully and Cicero are taken as
distinct concepts. The person is called tully or cicero in our language, and we
have

tully = cicero, (62)

denot Tully = cicero (63)
and

denot Cicero = cicero. (64)

We can discuss Philip’s concept of the person Tully by introducing a
function Concept2(pl, p2) giving for some persons pl and p2, p1’s concept of
p2. Such a function need not be unique or always defined, but in the present
case, some of our information may be conveniently expressed by

Concept2(philip, tully) = Cicero, (65)

asserting that Philip’s concept of the person Cicero is Cicero. The basic assump-
tions of Quine’s example also include

true K(Philip, Denounced(Cicero, Catiline)) (66)
and

Atrue K (Philip, Denounced (Tully, Catiline)). 67)
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From (63), ... (67) we can deduce ’

" 3P.true Denounced (P, Catiline) And Not
K (Philip, Denounced (P, Catiline)), (68)

from (67) and others, and

=13p.(denounced(p, catiline) A
—1true K(Philip, Denounced(Concept2(philip, p), Catiline))) (69)

using the additional hypotheses
Vp.(denounced(p, catiline) D p = cicero), (70)

denot Catiline = catiline, - ‘ an
and : ‘
VP1 P2.(denot Denounced(P1,P2) = ‘
denounced(denot P1,denot P2)). (72)

Presumably (68) is always true, because we can always construct a concept
whose denotation is Cicero unbeknownst to Philip. The truth of (69) depends
" on Philip’s knowing that someone denounced Catiline, and on the map
Concept2(pl, p2) that gives one person’s concept of another. If we refrain from
using a silly map that gives something like Denouncer(Catiline) as its value,
we can get results that correspond to intuition.

The following sentence attributed to Russell is discussed by Kaplan: I
thought that your yacht was longer than it is”. We can write it

true Believed(I, Greater(Length Youryacht,
Concept denot Length Youryacht)) (73)

where we are not analysing the pronouns or the tense, but are using denot to get
the actual length of the yacht and Conceptl to get back a concept of this true
length so as to end up with a proposition that the length of the yacht is greater
than that number. This looks problematical, but if it is consistent, it is probably
useful.

To express “Your yacht is longer than Peter thinks it is.” we need the -
expression Denot(Peter, X) giving a concept of what Peter thinks the value of X
is. We now write

longer(youryacht, denot Denot(Peter, Length Youryacht)), ' (74)

but I am not certain this is a correct translation.

Quine (1956) discusses an example in which Ralph sees Bernard J. Ortcutt
skulking about and concludes that he is a spy, and also sees him on the beach,
but doesn’t recognize him as the same person. The facts can be expressed in our
formalism by equations »

true Believe(Ralph, Isspy P1) . ' (75)
and
true Believe(Ralph, Not Isspy P2) - (76)
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where P1 and P2 are concepts satisfying denot P1 = ortcutt and denot P2 =
ortcutt. P1 and P2 are further described by sentences relating them to the
circumstances under which Ralph formed them.

We can still consider a simple sentence involving the persons as things —
write it believespy (ralph, ortcutt), where we define

Vp1 p2.(believespy (p1,p2) =
true Believe(Conceptl p1, Isspy ConceptT p2) an

using suitable mappings Conceptl and Concept7 from persons to concepts of
persons. We might also choose to define believespy in such a way that it requires
true Believe(Conceptl pl, Isspy P) for several concepts P of p2, for example,
the concepts arising from all p1’s encounters with p2 or his name. In this
case believespy (ralph, ortcutt) will be false and so would a corresponding
notbelievespy (ralph, ortcutt). However, the simple-minded predicate believespy,
suitably defined, may be quite useful for expressing the facts necessary to
predict someone’s behaviour in simpler circumstances.

Regarded as an attempt to explicate the sentence “Ralph believes Ortcutt is
a spy”, the above may be considered rather tenuous. However, we are proposing
it as a notation for expressing Ralph’s beliefs about Ortcutt so that correct
conclusions may be drawn about Ralph’s future actions. For this it seems
to be adequate.

PROPOSITIONS EXPRESSING QUANTIFICATION
As the examples of the previous sections have shown, admitting concepts as
objects and introducing standard concept functions makes “quantifying in”
rather easy. However, forming propositions and individual concepts by quanti-
fication requires new ideas and additional formalism. We are not very confident -
of the approach presented here.

We want to continue describing concepts within first order logic with no
logical extentions. Therefore, in order to form new concepts by quantification
and description, we introduce functions All, Exist, and The such that AlII(V, P)
is (approximately) the proposition that for all values of V P is true, Exist(V, P)
is the corresponding existential proposition, and The(V, P) is the concept of
the V such that P.

Since All is to be a function, ¥ and P must be objects in the logic. Howev'er,
V is semantically a variable in the formation of All(V, P), etc., and we will
call such objects inner variables so as to distinguish them from variables in
the logic. We will use ¥, sometimes with subscripts, for a logical variable ranging
over inner variables. We also need some constant symbols for inner variables
(got that?), and we will use doubled letters, sometimes with subscripts, for
these. XX will be used for individual concepts, PP for persons, and QQ for
propositions.

The second argument of All and friends is a “proposition with variables
in it”, but remember that these variables are inner variables which are constants
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in the logic. Got that? We won’t introduce a special term for them, but will
generally allow concepts to include inner variables. Thus concepts now include
inner variables like XX and PP, and concept-forming functions like Telephone
and Know take the generalized concepts as arguments. :

Thus

Child(Mike, PP) Implies Equal(Telephone PP, Telephone Mike) (78)

is a proposition with the inner variable PP in it to the effect that if PP is a child
of Mike, then his telephone number is the same as Mike’s, and

All(PP, Child(Mike, P P)
Implies Equal(Telephone PP, Telephone Mike)) - (9)

is the proposition that all Mike’s children have the same telephone number as
Mike. Existential propositions are formed similarly to universal ones, but the
function Exist introduced here should not be confused with the function Exists
applied to individual concepts introduced earlier.

In forming individual concepts by the description function The, it doesn’t
matter whether the object described exists. Thus

The(PP, Child(Mike, PP)) (80)

is the concept of Mike’s only child. Exists The(PP, Child(Mike, PP)) is the
proposition that the described child exists. We have

true Exists The(PP, Child (Mike, PP)) =

true(Exist(PP, Child (Mike, PP)
And All(PP1, Child(Mike, PP1) Implies Equal(PP, PP1)))), (81)

. but we may want the equality of the two propositions, that is,

Exists The(P P, Child(Mike, PP)) =
Exist(PP, Child(Mike, PP)
And All(PP1, Child(Mike, PP1) Implies Equal (PP, PP1))). (82)

This is part of general problem of when two logically equivalent concepts are
to be regarded as the same.

In order to discuss the truth of propositions and the denotation of des-
criptions, we introduce possible worlds reluctantly and with an important
difference from the usual treatment. We need them to give values to the inner
variables, and we can also use them for axiomatizing the modal operators, know-
ledge, belief and tense. However, for axiomatizing quantification, we also need
a function a such that

" = a(V,x,n) (83)

is the possible world that is the same as the world m except that the inner
variable V has the value x instead of the value it has in . In this respect our
possible worlds resemble the state vectors or environments of computer science
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more than the possible worlds of the Kripke treatment of modal logic. This
Cartesian product structure on the space of possible worlds can also be used
to treat conterfactual conditional sentences.

Let w0 be the actual world. Let true(P, m) mean that the proposition P is
true in the possible world 7. Then

VP.(true P = true(P, n0)). (84)

Let denotes(X, x, ) mean that X denotes x in m, and let denot(X, 7) mean the
denotation of X in m when that is defined.
The truth condition for AlI(V, P) is then given by

Vr V P(true(All(V, P), n) = Vx.true(P, a(V, x, 7)). (85)

Here V ranges over inner variables, P ranges over propositions, and x ranges over
things. There seems to be no harm in making the domain of x depend on .
Similarly

Vr V P.(true(Exist(V, P), n) = 3x.true(P, a(¥,x, m). (86)
The meaning of The(V, P) is given by )

Vr V Px.(true(P, a(V,x, ) A Vy.(true(P,a(V,y, 7)) Dy =x) D
denotes(The(V,P),x, ) 87
and
Vn V P.(13 x.true(P, a(V, x, 1)) D —1true Exists The(V, P)). (88)

We also have the following “syntactic” rules governing propositions
involving quantification:

V1 Q1 Q2 V.(absent(V, Q1) A true(AlI(V, Q1 Implies Q2),n) D
true(Q1 Implies AlI(V, Q2), ) (89)
and
Vr V Q X.(true(Al(V, Q), ) D true(Subst(X, V, Q), m)). (90)

where absent(V, X) means that the variable V¥ is not present in the concept X,
and Subst(X, V, Y) is the concept that results from substituting the concept
X for the variable V in the concept Y. absent and Subst are characterized by
the following axioms:

VV1 V2.(absent(V1, V2) = V1  V2), ©1)
VV P X.(absent(V, Know(P, X)) = absent(V, P) A absent(V, X)), (92)

axioms similar to (92) for other conceptual functions,

VV Q.absent(V, All(V, Q)), 93)

VV Q.absent(V, Exist(V, Q)), 94)

YV Q.absent(V, The(V, Q)), 95)

VV X.Subst(V,V,X) =X, (96)
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VX V.Subst(X,V,V)|=X, ' )
VX VP Y.(Subst(X,V,Know(P,Y)) = :
Know(Subst(X, V, P), Subst(X, V, Y))), (98)
axioms similar to (98) for other functions,

VX V Q.(absent(V, Y) D Subst(X,V,Y)=Y), (99)

VX V1 V2 Q.(V1 # V2 Aabsent(V2,X) D -
Subst(X, V1, AI(V2,Q)) = AlI(V2, Subst(X, V1,0))),  (100)

and corresponding axioms to (100) for Exist and The.
Along with these comes the axiom that binding kills variables, that is,

VV1 V2 Q.(Al(V1,Q) = Al(V2,Subst(V2, V1, Q))). (101)

The functions absent and Subst play a “syntactic” role in describing the
rules of reasoning and don’t appear in the concepts themselves. It seems likely
that this is harmless until we want to form concepts of the laws of reasoning.

We used the Greek letter 7 for possible worlds, because we did not want to
consider a possible world as a thing and introduce concepts of possible worlds.
Reasoning about reasoning may require such concepts or else a formulation
that doesn’t use possible worlds.

Martin Davis (in conversation) pointed out the advantages of an alternative
treatment avoiding possible worlds in case there is a single domain of individuals
each of which has a standard concept. Then we can write

VV Q.(true All(V, Q) = Vx.true Subst(Conceptl x, V, Q). (102)

POSSIBLE APPLICATIONS TO ARTIFICIAL INTELLIGENCE
The foregoing discussion of concepts has been mainly concerned with how to
translate into a suitable formal language certain sentences of ordinary language.
The sucess of the formalization is measured by the extent to which the logical
consequences of these sentences in the formal system agree with our intuitions
of what these consequences should be. Another goal of the formalization is to
develop an idea of what concepts really are, but the possible formalizations
have not been explored enough to draw even tentative conclusions about that.” -

For artificial intelligence, the study of concepts has yet a different moti-
vation. Our success in making computer programs with general intelligence has
been extremely limited, and one source of the limitation is our inability to
formalize what the world is like in general. We can try to separate the problem
of describing the general aspects of the world from the problem of using such
a description and the facts of a situation to discover a strategy for achieving a
goal. This is called separating the epistemological and the heuristic parts of the
artificial intelligence problem and is discussed in McCarthy and Hayes (1969).

We see the following potential uses for facts about knowledge:

1. A computer program that wants to telephone someone must reason
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about who knows the number. More generally, it must reason about
what actions will obtain needed knowledge. Knowledge in books and
computer files must be treated in a parallel way to knowledge held by
persons.

2. A program must often determine that it does not know something or
that someone else doesn’t. This has been neglected in the usual formali-
zations of knowledge, and methods of proving possibility have been
neglected in modal logic. Christopher Goad (to be published) has shown
how to prove ignorance by proving the existence of possible worlds in
which the sentence to be proved unknown is false, Presumably proving
one’s own ignorance is a stimulus to looking outside for the information.
In competitive situations, it may be important to show that a certain
course of action will leave competitors ignorant.

3. Prediction of the behaviour of others depends on determining what they
believe and what they want.

It seems to me that Al applications will especially benefit from first order
formalisms of the kind described above. First, many of the present problem
solvers are based on first order logic. Morgan (1976) in discussing theorem
proving in modal logic also translates modal logic into first order logic. Second,
our formalisms leaves the syntax and semantics of statements not involving
concepts entirely unchanged, so that if knowledge or wanting is only a small
part of a problem, its presence doesn’t affect the formalization of the other
parts.

ABSTRACT LANGUAGES
The way we have treated concepts in this paper, especially when we put variables
in them, suggests trying to indentify them with terms in some language. It seems
to me that this can be done provided that we use a suitable notion of abstract
language.

Ordinarily a language is identified with a set of strings of symbols taken
from some alphabet. McCarthy (1963) introduces the idea of abstract syntax,
the idea being that it doesn’t matter whether sums are represented a+» or
+ab or ab+ or by the integer 223° or by the LISP S-expression (PLUS A B),
so long as there are predicates for deciding whether an expression is a sum and
functions for forming sums from summands and functions for extracting the
summands from the sum. In particular, abstract syntax facilitates defining the
semantics of programming languages, and proving the properties of interpreters
and compilers. From that point of view, one can refrain from specifying any
concrete representation of the “expressions” of the language and consider it
merely a collection of abstract synthetic and analytic functions and predicates
for forming, discriminating and taking apart abstract expressions. However,
the languages consxdered at that time always admitted representations as strings
of symbols,
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If we consider concepts as a free algebra on basic concepts, then we can
regard them as strings of symbols on some alphabet if we want to, assuming that
we don’t object to a non-denumerable alphabet or infinitely long expressions if
we want standard concepts for all the real numbers. However, if we want to
regard Equal(X, Y) and Equal(Y, X) as the same concept, and hence as the
same “expression” in our language, and we want to regard expressions related
by renaming bound variables as denoting the same concept, then the algebra is
no longer free, and regarding concepts as strings of symbols becomes awkward
even if possible.

It seems better to accept the notion of abstract language defined by the
collection of functions and predicates that form, discriminate, and extract
the parts of its “expressions”. In that case it would seem that concepts can be
identified with expressions in an abstract language.

ACKNOWLEDGEMENTS AND BIBLIOGRAPHY ]
The treatment given here should be compared with that in Church (1951b) and
in Morgan (1976). Church introduces what might be called a two-dimensional
type structure. One dimension permits higher order functions and predicates
as in the usual higher order logics. The second dimension permits concepts of
concepts, etc. No examples of applications are given. It seems to me that
concepts of concepts will be eventually required, but this can still be done
within first order logic.

Morgan’s motivation is to use first order logic theorem-proving programs to
treat modal logic. He gives two approaches. The syntactic approach — which
he applies only to systems without quantifiers — uses operations like our And
to form compound propositions from elementary ones. Provability is then
axiomatized in the outer logic. His semantic approach uses axiomatizations of
the Kripke accessibility relation between possible worlds. It seems to me that
our treatment can be used to combine both of Morgan’s methods, and has two
further advantages. First, concepts and individuals can be separately quantified.
Second, functions from things to concepts of them permit relations between
" concepts of things that could not otherwise be expressed.

Although the formalism leads in almost the opposite direction, the present
paper is much in the spirit of Carnap (1956). We appeal to his ontological
tolerance in introducing concepts as objects, and his section on intentions for
robots expresses just the attitude required for artificial intelligence applications.

We have not yet investigated the matter, but plausible axioms for necessity
or knowledge expressed in terms of concepts may lead to the paradoxes dis-
cussed in Kaplan and Montague (1960) and Montague (1963). Our intention is
that the paradoxes can be avoided by restricting the axioms concerning know-
ledge, and necessity of statements about necessity. The restrictions will be
somewhat unintuitive as are the restrictions necessary to avoid the paradoxes of
naive set theory.

146



McCARTHY

Chee K. Yap (1977) proposes Virtual Semantics for intensional logics as a
generalization of Carnap’s individual concepts. Apart from the fact that Yap
does not stay within conventional first order logic, we don’t know the relation
between his work and that described here.

I am indebted to Lewis Creary, Patrick Hayes, Donald Michie, Barbara
Partee and Peter Suzman for discussion of a draft of this paper. Creary in
particular has shown the inadequacy of the formalism for expressing all readings
of the ambiguous sentence “Pat knows that Mike knows what Joan last
asserted”. There has not been time to modify the formalism to fix this inade-
quacy, but it seems likely that concepts of concepts are required for an adequate
treatment.
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A Theory of Approximate Reasoning
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Summary
The theory of approximate reasoning outlined in this paper is concerned with
the deduction of possibly imprecise conclusions from a set of imprecise premises.

The theory is based on a fuzzy logic, FL, in which the truth-values are
linguistic, that is of the form true, not true, very true, more or less true, false,
not very false, etc., and the rules of inference are approximate rather than
exact. Furthermore; the premises are assumed to have the form of fuzzy propo-
sitions, for example, “(X is much smaller than Y) is quite true,” “If X is small
is possible then Y is very large is very likely,” etc. By using the concept of a
possibility — rather than probability — distribution, such propositions are
translated into expressions in PRUF (Possibilistic Relational Universal Fuzzy),
which is a meaning representation language for natural languages.

An expression in PRUF is a procedure for computing the possibility distri-
bution which is induced by a proposition in a natural language. By applying
the rules of inference in PRUF to such distributions, other distributions are
obtained which upon retranslation and linguistic approximation yield the
conclusions deduced from the fuzzy premises.

The principal rules of inference in fuzzy logic are the projection principle,
the particularization/conjunction principle, and the entailment principle. The
application of these rules to approximate reasoning is described and illustrated
by examples.

1. INTRODUCTION
Informally, by approximate or, equivalently, fuzzy reasoning we mean the
process or processes by which a possibly imprecise conclusion is deduced from
a collection of imprecise premises. Such reasoning is, for the most part, quali-
tative rather than quantitative in nature, and almost all of it falls outside of the
domain of applicability of classical logic. A thorough exposition of the foun-
dations of fuzzy reasoning may be found in Gaines (1976a,b,c).
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Approximate reasoning underlies the remarkable human :ability to under-
stand natural language, decipher sloppy handwriting, play games requiring
mental and/or physical skill and, more generally, make rational decisions in
complex and/or uncertain environments. In fact, it is the ability ito reason in
qualitative, imprecise terms that distinguishes human intelligence fram machine
intelligence. And yet, approximate reasoning has received little if any attention
within psychology, philosophy, logic, artificial intelligence and other branches
of cognitive sciences, largely because it is not consonant with the deeply
entrenched tradition of precise reasoning in science and contravenes the widely
held belief that precise, quantitative reasoning has the ability to salve the
extremely complex and ill-defined problems which pervade the analysis of
humanistic systems.

In earlier papers (Zadeh 1973,1975a,b,c, 1976, 1977a,b), we have outlined
a conceptual framework for approximate reasoning based on the notions of
linguistic variable and fuzzy logic. In the present paper, a novel direction
involving the concept of a possibility distribution will be described (see also
Zadeh 1977). As will be seen in the sequel, the concept of 2 possibility distri-
bution provides a natural basis for the representation of the meaning of
propositions expressed in a natural language, and thereby serves as a convenient
point of departure for the translation of imprecise premises into expressions
in a language PRUF to which the rules of inference associated with this language
can be applied.

_ Our exposition of approximate reasoning begins with a brief discussion
of the concept of a possibility distribution and its role in the translation of
fuzzy propositions expressed in a natural language. In Sec. 3, the concept
of a linguistic variable is introduced as a device for an approximate characteri-
zation of the values of variables and their interrelations. In Secs. 4 and 5, we
shall discuss some of the basic aspects of fuzzy logic — the logic that serves as
a foundation for approximate reasoning — and introduce the concepts of
semantic equivalence and semantic entailment. Finally, in Sec. 6, we formulate
the basic rules of inference in fuzzy logic and illustrate their application to
approximate reasoning by a number of simple examples.

2. THE CONCEPT OF A POSSIBILITY DISTRIBUTION
A basic assumption which underlies our approach to approximate reasoning is
that the imprecision which is instrinsic in natural languages is, in the main,
possibilistic rather than probabilistic in nature. The term possibilistic was coined
by B. R. Gaines and L. J. Kohout in their paper on possible automata (1975).

To illustrate the point, consider the proposition p & X is an integer in the
interval [0,8]. The symbol & stands for “is defined to be”, or “denotes”. Clearly,
such a proposition does not associate a unique integer with X rather, it indicates
that any integer in the interval [0,8] could possibly be a value of X, and that
any integer not in the interval could not be a value of X.

This obvious observation suggests the following interpretation of p. The
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proposition “X is an integer in the interval [0,8]” induces a possibility distri-
bution IIx which associates with each integer n the possibility that n could be a
value of X. Thus, for the proposition in question

Poss{X=n}=1 for 0<n<8§
Poss{X=n}=0 for n<0 or n>38

and

where Poss{X = n} is an abbreviation for “The possibility that X may assume
the value n”. Note that the possibility distribution induced by p is uniform
in the sense that the possibility values are equal to unity for » in [0,8] and
zero elsewhere.

Next, consider the fuzzy proposition ¢ £ X is a small integer, in which
small integer is a fuzzy set defined by, say,

small integer =1/0+1/1+0.8/2+0.6/3 + 0.4/4+0.2/5 (2.1)

in which + denotes the union rather than the arithmetic sum, and a singleton
of the form 0.8/2 signifies that the grade of membership of the integer 2 in the
fuzzy set small integer is 0.8 (see A. Kaufmann (1975), C. V. Negoita and D.
Ralescu (1975), and L. A. Zadeh, K. S. Fu, K. Tanaka and M. Shimura (1975)).

As an extension of our interpretation of the nonfuzzy proposition p, we
shall interpret q as follows. The proposition ¢ & X is a small integer induces a
possibility distribution Iy which equates the possibility of X taking a value n
to the grade of membership of n in the fuzzy set small integer. Thus

Poss{X=0}=1

Poss{X=2}=0.8

Poss{X=5}=0.2
and Poss{X=6}=0.

More generally, we shall say that a fuzzy proposition of the formp & X
is F, where X is a variable taking values in a universe of discourse U, and F is
a fuzzy subset of U, induces a possibility distribution Iy which is equal to F,
that is,

HX =F. : (22)

Thus, in essence, the possibility distribution of X is a fuzzy set which serves
to define the possibility that X could assume any specified value in U. Stated
more concretely, if u € U and up: U - [0,1] is the membership function of F,
then the possibility that X = u given “X is F” is

Poss{X=u|XisF}=up(u), ucU. (2.3)

Since the concept of a possibility distribution coincides with that of a
fuzzy set, possibility distributions may be manipulated by the rules governing
the manipulation of fuzzy sets and, more particularly, fuzzy restrictions. A
fuzzy restriction is a fuzzy set which serves as an elastic constraint on the’
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values that may be assigned to a variable. A variable which is associated with a
fuzzy restriction or, equivalently, with a possibility distribution, is a fuzzy
variable. In what follows, we shall focus our attention only on those aspects
of possibility distributions which are of relevance to approximate reasoning.’

Possibility versus probability

What is the difference between possibility and probability? Intuitively, possi-
bility relates to our perception of the degree of feasibility or ease of attainment,
whereas probability is associated with the degree of belief, likelihood, frequency,
or proportion. Thus, what is possible may not be probable, and what is im-
probable need not be impossible. A more concrete statement of this relation is
embodied in the possibility/probability consistency principle (Zadeh, 1977a).
More importantly, however, the distinction between possibility and probability
manifests itself in the different rules which govern their combinations, especially
under the union. More specifically, if 4 is a nonfuzzy subset of U, and Ilx is
the possibility distribution induced by the proposition “X is F”, then the
possibility measure, II(4), of A is defined as

M(A) & Poss{XEA} A Sup,c4 bru) . (2.4)

The possibility measure defined by (2.4) is a special case of the more general
concept of a fuzzy measure defined by Sugeno (1974) and Terano and Sugeno
(1975). More generally, if 4 is a fuzzy subset of U, then

TI(A) & Poss{X is A} & Sup, [ur(u) A g (@)] (2.5)

where p14 is the membership function of A and A& min. :

From the definition of possibility measure, it follows at once that, for
arbitrary subsets 4 and B of U, the possibility measure of the union of 4 and B
is given by

T(AUB) = [1(4) V 11(B) O (28)

where V & max. Thus, the possibility measure does not have the basic additivity
property of probability measure, namely, '

P(AUB) =P(A) + P(B) if A and B are disjoint .7

where P(A) and P(B) denote the probability measures of A and B, respectively.

Unlike probability, the concept of possibility in no way involves the notion
of repeated experimentation. Thus, the concept of possibility is nonstatistical
in character and, as such, is a natural concept to use when the imprecision or
uncertainty in the phenomena under study are not susceptible of statistical
analysis or characterization.

Possibility assignment equations

The reason why the concept of a possibility distribution plays such an important
role in approximate reasoning relates to our assumption that a proposition in
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a natural language may be interpreted as an assignrﬁent of a fuzzy set to a
possibility distribution., More specifically, if p is a proposition in a natural
language, we shall say that p translates into a possibility assignment equation:

P>, xp=F (2.8)

where X),... X, are variables which are explicit or implicit in p; I(x,, ... x,,) is
the possibility distribution of the n-ary variable X 2 (X;,...X,); and F'is a fuzzy
relation, that is, a fuzzy subset of the cartesian product Uy X ... X U, where
U, i=1,...n,is the universe of discourse associated with X;. In this context, the
possibility assignment equation

M, ..xp=F (2.9)

will be referred to as the translation of p and, conversely, p will be said to be a
retranslation of (2.9), in which case its relation to (2.9) will be represented as

p<ll,.. .xp=F. (2.10)

In general, a proposition of the form p £ X is F, where X is the name of
an object or a proposition, translates not into

p=>lxy=F (2.11)
but into

) ad HA(X) =F (2.12)
where A(X) is an implied attribute of X. For example,

Joe is young = Il ge(s0e) = young (2.13)

Maria is blond = eoiour(HainMariay) = blond (2.14)

Max is about as tall as Jim -
(Height (Max), Height (Jim)) = approximately-equal (2.15)

where young, blond, and approximately equal are specified fuzzy relations
(unary and binary) in their respective universes of discourse. More concretely,
if u is a numerical value of the age of Joe, then (2.13) implies that

Poss{Age(Joe) = u} = Uyoung(ut) . (2.16)

Similarly, if u is an identifying label for the colour of hair, then (2.14) implies
that

Poss {Colour(Hair(Maria)) = u} = ppiona() , .17
while (2.15) signifies that
Poss {Height(Max) = u, Height(Jim) = v} =
Mapproximately equal(u» v) (2.18)

where u and v are the generic values of the variables Height(Max) and
Height(Jim), respectively.
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Projection and particularization
Among the operations that may be performed on a possibility distribution,
there are two that are of particular relevance to approximate reasoning: pro-
jection and particularization.

Let l'I( . X, denote an n-ary possibility distribution which is a fuzzy
realtion in l} X...X Up, with the possibility distribution function of Il¢x;, ... x;)
(that is, the membership function of Ilx, ... x,)) denoted by m(x, ... x,) or,
more simply, as my.

Let s & (iy,...i) be a subsequence of the index sequence (1,...n) and let
s’ denote the complementary subsequence ' & (j,...j,) (for example, for
n=25,s5=(1,3,4) and s’ = (2,5)). In terms of such sequences, a k-tuple of the

“form (A4y,...A;,) may be expressed in an abbreviated form as A g). In particular,
the variable X(S) = (X,-..X;) will be referred to as a k-ary subvariable of
X2 (X,,...X,), with X(s) = ()gl, .. X ) being a subvariable complementary to
X

@ The projection of Ix, ... x,,) on Ug & Uy X ... X U is a k-ary possibility
distribution denoted by

My & Projuy Nex,, ... Xy (2.19)
and defined by
X(s) (u(s)) A Sup,,(sr) x(uy, . . Uy) (2.20)

where X5 is the possibility distribution function of HX(S). For example, for
n=2,

x, (Uy) & Supy, mx, x) (h,t43)

is the expression for the possibility distribution function of the projection of
Nx,,x,) on U. By analogy with the concept of a marginal probability distri-
bution, Iy, will be referred to as a marginal possibility distribution. Note
z}zlazt 1o)ur use of HX() in (2.19) to denote the projection of Il on Uy anticipates

The importance of the concept of a marginal possibility distribution derives
from the fact that Iy, may be regarded as the possibility distribution of the
subvariable X(;). Thus, Stated as the projection principle (in Sec. 6), the relation
between X5 and Iy, may be expressed as follows.

From the possxbl ity distribution, Iy, ... x,,), of the variable X 2 & (X,... %),
the possibility distribution HX( &) of the subvanable X A Xy - - X)) may be
inferred by projecting Il x,, ... x,,) on U, thatis,

My = Projugg exy, ... Xy - ‘ @2y

As a simple illustration, assume that n = 3, U; = U, = Uy =a+b or, more
conventionally, {4,b} and I(x, x, x) is expressed as a linear form

H(Xl’x2»x3) = 0.8aaa + laab + 0.6baa + 0.2 bab + 0.5bbb (2.22)
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in which a term of the form 0.6 baa signifies that
Poss{X;=b,X,=a,X; =a} =06, i (2.23)

To derive Hx,, X3) from (2.22) it is sufficient to replace the value of X3 in
each term in (2.22) by the null string A. This yields

H(XI’X2) = 0.8aq2 + laa + 0.6ba + 0.2ba + 0.5bb (224)
= lag + 0.6ba + 0.5bb
and similarly
My, = la+ 065+ 05b . (2.25)
=1a+06b.

Tuming to the operation of particularization, let I, ... x,) = F denote
the possibility distribution of X = (Xj,...X,), and let Ny, = G denote a
specified possibility distribution (not necessarily the marginal distribution)
of the subvariable X5 = (X}, ... X;,).

Informally, by the particularization of Iy, ... x,) is meant the modifi-
cation of Il¢x,, ... x,) resulting from the stipulation that the possibility distri-
bution of HX(,) is G. More specifically,

Mx,, ... x, (Mxy =Gl £ FN G (2.26)

where the left-hand member places in evidence the X; (that is, the attributes)
which are particularized in Iy, ... x,), while the right-hand member defines
the effect of particularization, with fed denoting the cylindrical extension of
G, that is, the cylindrical fuzzy set in Uy X ...X U, whose projection on Uy

is G. Thus,

uG(, .. un) & gy, .. ug) (2.27)
(.. )€U X.. . XU,.

As a simple illustration, consider the possibility distribution defined by
(2.22) and assume that

n(xl,xz) =04aa+ 09ba + 0.1bb . (228)
In this case,

g = 04aaa + 0.4aab + 0.9baa + 0.9bab + 0.1bba + 0.1bbb
FNG=04aaa +04aab + 0.6baa+ 02bab + 0.1bbb

and hence
H(Xl,xz,X3) [“(XI:XZ) =G] = (2.29)
0.4aaa + 0.4aab + 0.6baa + 0.2bab + 0.1bbd

In general, some of the variables in a particularized possibility distribution
(or a fuzzy relation) are assigned fixed values in their respective universes of
discourse, while others are associated with possibility distributions. For example,
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in the case of a fuzzy relation which characterizes the fuzzy set of men who are
tall, blond, and named Smith, the particularlized relation has the form

MAN [Name = Smith; l'IHeig,,, =TALL; HCO,ou,(Hd,) = BLOND]
(2.30)
(Note that the label of a relation is capitalized when it is desired to stress that
it denotes a relation.) Similarly, the fuzzy set of men who have the above
characteristics and, in addition, are approximately 30 years old, would be
represented as

MAN|[Name = Smith; HHeight =TALL; HColour(Hair) = BLOND,;
Iy, = APPROXIMATELY EQUAL [Age = 30]] . (231)

In this case, the possibility distribution which is associated with the variable
Age is in itself a particularized possibility distribution.

It should be noted that the representations exemplified by (2.30) and
(231) are somewhat similar in appearance to those that are commonly em-
ployed in semantic network and higher order predicate calculi representations
of propositions in a natural language. Expositions of such representations
may be found in Newell and Simon (1972), Miller and Johnson-Laird (1976),
Bobrow and Collins (1975), Minsky (1975), and other books and papers listed
in the bibliography. An essential difference, however, lies in the use of possibility
distributions in (2.30) and (2.31) for the characterization of values of fuzzy
variables, and in the concrete specification of the manner in which a possibility
distribution is modified by particularization.

Meaning and information .
Particularization as defined by (2.26) plays a particularly important role in
PRUF — a language intended for the representation of the meaning of fuzzy
propositions. A brief description of PRUF appears in Zadeh (1977b). A more
detailed exposition of PRUF will be provided in a forthcoming paper.
 Briefly, an expression, P, in PRUF is, in general, a procedure for computing
a possibility distribution. More specifically, let U be a universe of discourse and
let & be a set of relations in U. Then, the pair

DA (UR) - (2.32)

constitutes a database, with P defined on a subset of relations in &. As defined
here, the concept of a database is related to that of a possible world in modal
logic (Hughes and Cresswell, 1968; Miller and Johnson- Laird, 1976).

If p is an expression in a natural language and P is its translation in PRUF,
that is,

p-P,
then the procedure P may be viewed as defining the meaning, M(p), of p, with
the possibility distribution computed by P constituting the information, /(p),
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conveyed by p. (The procedure defined by an expression in PRUF and the
possibility distribution which it yields are analogous to.the intension and
extension of a predicate in two-valued logic. (Cresswell, 1975.) When meaning
is used loosely, no differentiation between M(p) and I(p) is made.)

As a simple illustration, consider the proposition

p A John resides near Berkeley (2.33)

which in PRUF translates into )
RESIDENCE [Subject = John; .

M1ocation = Proju x ciy1 NEAR[City2 = Berkeley]] (2.349)

where NEAR is a fuzzy relation with the frame NEAR||City1|City2 || and the
expression Proj, x ciyyy NEAR[City2 = Berkeley] represents the fuzzy set of
cities which are near Berkeley. The frame of a fuzzy relation exhibits its name
together with the names of its variables (that is, attributes) and u — the grade of
:membership of each tuple in the relation.

The expression in PRUF represented by (2.34) ) is, in effect, a procedure
for computing the possibility distribution of the location of residence of John.
Thus, given a relation NEAR, it will return a possibility distribution of the form
(m & possibility-value)

RESIDENCE Subject Location L

John Oakland 1

John Palo Alto 0.6
John San Jose 0.2
John Orinda 0.8

which may be regarded as the information conveyed by the proposition “John
resides near Berkeley”.

PRUF plays an essential role in approximate reasoning because it serves as
a basis for translating the fuzzy premises expressed in a natural language into
possibility assignment equations to which the rules of inference in approximate
reasoning can be applied in a systematic fashion. In Sec. 4, we shall discuss in
greater detail some of the basic translation rules in fuzzy logic which constitute
a small subset of the translation rules in PRUF, This brief exposition of PRUF
will suffice for our purposes in the present paper.

We turn next to the concept of a linguistic variable — a concept that plays
a basic role in approximate reasoning, fuzzy logic, and the linguistic approach
to systems analysis.
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3. THE CONCEPT OF A LINGUISTIC VARIABLE
In describing the behaviour of humanistic — that is, human-centered — systems,
we generally use words rather than numbers to characterize the values of
variables as well as the relations between them. For example, the age of a person
may be described as.very young, intelligence as quite high, the relation with
another person as not very friendly, and appearance as quite attractive.

Clearly, the use of words in place of numbers implies a lower degree of
precision in the characterization of the values of a variable. In some instances,
we elect to be imprecise because there is no need for a higher degree of precision.
In most cases, however, the imprecision is forced upon by the fact that there
are no units of measurement for the attributes of an object and no quantitative
criteria for representing the va]ues of such attributes as points on an anchored

“scale.

Viewed in this perspective, the concept of a hngulstlc variable may be
regarded as a device for systematizing the use of words or sentences in a natural
or synthetic language for the purpose of characterizing the values of variables
and describing their interrelations. In this role, the concept of a linguistic
variable serves a basic function in approximate reasoning both in the repre-
sentation of values of variables and in the characterization of truth-values
probability-values, and possibility-values of fuzzy propositions.

In this section, we shall focus our attention only on those aspects of the
concept of a linguistic variable which have a direct bearing on approximate
reasoning. More detailed discussions of the concept of a linguistic variable
and its applications may be found in Zadeh (1973, 1975c), Wenstop (1975,
1976), Mamdani and Assilian (1975), Procyk (1976) and other papers listed
in the bibliography.

As a starting point for our discussion, it is convenient to consider a variable
such as Age, which may be viewed both as a numerical variable ranging over,
say, the interval [0,150], and as a linguistic variable which can take the values
young, not young, very young, not very young, quite young, old, not very young
and not very old, etc. Each of these values may be interpreted as a label of a
fuzzy subset of the universe of discourse U = [0,150], whose base variable, u,is
the generic numerical value of Age.

Typically, the values of a linguistic variable such as Age are built up of one
or more primary terms (the labels of primary fuzzy sets which play a role
somewhat analogous to that of physical units in mechanistic systems), together
with a collection of modifiers and connectives which allow a composite linguistic
value to be generated from the primary terms. Usually, the number of such terms
is two, with one being an antonym of the other. For example, in the case of Age,
the primary terms are young and old.

A basic assumption underlying the concept of a linguistic variable is that the
meaning of the primary terms is context-dependent, whereas the meaning of the
modifiers and connectives is not. Furthermore, once the meaning of the primary
terms is specified (or “calibrated’) in a given context, the meaning of composite
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terms such as not very young, not very young and not very old, etc., may be
computed by the application of a semantic rule.

Typically, the term-set, that is, the set of linguistic values of a linguistic
variable, comprises the values generated from each of the primary terms together
with the values generated from various combinations of the primary terms. For
example, in the case of Age, a partial list of the linguistic values of Age is the
following:

young old not young nor old

not young not old not very young and not very old
very young very old young or old

not very young not very old not young or not old

quite young quite old etc.

more or less young  more or less old

extremely young extremely old

etc. etc.

What is important to observe is that most linguistic variables have the
same basic structure as Age. For example, on replacing young with tall and
old with short, we obtain the list of linguistic values of the linguistic variable
Height, The same applies to the linguistic variables Weight (heavy and light),
Appearance (beautiful and ugly), Speed (fast and slow), Truth (true and false),
etc., with the words in parentheses representing the primary terms,

As is shown in Zadeh (1973, 1975c¢), a linguistic variable may be charac-
terized by an attributed grammar (see Knuth 1968; Lewis er al 1974) which
generates the term-set of the variable and provides a simple procedure for
computing the meaning of a composite linguistic value in terms of the primary
fuzzy sets which appear in its constituents.

As an illustration, consider the attributed grammar shown in which S, B,
C, D, and E are nonterminals; not, and,  and b are terminals; @ and b are the
primary terms (and also the primary fuzzy sets); subscripted symbols are the
fuzzy sets which are labelled by the corresponding nonterminals, with L £ left
(that is, pertaining to the antecedent), R & right (that is, pertaining to the
consequent); and a production of the form

S—>SandB : S, =SpNBg 3.1

signifies that the fuzzy set which is the meaning of the antecedent, S, is the
intersection of Sg, the fuzzy set which is the meaning of the consequent S,
and Bg, the fuzzy set which is the meaning of the consequent B.

S—>B : S, =B (3.2)
S—>SadB : S =Sr N B
B->C : By =GCy )

B-notC : By =Cg (& complement of Cg)
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Cc-S : CL =8k
Cc-D : G, =Dg
- C-E 1 C,=Fg

D-veryD : Dy =D} (2 square of Dg)
E-veryE : Dp=E} (& square of Eg)
D-a . Dp=a
E->b : EL =b,
The grammar in question generates the linguistic values exemplified by
the list:

a b aand b

nota not b notaand b

very a -very b notg and not b

not very a not very b . not very @ and not very b
not very very a not very very b ete. :

etc. etc.

In general, to compute the meaning of a linguistic value, £, generated by
the grammar, the meaning of each node of the syntax tree of £ is computed —
by the use of equations (3.2) — in terms of the meanings of its immediate
descendants. In most cases, however, this can be done by inspection — which
involves a straightforward application of the translation rules which will be
formulated in Sec. 4. Thus, we readily obtain, for example:
not very a > (a%)’ : : 3.3)
not very a and not very b - (a’) N (5%

where ' is the complement of g and 4? is defined by -
par (@) = (uu))?, u€U. , N X))

To characterize the primary fuzzy sets a and b, it is frequently convenient
to employ standardized membership functions with adjustable parameters. One
such function is the S-function, S(u;a,8,7), defined by .

Swu;,py)=0 forusa (3.5)
2 ,
=2(——) fora<u<g

—~r\2 .
=] —2(“—_3—) forfsus<y

= foruzy
~ +
where the parameter g4 _0‘_21 is the crossover point, that is, the value of u at
which S(u;a,8,y) = 0.5. For example, if 2 & young and b & old, we may have
(see Fig. 1) ,
Byoung =1 —5(20,30,40) (3.6)

and .
oy = 5(40,55,70) ' : 3.7
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in which the argument u is suppressed for simplicity. Thus, in terms of (3.6),
the translation of the proposition p & Joe is young (see (2.13)), may be
expressed more concretely as

Joe is young = 7 4 (70e) = 1 — 5(20,30,40) (3.8)

where 7 4gJoe) is the possibility distribution function of the linguistic variable
Age(Joe). Similarly,

Joe is not very young = m 4ge soe) = 1 — [1 —5(20,30,40)}*. 3.9)

An important aspect of the concept of a linguistic variable relates to the
fact that, in general, the term-set of such a variable is not closed under the
various operations that may be performed on fuzzy sets, for example, union,
intersection, product, etc. For example, if € is a linguistic value of a variable
X, then, in general, £* is not in the term-set of X.

The problem of finding a linguistic value of X whose meaning approximates
to a given fuzzy subset of U is called the problem of linguistic approximation
(Zadeh, 1975c; Wenstop, 1975; Procyk, 1976). We shall not discuss in the
present paper the ways in which this nontrivial problem can be approached, but
will assume that linguistic approximation is implicit in the retranslation of a
possibility distribution (see (2.10)) into a proposition expressed in a natural
language.

G

e

young

/—very young /

not young

\— old

more or less young

age

Fig. 1 — Graphical representation of linguistic values of Age.

4. FUZZY LOGIC (FL)
In a broad sense, fuzzy logic is the logic of approximate reasoning; that is, it
bears the same relation to approximate reasoning that two-valued logic does to
precise reasoning.

In this section, we shall focus our attention on a particular fuzzy logic,
FL, whose truth-values are linguistic, that is, are expressible as the values of a
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linguistic variable Truth whose base variable takes values in the unit interval.
In this sense, the base logic for FL is Lukasiewicz’s Latepn, logic whose truth-
value set is the interval [0,1].

The principal constituents of FL are the following: (i) Translatxon rules,
(ii) Valuation rules, and (jii) Inference rules. .

By translation rules is meant a set of rules which yield the translation of
a modified or composite proposition from the translations of its constituents.
For example, if p and q are fuzzy propositions which translate into (see (2.8))

P>, .. .x)=F @“4.1)
q-> iy, ... %,)=0C (4.2)

and

respectively, then the rule of conjunctive composition — which will be stated
at a later point in this section — yields the translation of the composite propo-
sition “p and ¢”.

By valuation rules is meant the set of rules which yield the truth-value (or
the probability-value or the possibility-value) of the modified or composite
proposition from the specification of the truth-values (or probability-values
or possibility-values) of its constituents. A typical example of the valuation
rule is the conjunctive valuation rule which expresses the truth-value of the
composite proposition “p and g as a function of the truth-values of p and q
— for example, not very true and quite true, respectively.

The principal rules of inference in FL are: (a) The projection principle,
(b) The particularization/conjunction principle; and (¢) The entailment principle.
In combination, these rules lead to the compositional rule of inference which
may be viewed as a generalization of the modus ponens.

In what follows, we shall discuss briefly only those aspects of fuzzy logic
which are of direct relevance to approximate reasoning. A more detailed dis-
cussion of FL may be found in Zadeh (1975a) and Bellman and Zadeh (1976).

Translation rules
The translation rules in FL may be divided into several basic categories. Among
these are:

. Typel. Rules pertaining to modiﬁcation.
Type II. Rules pertaining to composition.
Type III. Rules pertaining to quantification.
Type IV. Rules pertaining to qualification.

Simple examples of bpropositions to which the rules in question apply are
the following:

TypeI. Xis very small.
Therese is highly intelligent.
Type II. X is small and Y is large.
' If X is small then Y is large. "
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Type III. Most Swedes are tall.

Many men are taller than most men.
Type IV. John is tall is very true.

John is tall is not very likely.

John is tall is quite possible.

In combination, the rules in question may be applied to the translation of
more complex propositions exemplified by:

If ((X is small and Y is large) is very likely) then (Z is very large is not
very likely).
((Many men are taller than most men) is very true) is quite possible.

Rules of Type |
A basic rule of Type I is the modifier rule, which may be stated as follows.

Let X be a variable taking values in U = {u}, let F be a fuzzy subset of
U, and let p be a proposition of the form “X is F”. If the translation of p is
expressed by

XisF->Ny=F 423)

then the translation of the modified proposition ‘X is mF”, where m is a
modifier such as not, very, more or less, etc., is given by

XismF -1y =F* 4.4)

where F* is a modification of F induced by m. (More detailed discussions of
various types of modifiers may be found in Zadeh (1972a, 1975c), Lakoff
(1973a,b), Wenstop (1975), McVicar-Whelan (1975), Hersh and Caramazza
(1976), and other papers listed in the bibliography.) More specifically,

If m = not, then F*=F'2 complement of F 4.5
If m = very, then F* = F? (4.6)
where
F? =f pk()/u 4.7
U

The “integral” representation of a fuzzy set in the form F = I b (u)/u signifies
U

that F is a union of the fuzzy singletons u(u)/u, u € U, where ug is the mem-

bership function of F. Thus, (4.7) means that the membership function of F?

is the square of that of F.

If m = more or less, then F*=+/F 4.8)

JVF = f ViR @l @49)
U

where
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or,

F+=f @K  @i0)

where K(u) is the kernel of more or less (Zadeh, 1972)
As a simple illustration, consxder the proposition “X i is small”, where small

is defined by

small = 1/0+1/1+0.8/2+0.6/3+0.4/4+0.2/5 . 4.11)
Then o : '

X is very small = [Iy = F* 4.12)
where ‘ :

Ft=F?=1/0+1/14+0.64/2+0.36/3+0.16/4+0.04/5 . (4.13)

It is important to note that (4.6) and (4.8) should be regarded merely as
standardized default definitions which may be replaced by other definitions
whenever they do not fit the desired sense of the modifier m. Another point
that should be noted is that X in (4.3) need not be a unary variable. Thus,
(4.3) subsumes propositions of the form “X and Y are F”, as in “X and Y
are close”, where CLOSE is a fuzzy binary relation in U X U. Thus, if

X and Y are close > Ix,y) = CLOSE 4.149)

then : ,
X and Y are very close > II(x,y)=CLOSE* . (4.15)

Rules of Type 11
Compositional rules of Type II pertain to the translation of a proposition p
which is a composite of propositions ¢ and r. The most commonly employed
modes of compositions are: conjunction, disjunction, and conditional compo-
sition (or implication). The translation rules for these modes of composition
are as follows. (We are tacitly assuming that the compositions in question are
noninteractive in the sense defined in Zadeh (1975¢).) :
Let X and Y be variables taking values in U and V, respectively, and let F
and G be fuzzy subsets of U and V. If

XisF-Ty=F ' (4.16)
YisG->Ty=G 4.17)

then o
(@) XisFand YisG~>Ilixy)y=FNG (4.18)
=FXG . ; .
(b) XisForYisG~>Ilxy, =F+G . (4.19)
and (c;) f Xis Fthen YisG > Mixyy=F G (4.20)
or (c;)IfXisFthenYisG->Ixyy=FXG+F XV 4.21)
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where Il xy) is the possibility distribution of the binary variable (X,Y), Fand G
are the cylindrical extensions of F and G, respectively, that is,

F=FXV 4.22)
G=UXG; (4.23)

F X G is the Cartesian product of F and G, which may be expressed as F N G
and is defined by

urxcW,v) =pr@)Apc(v), u€U, veEV, (4.29)
+ is the union, and @ is the bounded sum, that is,
Mo G @, v) =1 A [1 —pp@) + uc()] (4.25)

where + and — denote the arithmetic sum and difference. Note that there are
two interpretations of the conditional composition, (¢;) and (c;). Of these,
(cy) is consistent with the definition of implication in Laepn, logic, while (c;)
corresponds to the table

X|Y
F|G
F'|v

As a very simple illustration, assume that U=V =1 + 2 + 3. (To be con-
sistent with our notation for fuzzy sets, a finite nonfuzzy set U = {u,,...u,}
may be expressed as U =u,+...+u,.)

F 2 small & 1/14+0.6/2+0.1/3 (4.26)
G A large 2 0.1/1+0.6/2+1/3

Then (4.18), (4.19), (4.20) and (4.21) yield

X is small and Y is large - ITx vy = 0.1/(1,1) + 0.6/(1,2) + 1/(1,3)
+0.1/(2,1) + 0.6/(2,2) + 0.6/(2,3)
+0.1/(3,1) +0.1/(3,2) + 0.1/(3,3)

Xissmall or Yislarge > I xyy = 1/(1,1) + 1/(1,2) + 1/(1,3)
+0.6/(2,1) +0.6/(2,2) + 1/(2,3)
+0.1/(3,1) + 0.6/(3,2) + 1/(3,3)

If X is small then Y is large - I x y) = 0.1/(1,1) + 0.6/(1,2) + 1/(1,3)

‘ +0.5/(2,1) + 1/(2,2) + 1/(2,3)

+1/(B,1)+1/(3,2)+1/(3,3)

If X is small then Y is large > I (xy) = 0.1/(1,1) + 0.6/(1,2) + 1/(1,3)

. +04/(2,1) +0.6/(2,2) + 0.6/(2,3)

+0.9/(3,1) + 0.9/(3,2) + 0.9/(3.3).
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Rules of Type 11
Quantificational rules of Type III apply to propositions of the general form

pL QXare F | 427)

where Q is a fuzzy quantifier (most, many, few, some, almost all, etc.), X is a
variable taking values in U, and F is a fuzzy subset of U. Simple examples of
(4.27) are: “Most X’s are small”, “Some X’s are small”, “Many X’s are very
small”, A somewhat less simple example is: “Most large X’s are much smaller
than o, where a is a specified number.

In general, a fuzzy quantifier is a fuzzy subset of the real line. However,
when Q relates to a proportion, as is true of most, it may be represented as a
fuzzy subset of the unit interval. Thus, the membership function of Q & most
may be represented as, say, ’

Mmost =S(0.5,0.7,0.9) , (4.28)

where the S-function is defined by (3.5).

To be able to translate propositions of the form (4.27), it is necessary to
define the cardinality of a fuzzy set, that is, the number (or the proportion)
of elements of U which are in F. When U is a finite set {u,,...uy}, a possible
extension of the concept of cardinality of a nonfuzzy set — to which we shall
refer as fuzzy cardinality — is the following. Let ‘ :

F=)_ aF, o , (4.29)
a -
be the resolution (Zadeh, 1971) of F into its level-sets, that is,
F A {ulup(u)>a} | (4.30)
where aF, is a fuzzy set defined by
HaF, = CHE, 4.31)

and Z denotes the union of the aF, over a € [0,1]. Let |F,| denote the

¢ L
cardinality of the nonfuzzy set F,. Then, the fuzzy cardinality of F is denoted
by | F|,and is defined to be the fuzzy subset of {0,1,2,...} expressed by
IFlp= D of IRl (4.32)

[+ ]

Asa simple éxample, consider the fuzzy subset small defined by (2.1). In
this case, ’

Fi=0+1 . IR1=2

Fog=0+1+2 -, |FRgl=3

F06=0+1+2+3 N |F0'5|=4

Foa=0+1+2+344 , |Foal=5

q For=0+1+2+3+4+5, |Fyi=6
an .
|Flp= 1/2+0.8/3+06/4+04/5+02/6. : (4.33)

166



ZADEH

Frequently, it is convenient or necessary to express the cardinality of a
fuzzy set as a nonfuzzy real number (or an integer) rather than as a fuzzy
number. In such cases, the concept of the power of a fuzzy set (DeLuca and
Termini, 1972) may be used as a numerical summary of the fuzzy cardinality
of a fuzzy set. Thus, the power of a fuzzy subset, F, of U = {uy,...uy} is
defined by

IFI2 2 e (4:34)

where pgp(u;) is the grade of membership of u; in F, and Z denotes the
arithmetic sum. For example, for the fuzzy set small defined by (2.1) we have

|F|=1+1+08+06+04+02=4,

For some applications, it is necessary to eliminate from the count those
elements of F whose grade of membership falls below a specified threshold.
This is equivalent to replacing F in (4.34) with F N T, where I' is a fuzzy or
nonfuzzy set which induces the desired threshold.

As N increases and. U becomes a continuum, the concept of the power
of F gives way to that of a measure of F (Zadeh, 1968; Sugeno, 1974), which
may be regarded as a limiting form of the expression for the proportion of
the elements of U which are in F. More specifically, if p is a density function
defined on U, the measure in question is defined by '

LF I éJ' pW)upW)du (4.35)
U

where ug is the membership function of F. For example, if p(u)du is the pro-

portion of men whose height lies in the interval [u,u+du], then the proportion

of men who are tall is given by

o0
I|2all || =j o) gp(w)du . ’ (4.36)
0 :
Making use of the above definitions, the quantifier rule for propositions of
the form “QX are F”’ may be stated as follows.
If U= {u,,...uy}and ‘

XisF->lly=F (437)
then

QXare F>Ilip=Q (4.38)
and, if Uis continuum,

QX are F—> n“p" =Q (439)

which implies the more explicit rule

OX are F > n(p) =g [f p (W) ur(u)du] (4.40)
U
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where p(u)du is the proportion of X’s whose value lies in the interval [u,u+du],
n(p) is the possibility of p, and pg and up are the membership functions of
Q and F, respectively. ‘ ' '

As a simple illustration, if most and tall are defined by (4.28) and u,; =

S(160,170,180), respectively, then

Most men are tall = n(p) =

200
S[J‘ p()S(u;160,170,180)du;0.5,0.7,09] 4.41)

where p(u)du is the proportion of men whose height (in cm) is in the interval
[w,u+du]. Thus, the proposition “Most men are tall” induces a possibility
distribution of the height density function p which is expressed by the right-
hand member of (4.41). .

Rules of Type v

Among the many ways in whlch a proposmon p, may be qualified there are
three that are of particular relevance to approximate reasoning. These are: (a)
by a linguistic truth-value, as in “p is very true”, (b) by a linguistic probability-
value, as in “p is highly probable”; and (c) by a linguistic possibility-value,
as in “p is quite possible”. Of these, we shall discuss only (a) in the sequel.
‘Discussions of (b) and (c) may be found in Zadeh (1977).

As a preliminary to the formulation of translation rules pertaining to truth
qualification, it is necessary to understand the role which a truth-value plays in
modifying the meaning of proposition. Thus, in FL, the truth-value of a
proposition, p, is defined as the compatibility of a reference proposition, r,
with p. More specifically, let

pAXisF
where F is a subset of U, and let r be a reference proposition of the special form
rd Xisu ' (4.42)
where u is an element of U, Then, the compatibility of r with p is deﬂned as
Comp(Xisu/Xis F) & up(u) ' | (4.43)
or, equivalently (in view of (2.3)), » '
Comp(X isu/X is F) & Poss{X =u | X is F}. ‘ 4.44)
To extend (4.43) to the case where risa fuzzy proposmon of the form

riXxisG, GCU : (4.45)
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we apply the extension principle? to the evaluation of the expression pF(G),
yielding ’

Comp{X is G/X is F} & up(G) (4.46)

éf ueW)/up()
[0,1]

in which the right-hand member is the union over the unit interval of the fuzzy
singletons ug(u)/ugp(4). Thus, the compatibility of “X is G with “Xis F”isa
fuzzy subset of [0,1] defined by (4.46).

In FL, the truth-value, 7, of the proposition p & X is F relative to the
reference proposition 7 & X is G is defined as the compatibility of » with p.
Thus, by definition,

T2 Tr{Xis F/Xis G} & Comp{X is G/X is F} (4.47)
= ur(G)

=f v @W)/ur ()

[0,1]

which implies that the truth-value, 7, of the proposition “X is F relative to
“X is G” is a fuzzy subset of the unit interval defined by (4.47). In this sense,

then, a linguistic truth-value may be regarded as a linguistic approximation to
the fuzzy subset, 7, represented by (4.47). (See Fig.2.)

"

/—lefG)

0 u
Fig. 2 — Graphical illustration of the concept of relative truth.

t The extension principle (Zadeh 1975c) serves to extend the definition of a mapping

f: U=V to the set of fuzzy subsets of U. Thus, f(F) __A_J‘ up@)/f(u), where f(F) and
f(u) are, respectively, the images of Fandu in V. v
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A more explicit expression for 7 which follows at once from (4.47) is the
following. Let y, denote the membership function of 7 and let v € [0,1]. Then

Hr(v) = Max, 1) i (4.48)
subject to
pr@)=v . | ~ (4.49)
In particular, if g is 1—1, then (4.48) and (4.49) yield .
w0 =wcFe), veD]. ' (450
As a simple illustration, consider the propositions (see Fig. 3) ]
PAXisF ‘ 4.51)

r A Xis G where G = [a,b] .
In this case, it follows from (4.50) that 7 is the interval given by
7= [ur(®).ur @) . '

,‘1:::::::?_;/ ’

a b u
1——— — — —_
‘ | .
A
|
|
| ‘
P
| ,
B M2 1 v

Fig. 3 — Interval-valued truth-value for an interval-valued reference proposition.
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The definition of the truth-value of p as the compatibility of a reference
proposition r with p provides us with a basis for the translation of truth-
qualified propositions of the form “p is v when 7 is a fuzzy subset of [0,1].
Specifically, from the relation ‘

7=ur(G) (4.52)

which defines 7 as the image of G under the mapping up: U = [0,1], it follows
that the membership function of G may be expressed in terms of those of 7 and

U by (see Fig. 4)

re () = u(ur@)) . (4.53)
y Yu-true
1 \\\ \ ‘_—/T
SR -
F
at | : e
\
y i * - —F*
N
| -~ | .
o o’ u

Fig. 4 — Effect of truth qualification on F. (8 is mapped into 8'.) -

Now, if r & X is G is the reference proposition for p & X is F, we interpret
the truth-qualified proposition '

ql XisFist (445)

as the reference proposition r & X is G. This leads us, then, to the following
rule for truth qualification:

If
XisF->lly=F : (4.55)
then
XisFist—>Iy=F" (4.56)
where .
pp ) = p(up®)) . (4.57)
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In particular, if 7 is the unitary truth-value, that is )
724 u-true (4.58)

where

Pume®)E v, vE[0]]  (459)
then v

XisFisu-true>XisF. (4.60)

As an illustration of (4.56), consider the proposition
~ p 2 Lucia is young is very true (4.61)

in which

Hyoung = 1 —S(25:35:45) ' (4.62)

Mpye = S(0.6,0.8,1.0)
Hvery tue = S2(0.6,0.8,1.0)
. On applying (4.56) to p, we obtain
P = T gge(Lucia)() = S*[1 — 8(4;25,35,45);0.6,0.8,1.0] - (4.63)
which may be roughly approximated by the proposition

and

+

p* 8 Lucia is very young . (4.64)
Similarly, for the proposition l
g 2 Lucia is not young is very false (4.65)

where false & ant true, that is,

Hrase(V) & Bone(1—v), v E[0]1] (4.66)
. =1-50;0,02,04)
we obtain
2
4~ Tageuciy = [1—S[S(;25,35,45),0,0.2,0.4]]) (4.67)

which, as can readily be verified, defines the same possibility distribution as .
(4.63).

The translation rules described above provide us with the necessary basis
for the formulation of the rules of inference in FL and the related notions
of semantic equivalence and semantic entailment. We turn to these issues in the
following section.

5. SEMANTIC EQUIVALENCE AND SEMANTIC ENTAILMENT
In this section, we shall consider two related concepts in fuzzy logic that play
an important role in approximate reasoning. These are the concepts of semantic
equivalence and semantic entailment.

Informally, two propositions p and q are semantically equivalent if and
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only if the possibility distributions induced by p and ¢ are equal. More
specifically, if

p- II'(’xl, xp=F
and

q "H?x,, Xy =G

where TIP and I1? are the possibility distributions induced by p and g, respec-
tively, and Xj,...X,, are the variables that are implicit or explicit in p and g,
then

P*’qiff"’(,xl,...x,,)=H?X,,...x,,) ' (5.1)

where « denotes semantic equivalence.

When (5.1) holds for all fuzzy sets in p and g that have a context-dependent
meaning, the semantic equivalence will be said to be strong.t For example, the
semantic equivalence

Adrienne is intelligent is true < Adrienne is not intelligent is false (5.2)

holds for all definitions of intelligent and true (false & antonym of true) and
hence is a strong equivalence. On the other hand, the semantic equivalence

Lucia is young is very true « Lucia is very young (5.3)

is not a strong equivalence because it holds only for some particular definitions
of young and true. (See (4.64) and (4.65) et seq.) Usually, a semantic equivalence
which is not strong is approximate in nature, as is true of (5.3).

Generally, it is clear from the context whether a semantic equivalence is
or is not strong. Where it is necessary to place in evidence that a semantic
equivalence is strong, it will be denoted by s¢, while approximate semantic
equivalence will be denoted by g+ .

The concept of semantic entailment is weaker than that of semantic
equivalence in that p semantically entails g (or q is semantically entailed by p)
if and only if l’lfxl, X © I'Ifxl, ... X)- Thus, in symbols,

prqiff x, ... x,y Clx,, ... Xp) (54)

where + denotes semantic entailment and H’(,x,, ...X, and ngb ... X, are the
possibility distributions induced by p and g, respectively.

As iin the case of semantic equivalence, semantic entailment is strong if
(5.4) holds for all fuzzy sets in p and g that have a context-dependent meaning.
As an illustration, the semantic entailment expressed by

X is very small » X is small (5.5)

t The concept of strong semantic equivalence as defined here reduces to that of semantic
equivalence in predicate logic (Lyndon, 1966) when p and q are nonfuzzy propositions.
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is strong since it holds for all definitions of small. On the other hand, the validity
of the semantic entailment expressed by

X is large = X is not small (5.6)

depends on the way in which large and small are defined, and hence (5.6) is
not an instance of strong semantic entailment.

In the case of propositions of the form p & X is Fand q & X is G, it is
evident that

XisF»XisGiff FCG. (5.7

From this and the definition of conditional composition (4.20), it follows
at once that

XisFeXisG iff f XisFthenXisG->Iixy=U -(5.8)
or equivalently
XisFrXisG iff f XisFthenXisG o Xis U ' 5.9)

where Iy is the possibility distribution of X and U is the universe of discourse
associated with X. Similarly, from the deﬁmtlon of conjunctive composition, it
follows that

XisF»XisG iff XisFand XisG > Ily=F (5.10)
or equivalently ’
XlsFHXst1ffXxsFandX1sG<*X1sF ' (5.11)

An intuitively appealing mterpretatmn of (5 11) is that p semantlcally entails q
if the information conveyed by “p and g is the same as the information con-
veyed by p alone.

As a preliminary to applying the concepts of semantic equivalence and
semantic entailment to approximate reasoning — which we shall do in Sec. 6 — it
will be helpful to formulate several rules pertaining to the transformation of
a given proposition, p, into other propositions that have the same meaning as
p, that is, are strongly semantically equivalent to p.

A general rule governing such transformations may be stated informally as
follows. ‘

If m is a modifier and p is a proposition, than mp is semantically equivalent
to the proposition which results from applying m to the possibility distribution
which is induced by p.

Thus, on applying this rule to the case where m & not and making use of
the translation rules (4.5), (4.56) and (4.40), we arrive at the following spec1ﬁc
rules governing the negation of a proposition:

(a) not(XisF)e Xisnot F : C (5.12)
for example, _ _ »
not(X is small) X is not small ; _ (5.13)
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() not(XisFist) e XisFisnott | (5.14)

for example,
not (X is small is very true) X is small is not very true ; ' (5.15)
(c) not(QX are F) & (not Q)X are F : (5.16)

for example,
not(many men are tall) «(not many)men are tall . (5.17)

Similarly, for m £ very, we obtain

(@) very(Xis F) ¢ Xisvery F (5.18)
(b) very(XisFist) e XisFisvery r (5.19)
(c) very(QX are F) < (very Q)X are F (5.20)

In addition, from the translation formulas (4.5), (4.40), and (4.56), it
follows at once that

XisFisreXisnot Fisantr 521

and QX are F < (ant Q)X are not F (522)

.-where ant 7 and ant Q denote the antonyms of 7 and Q, respectively. (See

(4.66).) Similarly, for m = very, we have

XisFist e Xisvery Fisr (5.23)
where the “left-square” operation on 7 is defined by
1
=) L), ve[0]] (5.24)
0
or equivalently
#2,0) = (V) (5.25)

where u, is the membership function of 7. However, as will be seen later, when
F is modified to very F in “QX are F”’, we can assert only the semantic entail-
ment — rather than the semantic equivalence — expressed by

QX are F - (?Q)F are very F (5.26)
where 1
0 =J uo()v? (5.27)
0
or equivalently
kag®) = ko(V?) (528)
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It should be noted in closing that the negation rule expressed by (5.16)
appears to differ in form from the familiar negation rule in predicate calculus
(Lyndon 1966), which, when F is interpreted as a nonfuzzy predxcate may be
expressed as

not(all X are F) < some X are not F . - (529)

However, by the use of (5.22) it is easy to show that the right-hand member of
(5.29) is semantically equivalent to that of (5.16). Specifically, from (5.22) it
follows that

(not all) X are F « (ant(not all)X)are not F
and if some is defined as

some £ ant(not all) ' (5.30)
then ‘ ‘
(not all)X are F +some X are not F . (5.31)

in agreement with (5.29).

Remark

It should be observed that most of the definitions made in this and the preceding
sections — especially in regard to the semantic equivaienc_e and semantic entail-
ment of fuzzy propositions — are nonfuzzy and, for the most part, quite precise.
What should be understood, however, is that all such definitions may be fuzzi-
fied, if necessary, by the use of the following general convention.

Let U be a universe of discourse, with u denoting a generic element of U,
A concept, C, in U is a subset, A, of U (or U™ n > 1) which is defined by a
predicate P such that P(u) is true if u € A, that'is, ¥ is an instance of C, and
false otherwise. Assume that P(u) is of the form P(f(u)), where P(f(u))is true
if f(u) = 0 and false if f(u) > 0. Then A — and hence the concept C which is
associated with it — may be fuzzified by defining the grade of membership of u
in A as a monotone function of f(x) which assumes the value unity when
f(u) = 0. (The definition of such a function is, in general, application-dependent
rather than universal in nature.) In this sense, any definition which has the
format stated above may be viewed as providing a mechanism for a fuzzification
of the concept which it serves to define.

As an illustration of this convention, consider the concept of semantic
equivalence as defined by (5.1). In this case, the concept of semantic equivalence
may be fuzzified by defining the degree to which p and g are semantically
equivalent as a monotone function of the “distance” between II” and I19, with
the distance function defined in a way that reflects the specific nature of the
domain of application. It should be understood, of course, that the concept
in question may also be fuzzified in other ways whnch do not stem directly
from its nonfuzzy definition.
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6. RULES OF INFERENCE AND APPROXIMATE REASONING
As in any other logic, the rules of inference in FL govern the deduction of a
proposition, g, from a set of premises {p,,...p,}. However, in FL both the
premises and the conclusion are allowed to be fuzzy propositions. Furthermore,
because of the use of linguistic approximation in the process of retranslation,
the final conclusion drawn from the premises p,,...p, is, in general, an
approximate rather than exact consequence of py, . ..p,.

The principal rules of inference in FL are the following.

1. Projection principle
Let p be a fuzzy proposition whose translation is expressed as

p->Ilx, ... x,y=F.
Let X5 denote a subvariable of the variable X & (X1, ...X,), that is,
X = Ky X;) (6.1)
where the index sequence s 4 (i), . . .7)) is a subsequence of the sequence (1,...n).
LetII X(s) denote the marginal possibility distribution of X(s); that is,
nn X =Proj Ug) F 6.2)
where U,,i = 1,...n is the universe of discourse associated with Xj;
Ugp=Uy X...X Uy, (6.3)
and the projection of F on Uy, is defined by the possibility distribution function
Txsy Ghip - i) = Subyy . vy Mr (W, .. .Un) 64

where s’ & (ji,...jy) is the index subsequence which is complementary to s, and
U is the membership function of F,
Let g be a retranslation of the possibility assignment equation

My, = Projy, F . (6.5)

Then, the projection principle asserts that ¢ may be inferred from p. In a
schematic form, this assertion may be expressed more transparently as

P>, .. . xp=F (6.6)

V
g+«ll X = Projy(s) F.

The statement of the projection principle assumes a particularly simple form
for n = 2. In this case, writing X, Y, U, V for X,, X,, U,, U, respectively, we have

P>l y)y=F 6.7)
a < Iy ="Projg F 68)

and likewise for the projection on V.
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A special case of (6.6) obtains when Il x,y) is the Cartesian product of
normal fuzzy sets. Thus, if

D n(x’ )= G X H . » (69)
then from p we can infer g and r, where '

q<ly=G - - (6.10)
and

r<lly=H. : 6.11)
As a simple illustration, if ‘

p A John is tall and fat
then from p we can infer

q & John s tall

r & John is fat .

and

2. Particularizétion/conjunction principle
Let p be a fuzzy proposition whose translation is expressed as

p->lyx, .. .xp=F, FCUX..XU,. 6.12)

Then from p we can infer r, where r is a retranslation of a particularization of
H(Xl’ e Xp) that is,

’ r<ly,...xyMxg =Gl =FNG : (6.13)

where X is a subvariable of X, G is a cylindrical extension of G, G C U, and

N, ...x, [“X(s G] denotes an n-ary possibility distribution which results

from particularizing Xy to G. Equivalently, the particularization principle may
be expressed in the schematic form

PN, .. .xp=F (6.14)
q”“(xtp~—~xi,,)=6. ‘

?'*"ﬂ(xl'.“xn)=Fné .

For the special case of n = 2, the particularization principle may be stated
more simply as:

From ,
PAXY)isF (6.15)
and
gL XisG
we can infer
rA(X,Y)isFnG. S (6.16)
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Thus, for example, from
P & X and Y are approximately equal 6.17)

q & X is small

and

we can infer (without the application of linguistic approximation)
r& X and Y are(approximately equal N (small X V)) . (6.18)

As stated above, the particularization principle may be viewed as a special
case of a somewhat more general principle which will be referred to as the
conjunction principle. Specifically, assume that

P>y, ... Y Xeryoo X = F (6.19)

q~ nng, Y21y e Zm) = G (6'20)

where Y;,...Yy are variables which appear in both II? and I19, and U, V; and
W, are the universes of discourse associated with X;, ¥; and Zy; let S be the
smallest Cartesian product of the U, ¥}, and Wy which contains the Cartesian
products Vi X .. . XV X Uy X ... X Upand X .. X Ve X Wiegr X oo o X Wis
and let F and G be, respectively, the cylindrical extensions of F and G in S.
Then, from p and q we can infer r, where (in schematic form)

p->Myx)=F (6.21)
¢~ My,z)=G

r<lixy,z=FnG

and Yé (Yl, oo Yk),X_—A; (Xk+h . -Xn) and Zé— (Zk-H’ . -Zm)
A particular but important case of (6.21) which we shall use at a later point
results when n = 3, and k = 1. For this case, (6.21) may be expressed as

p-Mxy)=F _ (6.22)
q<Ny,z=G

r‘-n(x'y.z)=(Fx W)n(UXG).

Although the particularization principle is subsumed by the conjunction
principle, it is simpler that the latter, is employed more frequently, and has
a somewhat greater intuitive appeal. For this reason, we use the designation
“‘particularization/conjunction principle” to refer to the principle which, in
most applications, is the particularization principle and, in some, the con-
junction principle. It should be noted that, in predicate logic (Lyndon 1966),
this principle implies the generalization rule,
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3. Entailment principle

Stated informally, the entailment principle asserts that from any fuzzy propo-
sition p we can infer a fuzzy proposition ¢ if the possibility distribution induced
by p is contained in the possibility distribution induced by q. Thus, schemati-
cally, we have .

P>, .x)=F (6.23)

{
g, ..x)=CG2F.

For example, from p & X is very large we can infer g £ X is large.

The compositional rule of inference. In general, the inference principles stated
above are used in sequence or in combination. A combination that is particularly
effective involves an application of the particularization/conjunction principle
followed by that of the projection principle. This combination will be referred
to as the compositional rule of inference (Zadeh 1973). As will be seen later,
the compositional rule of inference includes as a special case a generalization of
the modus ponens.

For our purposes, it will be convenient to state the compositional rule of
inference in the following schematic form :

p-lxy)=F ‘ (6.24)
q->vz)=G |

where X, Y and Z take values in U, V and W, respectively; F is a fuzzy subset
of U X V, G is a fuzzy subset of ¥ X W, and FoG is the composition of Fand G

defined by
Breg U,W) = Sup, [up@,v) A pc(v,w)] , | (6.25)

where u € U, v € V, w € W and pp and ug are the membership functions of
F and G, respectively; and the dashed line signifies that, because of the use
of linguistic approximation in retranslation, r is, in general, an approximate
rather than exact consequence of p and q. It should be noted that the com-
positional rule of inference is analogous to the rule which yields the probability
distribution of Y from the probability distribution of X and the conditional
probability distribution of Y given X. :

It is easy to demonstrate that the compositional rule of 1nference may be
regarded as a result of applying the particularization/conjunction principle
followed by the application of the projection principle. Specifically, on applymg
(6.21) to (6.24), we obtain
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P n(x,y) =F (6.26)
q>Nyz) =G

s "‘H(X’y'z)=(FX W)Nn(UX G)
where
ke x w) 0 (ux ¢)uy,w) =up,y) Aug,w) . (6.27)

Next, on applying the projection principle to s and projecting Il x,y,z) on
U X W, we have

Projyx wl(FXW)N(UX G)] = Supy [up@,v) Auc(v,w)] [(u,w)
UXW (6.28)

which upon comparison with (6.25) shows that the resulting proposition may be
expressed — in agreement with (6.24) — as

r*‘n(x,z)=F°G . (629)

An important special case of the compositional rule of inference obtains
when p and g are of the formp & Xis F,q & If X is G then Y is H. For this
case, (4.20) and (6.24) yield the compositional modus ponens:

p->ly=F (6.30)

r < Fo(G'o H)
which may be regarded as a generalization of the classical modus ponens, with
the latter corresponding to the special case of (6.30) in which F, G and H are
nonfuzzy and F = G, For this case, (6.30) reduces to

p-»II(X=F (6.31)

q~Nx,y)y=FeH '

r<Iy=Fo(F oH)
and since

Fo(F'eH)=H
it follows that

reYisH

which means that from p & X is F and q & If X is F then Y is H we can infer
rA Yis H,in agreement with the statement of the modus ponens.

The rules of inference presented in the foregoing discussion provide us
with a basis for employing approximate reasoning for the purpose of question-
answering and inference from fuzzy propositions. We shall illustrate the use of
the methods based on these rules by applying them to several typical problems.
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Semantic equivalence. As a simple example, assume that from the premise
p & Ellen is not very tall

we wish to deduce the answer to the question “Is Ellen tall 77", where the
symbol ?r signifies that the answer to the question is expected to be of the
form : '

q2 Ellenistallis 7

where 7 is a linguistic truth-value.

To obtain the answer to the question, we shall require that p and g be
semantically equivalent, implying that the possibility distribution induced by
p is equal to that induced by q. '

Thus, by using the translation rules (4.5), (4.6) and (4.56), we obtain

Ellen is not very tall - Tpreiens(emen)®) = 1 — pig(4) (6.32)
Ellen is tall is 7 = Tgreigne (gmen) () = by [1ean ()] (6 33)

whefe U, the membership function of tall, is assumed to be given. From
(632) and (6.33), then, it follows that the desired membership function u,
satisfies the identity

1— pgn(®) = pr [ear(®)] , 4 €[0,200] o (6.34)
from which we can conclude at once that ., is given by (see Fig. 5)
w@)=1— p? (6.35)

to which a rough linguistic approihnation may be expressed as .

T < not very true . » (6.36)

/T very tall

T=
not very true \

a

1 « B

Fig. § — Extraction of an answer by the use of semantic equivalence.
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It is instructive to obtain the same result by a succesive use of the rules
governing the application of negation, truth qualification, and modification (by
very). Thus, we can assert that :

John is not very tall
+ John is not very tall is u-true (by (4.60))

John is not very tall is u-true
< John is very tall is ant (u-true) (by (5.21))

John is very tall is ant(u-true)
« John is tall is Y2(ant (u-true)) (by (5.23))

which implies that

7= Y2(ant (u-true)) . (637)
that is, 7 is the “left-square root” of (ant(u-true)), and since

Muyue(v) = (6.38)
we have

pr=1—12 (6.39)

in agreement with (6.35).

Semantic entailment. Assume that we wish to deduce from the premise
p 2 Most Swedes are tall

the answer to the question “How many Swedes are very tall?”
Translating p by the use of (4.40), we have

200
Most Swedes are tall = m,(0) = tman [ p (U} pgan(u)du) (6.40)
0

where p(u)du is the proportion of Swedes whose height is in the interval
[uu+du] and m, is the possibility distribution function of p. (Note that height
is expressed in centimetres.)

Now, by (4.30) the proportion of Swedes who are very tall is given by

200
Y =J(; p ()i (u)du . (641)

Thus, our problem is to find the possibility distribution of ¥ from the knowledge
of the possibility distribution of p — which is given by the right-hand member
of (6.40). In a variational formulation (which follows from (4.48)), this problem
may be expressed as

200

7(Y) = MaXy pyose| | P (04) ga ()] (642)
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subject to
, 200 :
y =f0 P @)1k}t (6.43)
The maximizing p for this problem is of the form (Bellman and Zadeh
1976).
pU)=58(u—a) (6.44)

where & is a §-function and « is a point in the interval [0,200]. The §-function
density implies that all elements of the population have the same value of the
attribute in question. Thus, from (6.43) we have :

v = 12u(a) L (649)
and hence ' '
T(Y) = tmost(Mran(a)) (6.47)
= “most(\/’;)
or equivalehtly (see (5.30)) .
7(Y) = Bamost(Y) \ - (647)

and hence the desired answer to the question “How many Swedes are very tall?”
is (see Fig. 6)

q A ?most Swedes are very tall. ' (6.48)

To verify that p semantically entails q, we note that

200
q - mg(p) = ”2most[[ p () ian(u)du] (6:49)

00
= Mmo.s’a’[JJT2 P(“)#?aﬂ(u)du] .
0

But, by Schwarz’s inequality

. 200
J P (W) pran(u)du <‘/J p)uin(u)du , (6.50)
(1}

and since ymo,,‘ is a monotone function, it follows that
mp(p) S mg(p) forall p and pyy
which implies that p semantically entails q, strongly.
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~——most

/—very tall

054+ — — —

0- 170cm u

Fig. 6 — Representation of most, tall and their modifications.

Particularization and projection principles. An illustration of the application
of the particularlization and projection principles is provided by the solution
to the following simple problem.

Suppose that the premises are

p & John is very big
q £ John is very tall

where big is a given fuzzy subset of U X V (that is, values of Height (in cms) X
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values of Weight (in kg)) and tall is a given fuzzy subset of U. The question is:
“What is John’s weight?” =~ '

Let us assume that the answer to the question is to be of the form 7 & John
is w, where w is a linguistic value of the weight of John (heavy, very heavy, not
very heavy, etc.). Then, by employing the translation rule (4.6), the particu-
larization pnnaple and the projection principle, we arrive at the retranslation
relation

r < Proj, x weigntBIG* [Meigns = TALL) 6.51)
which expresses the answer to the posed question.

In more concrete terms, assume that the (mcompletely tabulated) tables
defining the fuzzy sets BIG, TALL, and HEAVY are of the form

BIG |Height|Weight| u TALL [|Height | p HEAVY|Weight| u
165 | 60 |05 165 0.7 60 |0.7
170 | 60 |06 170 {08 » 65 |08
175 | 60 |07 . 175 |09 ~ 70 {09
170 | 65 |0.75 180 |1 75 (095
175 | 65 |08 ’ 185 |1 80 |1
180 | 65 |0.85 85 |1
170 | 70 |08
175 | 70 |0.85
180 | 70 |09
170 | 75 0385
175 | 75 109
180 | 75 095
180 | 80 |1

On substituting these tables in (6.51) we obtain for the attribute Weight a
possibility distribution of the (approximate) form

Myveigns = 0.5/60+0.7/65+0.8/70+0.9/75+1/80 ' (6.52)

which upon retranslation (and linguistic approximation) yields the answer
r & John is very heavy .
As an additional illustration, consider the following premises

P A Romy lives near a small city
q & Amold lives near Romy

from which we wish to deduce an answer to the questlon “Where does Arnold
live?”
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Assume that the relations entering in p and q have the frames shown below.
NEARp | Gityl | Gity2 |p|  NEARq | Gityl |Gity2 | |
SMALL CITY || City |1 |

in which NEARp and NEARq refer to the relations NEAR in p and q, respec-
tively. In terms of these relations, the translations of p and g may be expressed
as

P = Npocation (Residence(Romy)) (6.53)
= Projy x ciy1 NEARp [HCity2 =SMALL CITY]

q-~ H(Lo.:-ation (Residence (Romy)),Location (Residence (Amold)) (6 S 4)
=NEARq .

On substituting (6.53) in (6.54) and projecting on the attribute Location
(Residence(Amold)), we obtain

r < Proj, x ciy2NEARq [T ciy1 = Proju x cieyt NEARP [N iy, = (6.55)
SMALL CITY]]

as an expression for the answer to the posed question.

Compositional rule of inference. The compositional rule of inference is particu-
larly convenient to use when the variables involved in the premises range over
finite sets or can be approximated by variables ranging over such sets.

As a simple illustration, consider the premises

p A Xis small
q 2 X and Y are approximately equal

in which X and Y range over the set U= 1+ 2 + 3 + 4, and small and approxi-
mately equal are defined by

small =1/1+0.6/2 +0.2/3
approximately equal = 1{[(1,1) + (2,2) + (3,3) + (4,4)]
+0.5/[(1,2) + (2,1) +(2,3) + (3,2)
+(3,4) +(4,3)] .

In terms of these sets, the translations of p and ¢ may be expressed as

p-Illy =small (6.56)
q = (x,y) = approximately equal

and thus from p and q we may infer 7, where

r < llxoIl(x, y) = smalleapproximately equal . 6.57)
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The composition of small and approximately equal can readily be per-
formed by computing the max-min product of the relation matrices corres-

ponding to small and approximately equal. Thus, we obtain

1 050 O
05 1.05 0

0 051 05

0 0 051

[1 06 02 O]o =[1 06 05 02]

which implies that
ny = Hx °“(X’y) = 1/1 + 0.6/2 + 0.5/3 + 02/4
and which upon retranslation yields the linguistic approximation

r& Yismore orless small « Iy =1/1+0.6/2+0.5/3 +0.2/4 .

Thus, from p & X is small and ¢ & X and Y are apprommately equal, we can
infer, approximately, that r & Y is more or less small.
As a simple illustration of the compositional modus ponens, assume that,

as in Bellman and Zadeh (1976),

U=V=14+2+4+3+4
F=02/2+06/3+1/4
G=06/2+ 1/3+05/4
H= 1/2+06/3+02/4
with ' ' :
PLXisF->TNy=F (6.58)
A IfXisGthen YisH->1x,y)=G' 17

and

r<Ily=Fo(G'oH).

In this case,

111 1
~ = 10411 06
GeoH=14"106 06

051 1 07
and
111 1
Fo(G'oeH)=1[0 02 06 1]e 004 : 016 8‘2
051 1 07

=[05 11 07].

Thus, from p and g we can infer that

raYis05/1+1/2+1/3+0.7/4.
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The above example is intended merely to illustrate the computations
involved in the application of the compositional modus ponens when X and
Y range over finite sets. Detailed discussions of practical applications of the
compositional rule of inference in the design of so-called fuzzy logic controllers
may be found in the papers by Mamdani and Assilian (1975), Mamdani
(1976a,b), Kickert and van Nauta Lemke (1976), Rutherford and Bloore (1975),
and others given in the References and Bibliography.

7. CONCLUDING REMARK
The theory of approximate reasoning outlined in this paper may be viewed as
an attempt at an accommodation with the pervasive imprecision of the real
world.

Based as it is on fuzzy logic, approximate reasoning lacks the depth and
universality of precise reasoning. And yet it may well prove to be more effective
than precise reasoning in coming to grips with the complexity and ill-definedness
of humanistic systems, and thus may contribute to the conception and develop-
'ment of intelligent systems which could approach the remarkable ability of
the human mind to make rational decisions in the face of uncertainty and
imprecision.
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Abstract

This paper considers heuristic procedures for deriving suboptimal solutions of
complex discrete optimization problems for which no workable methods of
obtaining optimal solutions are available,

The main emphasis is focused on methods for modifying heuristic search
procedures in order to improve their problem solving performance in terms
of selecting solutions closer to optimal ones.

The techniques discussed include fuzzy heuristics, adaptive compositions of
heuristics, and suboptimal algorithms based on dynamic programming concepts.
These techniques are illustrated by examples and experimental computer imple-
mentation results.

The results obtained demonstrate that the application of the above methods
produces solutions superior to those derived by means of conventional heuristic
procedures and brings them sufficiently close to optimal solutions.

INTRODUCTION
It is generally known that a number of complex problems of high dimensionality,
especially problems with discrete variables, are not amenable to mathematical
programming methods. They either fall outside the categories of problems which
can be handled by conventional methods or else do not meet practical restric-
tions arising from the limited speed or memory of the computers used for this
purpose.

Such problems are handled by the use of suboptimal solution search
techniques.

The purpose of this paper is to examine methods of search for suboptimal
solutions. Section 1 discusses an heuristic search method which employs several
heuristics whose performance vis-a-vis a problem of a particular class isunknown.
In this situation it may be an advantage to make use of a search procedure where
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the contributions of individual heuristics to the solution process vary in accor-
dance with their performance at the preceding search steps.

A possible approach to handling such problems is to build the search pro-
cedure around an adaptive composition of heuristics. Sec. 1 describes this
approach and pertinent experimental results in detail.

Sec. 2 deals with the concept of fuzzy heuristics. Conventional heuristic
techniques usually yield one of a range of feasible solutions, and the solution
thus generated cannot be improved although it may be significantly inferior to
the optimal one. Fuzzy heuristics enable the researcher to derive a class of
suboptimal solutions and progresswely to approach a soluuon that may be
viewed as optimal.

The idea of using fuzzy heuristics was stimulated by the general concepts
of the theory of fuzzy sets and algorithms evolved by L. A. Zadeh (‘A theory
of approximate reasoning’, pp. 149-194 of the present volume).

Sec. 3 is concerned with the techniques for generating suboptimal
algorithms which are based on the ideas of dynamic programming. It has been
found that dynamic programming may serve for a broad class of problems as a
workable tool of optimal solution search, However, dynamic programming is
often associated with a prohibitively large memory requirement for storage of
intermediate results and with excessive computation time,

This paper also examines methods that may be employed to simplify
dynamic programming procedures by generating a class of successively improved
suboptimal solutions.

1. ADAPTIVE HEURISTIC SEARCH
In the general case the search for a feasible solution g = (g,, £, . . .,£,) may be
performed in M steps.

Denote the set of coordinate numbers computed at the j™ step as

S]= {11’129 .. -’IMj}» ] = 1;2, .o -M '
and assume that

Vs =1{1,2,...n}, 05 =¢.

The subset of coordinates determined at the /™ step will be defined as
E] = {gjl,ng) . -’gjml}
and called the j™ local solution.
Step-by-step solution search may be illustrated by successive computanon
of the coordinates of the vector g when

M=n, m=1, j=1,2,.., M.
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For the sake of simplicity the discussion that follows will be restricted to the
above situation, although the method is extendable to a more general case.

It will be assumed that at each search step the value of g; may be selected
from a finite set G; which contains V; distinct solutions

G]' = {311:8,23 .. 'g}\fj}'

The set G; will be defined as the set of local solutions at the jth step.
In the general case the set G; may depend on the selection of solutions at
the preceding steps; that is, on

81,82 .+ -g]—l'

The entire set of all possible solutions G = y G; = 181,82, ..., 8n} will be
called a generalized set of local solutions. When selecting the next local solution
the current state of the system is determined by the results of the solution pro-
cess at the previous steps. At the first step the system is in its initial state. At
the second step the number of possible states becomes equal to N, as from its
initial state the system may have passed into any one of the N, new states,
associated with the set of feasible solutions G;. At the third step the number
of possible states grows to NjN,, and in the general case at the j™ step the
number of possible states is defined as

1
Li= ]'I Ng .
=1

Thus the state of the system at the j™ step is the product of the entire history
of the solution search process. However, the number of possible states to be
examined may become excessively large, and must therefore be reduced to a
certain maneagable limit,

This is achieved by using the method most appropriate for the problem to
be dealt with.

Thus for the travelling salesman problem the number of possible states may
be restricted to the number of the salesman’s possible locations. The history of
his progress to a given point is disregarded. If a more detailed description of a
particular state is required the past performance of the system at one or more
steps may also be reviewed.

In the general case it will be assumed that at any search step the system
may be in any one of the L, possible states.

It will also be assumed that if the system is in the &' state, local solutions
are selected by using an ensemble of hypotheses (heuristics) defined by vectors

Ts=(C&,Ch...C8N)k=1,2,...L;S=1,2,... 2.
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The values of components C¥ indicate whether the choice of the solution
g as suggested by this hypothesis has been appropriate, provided the system is
in the k™ state.

We shall suppose that the computation procedure for CJ is such that
qu > C‘,,2 if in accordance with I'g the solution g; for the k'™ state has some
advantage over g;,.

The components C& will be termed local criteria,

The impact of specific hypotheses I's may vary from problem to problem
depending on specific problem parameters, or from one system state to another.
The adaptive procedure is intended for generating efficient compositions of
heuristics for different system states, that are likely to yield suboptimal solu-
tions. Typically, the adaptive procedure described above may be set up by
varying the contributions of specific hypotheses as the procedure learns from its
experience at the previous search steps.

This method may be implemented in the following manner, We shall com-
pute local criteria C¥ associated with the S™ hypothesis such that

o<ck<1,

if the S™ hypothesis suggests that the i solutlon in the kth state of the system
is appropriate;

ck<o,
if the S™ hypothesis does not suggest the i™ solution;
Ci=C*>1,
if the problem as formulated rules out the i solution in the k™" state.
Assume that in exa:mmng feas1ble local solutions, the recommendatlons of
heuristic hypotheses at the j* " search step when the system is in the k™ state are

presented as positive numbers Cs/ which satisfy Cs1 < C’§, if in the k™ state
, is preferable to g;,. Then particular local criteria re1ated to the §*™ hypothesis

can be computed by using the relationship C —=—if the jth solutlon Is
feasible, C&/ = C* if the jth solution is not feasible where cY = —-—z

is the mean value of the S*™ local criterion at the j step in the k™ state and
N is the number of feasible solutions at the ™ search step. Then the generalized

local criterion C, can be computed as the weighted sum of Z local criteria with
weighting coefﬁcxents wk

Cii——z Ws C‘fji ifC‘g#C* forno S
CH = C*if for at least one S C¥j=C*.
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Weighting coefficients may vary from +1 to —1 except zero. The selection at the
jth is made in accordance with generalized local criteria with preference given
to solutions for which G/ is large. The selection procedure can be conveniently
organized by using fuzzy heuristics which are discussed in Sec. 2. The solution
derived after M steps is compared with the best of those obtained earlier, and the
weighting coefficients are adjusted.

If the solution generated after M steps is an improvement on the record,
the weighting vector is adjusted positively, that is, the weighting coefficients
W§ are increased by A W, for those S and k which produced positive C§{ for
the i associated with a good result, or conversely are reduced by A W, if C§{
was found to be negative.

The weighting coefficients may be adjusted in a similar manner but with the
opposite sign if the procedure repeatedly yields results inferior in the sense that
they do not improve the record. Such adjustment will be called negative. It
enables the procedure to pass to another search area that fits the new composi-
tion of heuristic hypotheses.

This procedure was implemented in FORTRAN (TS program) and applied
to the travelling salesman problem.

The program was developed around two heurisuic hypotheses for search
path selection. Under one of the hypotheses the local criteria were the larger the
smaller the distance between the travelling salesman’s position and the g’"‘ point
of his itinerary. The other hypothesis was selected such that its value CH was the
greater the smaller the sum of all distances not covered by the travelling sales-
man when he passed from a given location to point i.

When these hypotheses were examined individually the first was found to
be more effective, and it tended to bring the solution closer to its optimum in
less time.

Figure 1 illustrates the variation of weighting coefficients averaged over all
search steps for a 25-point travelling salesman problem treated by Held and
Karp (1962) [1]. This example demonstrates that the adaptation procedure
enhanced the impact of the first, more effective hypothesis. Though the initial
values of the mean weighting coefficients were all equal to 0.1, after several
search steps they became significantly different from one another. Moreover,
a more detailed examination revealed that for a number of points the coeffi-
cients of the second hypothesis were invariably larger than those for the first.
It may therefore be concluded that the most efficient search procedure can best
be set up by using a composition of rationally selected hypotheses.

2. FUZZY HEURISTICS
This section discusses a solution search procedure for discrete problems which
relies on the use of less rigid, or fuzzy, heuristic rules [2].

The procedure is implemented through controlled expansion of the search

1The author acknowledges the assistance of E. I, Tretyakova in debugging the program and
in its experimental study.
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Fig. 1 — Adjustment of weighting coefficients in adaptive search: k — number of steps;
Wi — mean values of wexghting coefficients.

area circumscribed by heuristics, while the extent of the fuzziness of the area
may be varied to meet the search time limit or other constraints.

For further discussion we shall make use of a measure of proximity or
separation between local solutions, This distance may be measured in different
ways, and we shall be concerned with such separation estimates which include
an assessment of the fit between local solutions derived in accordance with
some heuristic.

Suppose that the local solutions at the M step of the search procedure are
defined by the generalized vector of local criteria

=({,Ck ...,

Then the distance between two feasible local solutions g; and g for which
C{ , Cl# C* may be written as

d(g, &)= 1€/ —cCl t

The solution gy, is said to be closest if for every / for which C’ # C* the relation
C}, = ¢} holds.
The entire ensemble of local solutions S, will be referred to as a A nelghbour-
hood if for all feasible local solutions g5 € Sa the condition d(g;,, gA) <A
remains valid.

We shall now proceed to discuss conventional and fuzzy solutlon search
procedures.
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Unambiguous selection of local solutions
Unambiguous selection is achieved by choosing at each search step a solution
gi, viewed as a local solution. '

"~ If some steps are associated with several closest local solutions one > of these
is selected. The above procedure is employed for conventional heuristic search.
Thus when applied to the travelling salesman problem, using the heuristic
hypothesis of passage to the nearest point, the procedure will produce a single
solution suggested by the heuristic.

The section below discusses techniques for search area expansion.

Deterministic expansion

In this case the A neighbourhood at each search step is selected so that it con-
tains a specified number of points. Search of feasible suboptimal solutions
reduces to an examination of all possible alternatives, local solutions being
taken from the A neighbourhood.

Given more time for solution search, the A neighbourhood may be
successively expanded.

Solution search based on deterministic expansion requires an orderly pro-
cedure for examining feasible solutions and storing information about examined
solutions in the computer memory. In certain situations these conditions may
become unacceptable because of the prohibitively large computer memory
requirement. They may be eased by using a random procedure for selecting

local solutions contained in the A neighbourhood.

Probabilistic expansion
To select a local solution at the j'™™ step the vector of local criteria
Cl=(C{,Ci,...Ck)is transformed into a discrete local distribution.

p'=(plp,...B)
whose components satisfy

0<p/< 1,i=1,2,...N

>
=1.
= 7
A procedure for transforming C/ into p/ must meet the following conditions:

The closest point g;, must be assocxated with the largest p;,.

If d(giy 80 < d(g:o,gz) P} >p,

If d(glos gk) d(gi()’ gl) then pk

If g, is not a feasible solution at the j™ step, that is, C,, = C*,
then pJ, =0.

el
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With the vector of local criteria transformed into a local distribution a local
solution is selected at random such that the probability of selecting gy is pi.

Several procedures for transforming C7 into p/ meet the above conditions.
By way of example we may consider the transformation procedure in accordance
with the following algorithm: .

/
B¢ i cCl*c*
7] =
0 if Cj=cC*

M=

2. ps=2,7%

1

3. pk=Pllrx

where B is the transformation base, B = 1. :

If we take B = 1, all non-zero components of the local distribution will have
the same value, which implies equiprobable selection of a local solution out of all
feasible ones. As B grows, the neighbourhood where the selection is made con-
tracts progressively because increasingly greater preference is accorded to solu-
tions close to the nearest point g;...

There may be other ways of modifying the A neighbourhood.

Let the local probability distribution at a certain search step have the form

p=(P1, P2, - .. DN)-

Then the A neighbourhood may be changed by transforming distribution p into

distribution p' = (p}, p3, . . . p) by either of the following algorithms:

A. : .

Pk if  pPr=2po

L. Px= ‘
0 if DPx <po

where pyis a threshold value which restricts the A neighbourhood, 0 <po < Pmay,
Pmax = m%x {pk}
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B.
1. Prx=pg
N
2. pz= £ Dk

~

3.  prx=Dupz,

where L is the contraction factor of the A neighbourhood.

If the first transformation is applied, the A neighbourhood becomes pro-
gressively smaller with the growth of pg, and converges to a single solution when
Po = Pmax-

In the second case the A neighbourhood shrinks as L grows, and expands as
L decreases. When L = 0 all feasible local solutions become equiprobable.

The search procedure may be performed by successively reducing L, that is,
by progressively expanding the A neighbourhood.

It will be noted that search efficiency, that is, the rate of approaching an
optimal solution, is largely dependent on the choice of heuristics. However, even
for the worst possible choice this procedure is bound to yield an optimal solution
in a finite number of steps. No such guarantee is provided by conventional
heuristic sea