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On the Synthesis of Finite-State Machines
from Samples of Their Behavior

A. W. BIERMANN AND J. A. FELDMAN

Abstract—The Nerode realization technique for synthesizing finite-state
machines from their associated right-invariant equivalence relalons is
modified to give a method for synthesizing machines from finite subsets of
their input-output behavior. The synthes's procedure includes a parameter
that one may adjust to obtain machines th:tt represent the desired behcvior
with varying degrees of accuracy and that consequently have varying
complexities. We discuss some of the uses of the method, including an ap-
plicaron to a sequential learning problem.

Index Terms—Finite-state functions, finite-state machines, inference,
Nerode realization, sequential learning, synthesis.

I. INTRODUCTION

Nerode [15] has given a method for synthesizing finite-
state machines from their associated right-invariant equiv-
alence relations. In this note, we introduce a modification of
the Nerode relation and show how it can be used to synthe-
size machines from finite subsets of their behavior. The
technique described is a method for finding a nondeter-
ministic machine that realizes a given finite set of input -
output pairs, and it includes a parameter k that allows one
to vary the precision and complexity of the synthesized ma-
chine. At low settings of k, the synthesized machine tends to
have few states, much nondeterminism, and may yield a
number of possible outputs for any given input. At higher
values of k, the synthesized machine will have more states,
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but will be deterministic and will be a precise representation
of the desired input-output pairs. If the available input-
output pairs sufficiently characterize some finite-state com-
putable function f, and if k is appropriately adjusted, the
method will find the machine that realizes f.
There are a number of finite-state machine synthesis

algorithms in the literature, but most of them [2], [6], [9],
[11]-[l4], [16] require that the problem be already formu-
lated in terms of some kind of transition table, state diagram,
regular expression, sequential relation, or other representa-
tion. This note is concerned with the design of a machine
from a finite number of examples of its behavior when no
such other representation is available.

Techniques have been given for machine synthesis from
input-output behavior by Gill [7], Ginsburg [8], [9], Gray
and Harrison [11], Tal [17], and others. Each of these
methods requires that enough information be included in
the problem statement so that the solution is unique, and
in contrast to the method presented here, they do not have a
capability to utilize unspecified or DON'T CARE conditions to
produce simpler solutions. The method described here yields
machines that satisfy the known input-output requirements
and that often given "reasonable" behavior outside of the
well-specified domain. If the amount of available input-
output information is increased to the point that the solution
is unique, the algorithm finds the correct solution.

Section II defines a nondeterministic machine Ms(') that
computes the input-output pairs in S. The number of states
in Ms(k) and the precision of its representation of S will
depend on the value of k. Section III shows how Ms(') can
be used to find the finite-state machine to compute function

f if S contains enough information about f. Finally, in Sec-

tion IV, we discuss some applications of the theory.

THE MACHINE Ms(k)

Let f be a function that assigns to strings in X* values in
Y, and make the definition .f,(x)---f(wx). Let Rf be the
Nerode relation on the set X*: (xi, x2)eit1 if and only if
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f„,(z)---f„,(z) for all zE X*. Then the equivalence class that
contains x is

Hief = e x*

If there are a finite number of equivalence classes, then
will be called a finite-state Jimetion, and can be computed
by a finite-state machine M( f) with the equivalence classes
1.xl m., as states and with next-state function du! defined as
follows:

--=

M(f) has initial state 1..11,,y and upon receiving input se-
quence x, advances through the states to Ixji. After so
processing the string x,M(f)  returns the output .R.v), which
is associated with its final state This construction is
due to Nerode I151 and is the starting point for the develop-
ment below.
We will assume that is not necessarily total. There may

exist equivalence classes kb?j such that for all .v'E 14e1,
f(x') is not defined, and so the behavior of .f is never ob-
served on such values. The reader may wish to think of [as
being total and yielding an output OE Y for such .v', but he
should remember that 110 input-output pairs of the form
(x', 0) are ever observed in the set S defined below.

Let S be a finite subset' of X*X Y, such that if (x, y)ES,
then .f(x) is defined and f(x)=r. Define P(S)—
for some)' 1. P(S) is the projection of S on its first coordinate
and will be written as simply P when its meaning is clear from
context. Let be defined to be the restriction of .f to the
pairs represented in S. .f(x) is undefined if xEP(S).
Next we define a modification of the Nerode relation:
x2)GEN' if and only if for all wEX-* with length

(x)< k: 1) xoreP(S) iland only if x.orEP(S): and 2) .f(xiw)
=f(x,w) when defined. k may be any nonnegative integer
and is a parameter that will be discussed below. Ek is an
equivalence relation on X* that induces equivalence classes

x'' (x. . These equivalence classes will
become the states of a nondeterministic machine M s'"' with
next-state function ds'' that we now define.

• (1E X.
then is defined recursively:

ds'k'frds''''. A) =

ds('-'( {.rls`k). wa) =
d.ris

II It'E X*,

(1(1.rl.

Finally, the nondeterministic output of ivt,,-• is

= Lis( "A's' - and w E P •

The machines Ms`k' for k = 0, 1, 2, • • • are approximate
realizations of the function .fs that improve in precision and
increase in number of states ask is increased. For low values
of k, Ms"" computes a set of outputs for each input string,
and for higher values of k, Ms(k' becomes deterministic,
yielding a unique output. If k is greater than or equal to the
length of the longest string in P. then Ms(k) is the minimal

A is the string of length zero.
2 If A and B are sets, A XB is defined to be 1,(a, aEA and bEB; .

deterministic machine that computes f exactly. These re-
sults are made precise in the following theorems.
Theorem I: If/)(x) is defined, then ./(x)Ehs"(x).
Proof: Ix's(k)Eds'( I A ISR), x) and xEP.

Theorem 2: Ilk is greater than or equal to the length of the
longest string in P(S), then h(x)= if xEP(S) and
hs"•'(x)= otherwise.

Proof: The length restriction on k means that k is effec-
tively infinite for this particular S. and so Es(''' is the Nerode
relation. Therefore the next-state function ds"'' is deter-
ministic, so ds"(1wls"'', a) for we X*, aC X is a singleton
set if wu is a prefix to some string in P and is the empty set
otherwise.
This determinism implies that if xEP, then //"•'(x) can

have only one value which, by Theorem I. must be .f(x):
lf,(x); . If NEP but is a prefix of some x'EP, then

;I.vJ,k; . But there is no wE such
that .fs(a) is defined (by definition of so hs (x)=
If xEP and is not a prefix of any x'E---- P. then ds(k)(IA x)
=cb• and hs (x)=
Theorem 3: hs("-''(x)Chs(k'(x).
Proof: It is first necessary to show that [w]s(k+1 )

Ed,,"-+"(I A ls(k-F", z) implies 14(k,Ed.„(k)(1 A1,(o, w,

zE X*. This follows from an induction argument if it can be
proved that: 1) kid,s(k-t-"Ed(1x1s(u ", a) implies 2) [w]s("'
ed([x]s"", a) for xE X*, aC X. This can be shown by
noting that 1) implies that there is a x'aE Ms("+" such
that x'E I x Is k̀"). However, for all strings cE X*, [v]s ±1)
c HE by definition of and therefore x'aE [w]s'")
and x'E But this implies 2), concluding the first part
of the proof.
Theorem 3 is thus proven by noting that yEbs(k+"(x)

implies that there ,is a wE X* such that .f(w)=v and
v). But by the above argument,

f which yields the result yEhs(°(x).
An example is given in Fig. 1 of the machine.; Ms(''. Ms(1',

and Ms(2' for a particular S. Ms(2' is the minimal deter-
ministic machine for .fs.

If the range Y of the function f has only one element in it,
the strings of P( 5) may be interpreted as samples from some
regular set and the constructed machine M.k will be an
acceptor of P. Applying, the above theorems, the accepted
set of each Ms'k ,'' will be a subset of the accepted set of

and if k is greater than or equal to the length of the
longest string ill P, then Ms"'' will be the minimal deter-
ministic acceptor of exactly the set P.

Ill. THE EXACT REALIZATION OF

The properties of Ms"'' for the finite set S are described
above, but there may be little relationship between Ms'"
and the function f from which S was constructed. In this
section, restrictions on S will be described that guarantee
that Ms(k) will compute [exactly.
Af will be defined to be any set of strings from X* such

that: 1) every state of M(f) is reached by some string in Af
(i.e., for each state s in M(f) there is a wEAf such that
dirf([Ak, w)=s); and 2) every prefix of a string in Af is also
in Af. B, will be defined to be the set of strings in X* of
length r or less. M (f) will be said to have n-distinguishable
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initial

state

Ms

Modification of

for s',-s

(See Section 17.)

1,1

a

a , b

Fig. 1. 11.;', for i-O. 1, 2 and S= I), (aa. 2), (al), 1),
(ha, 2), (aba, 2), (abb. 1), (bba, 1), (auaa, 2), (aaba. 2)(.

states if n is the smallest integer such that whenever f and

are different functions, there is a string w of length n

or less such that .f.„1(w)Xf(w).
Theorem 4: If [is a finite-state function with n-distinguish-

able states, and if 1 xEAjX Br f(x) is defined CP(s) for

some Af and r> n+ 1, then f(x)Ehs'''(x) for all xE X*.

Proof: Suppose x=a,a2 • • • a,, aiEX. We will show

by induction that for each i=0, 1, 2, • • • , t there is a

state Iwi]s(')Eds('"([A]s(''', aia, • • • ai) such that wi

E[aia2 • • • (tiller' Then there is a state [w,[s('"Ed.s`"'([A]s',

a1a2 • • a,) such that wtE [xlief which implies that f(x)

=f(wi)E hs.'")(4
For the basis of the induction proof at 1=0, [A]s'

Eds(n)([A]s("), A) and AE [A]j . Assume the induction hy-

pothesis that [w ijs("'Eds(")([A]s("), aiao • • • a) and wi

E [aia2 • • • ai]lef. Then there is a string x' in Af such that

d11([A111, x')= [aia2 • • • a illef by definition of Af. So

a1a2 • • • a,•+1) contains [x'ai+1],s(n). But x'ai+1

E [clic/2 • • • ai+i]ilf because f(x'a1+111)---f(ala2a3 • • ai±itt)

'The string aia2 • • • a-, with i=0 will be defined to be the null

for all ue X* of length a or less (since IxEAf X /3, f(x) is

defined CP(S)) and because the states of f are n-distin-

guishable. This completes the induction step and the proof

of Theorem 4.
The next result requires a constant raj- that is associated

with the function f Assuming that M(f) has n-distinguish-

able states, mf will be defined to be the smallest integer m

such that m> n, and not all of the following conditions occur

for any strings w, and wo.
Condition I: For each function f,,, i= 1, 2, there is a

string x such that .f,.,(x) is defined and the other function
h= I, 2, h is either undefined or .f,.,(x)f,„,(x).

Condition 2: There is an integer p<n such that for each x

of length p or less, either both f„.,(x) and f„„(x) are undefined

or f„.,(x)=.1„,(x).
Condition 3: Either f, or f„ is undefined for all strings of

length], p<j<m.
The proof of Theorem 5 will fail if Conditions 1, 2, and 3

occur for any strings w, and 11',. However, there is always a

value of in, that will prevent this, as shown by the next
lemma. If [is a total function, then in = 11.

Lemma I: In1<2n+ I.
Proof: We will show that if m=211+1 then Conditions

I, 2, and 3 cannot all be satisfied, so 111: <211+ I . Specifically.

if Conditions 2 and 3 are true, then Condition I cannot be

satisfied. Let w, and w, be two strings that satisfy Condition 2

and such that f„, is undefined for all strings of length j,

p <j< in. Let a be any string of length n. Then f,,„(e) is unde-

fined for all strings u of length 11+1 or less by the above as-
sumption about w,. Then .f(c) is undefined for all strings

o of any length. Then there is no string x such that .f„,(x) is

defined and such that ./„.,(x) is either undefined or f„,(x)
f„ .,(x). But this contradicts Condition 1 and so completes

the proof.
Theorem 5: If f is a finite-state function ,and if r> mf+

then for all S such that P(S)= x/ 41X13, f(x) is defined

and for all xE X*

9 =
[ if .f(,c) is defined

10, otherwise.

Proof: By the previous theorem, f(x)Ehs("f)(x) so it

is only necessary to show that h,"! '(x) contains no elements

y that are not equal to .f(x). Referring to the proof of The-

orem 4, if there is a yEhsc-f)(x) where y Xf(x), then there

is a smallest I, 0<1<1— 1, such that [xds(--1)Eds("v)([A]s`mf),
a1a.2 • • a,) implies xiE [aia.2 • • • adil., and an x' such

that [xl,s("u'Eds("'f'([A]s('-'', arao • • • ai_o) where x'

[aia., • • a; „i]k,. But consider all of the states in

ds'"'"([xils("z•", ai-0= uErxits( f'} •
Case 1: Examine the state ruai+ds('"f) assuming t(EAf.

Then ua,±1E [aia, • • • ai±,]llf since iia,+ivEP(S) for all v of

length mf or less (such that f(uai.,ic) is defined). So this case

does not result in an x'= [ala2 • • •
Case 2: Consider the state [tiai±ds("0 assuming 11=141142

where ulE41 and u2EB,. Then uai±ivEP(S) for all v of

length p or less (such that f(uai+iv) is defined) and p<mf.

Furthermore, fs(uai±iv) is undefined for all strings v of
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a

Fig. 2. The machine that represents the function of the example.

length j, p<j<mf. But by definition of mf, not all of Condi-

tions 1, 2, and 3 can hold for ucti,, and any other string x'.

If Condition 1 occurs, then Conditions 2 and 3 cannot

both occur. So there is no string x' such that for all strings

of length p or less, fr,(c) and /1,„1(v) are either both undefined

or f.e(v)=f,(u) and such that L, is undefined for all strings
of length j, p <j< inf. So we conclude that there is no x' such

that [xls(mf)Eds("u)([A]s("u), aia, • • • aif 1) where x'

[a1a2 • • • ai+i].
Condition 1 does not hold for uai and some x', then .f.,,(v)

will always either equal f„(v) or be undefined. Again, no

nondeterministic output behavior occurs.

Therefore the conditions for having a yEb"'f)(x) where

yf(x) cannot occur and the theorem is proved.

Theorem 5 is illustrated by the example in Fig. 2. In this

case, mf= n= 1 and Af may be chosen as the set A, a, aa, h .

If r is set equal to 2, then the set S as given in Fig. 1 results

and hs(1) is realized by the machine Mso as shown.

Corollary 1: Let f be a total finite-state function such that

M( f ) has n-distinguishable states and every state is reach-

able from (A)R, by a string of length j or less. If P(S)

= x X* length (x)<n+j+ I 1, then for all xE X*,

Proof: Since f is a total function, m1= n. Let A1

= Xer length (x)</} in Theorem 5.

Corollary 2: Let f be a total finite-state function such that

MU)  has q states. If P(S)= xe X* length (x)< 2q— 21

then for all xG X*, h(x)= ,f(x)}.

Proof: M(f ) has q states implies that the states are

(a— 2)-distinguishable and (a— 1)-reachable.

Corollary 3: Let f be a finite-state function such that

M(f) has q states. If P(S)= xC X* length (x)<3q-3 and

.f(x) is defined} , then for all xe X*

f (.01 ,
h mf)(x) =

otherwise.

Proof: This proof is similar to that of the previous corol-

lary except that Lemma 1 is employed to obtain a bound on

mf since f is not total.

if .f(x) is defined

IV. APPLICATIONS

The above results give a solution to the machine synthesis

problem in several situations. If we desire a finite-state

automaton that accepts finite set P, then we let Y= { 1},

find Ms, and adjust k high enough to obtain the desired
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accuracy. Theorem 5 indicates the number of strings required

to construct the acceptor of any regular set.
If we have a finite set of strings that are to be accepted by

some machine and a finite set that are to be rejected, we let

Y= 1, 21 where a I or 2 indicates that a string is rejected

or accepted, respectively. Ms(k) is then constructed with k set

high enough so that no nondeterminism (where a string is

both rejected and accepted) occurs on strings that are im-

portant in the application.
In the more general situation where Y has more than two

symbols, the applications are clear. In all cases, the nonde-

terministic machines created by these methods can be con-

verted to minimal deterministic machines by increasing k to

a high enough value and employing standard minimization

techniques [6], 18], 19], 1121.
The most important use of these methods occurs in the

sequential learning situation. Suppose one is given a new

input- output pair (xi, yi) such that f(x1)=y, at each time ti

and is asked to select a machine A, that describes the se-

quence up to time I,. This is the analog of the grammatical

inference problem [1], 13]-45] that was our original moti-

vation and is a model of scientific reasoning and other
hypothesis-forming behavior. The interesting questions in

sequential learning are the nature of the machines A and
the limiting behavior of an algorithm as I approaches in-
finity. We have developed elsewhere [4], [5] a number of

general results on this subject. These show' that there is an
algorithm that will choose the best A at each i and will be

such that the successive A, become ever better approxima-

tions to the machine M( f
There are two important advantages of the methods_ of

this note over the general algorithms described in 141, [5].

The latter methods depend on enumerating all finite-state

machines in order, while the construction of Section II re-

quires one to consider only a small number of machines. In

addition, for fixed k, the machine Ms,(k' is easily constructed

from the machine Ms„(0. This notion of sequential modifi-

cation of a synthesized machine is extremely important and

will be briefly described.
Suppose that Ms (k) has been constructed and that

must now be found; Si = S 1 J (xi,j,i)1. Let xi= ala2 • • • at,
aiE X. Then only the k+ 1 (or fewer) states [aict5 • • • ar_k]s(k),
[ain2 • • ar_ktils1', • • • [a1 a2 • • ads(k) in Ms;_,'" are

affected by the addition of the pair (xi, yi). Each of the equiv-

alence classes raia2 • • • ar _k_ils(k) must be altered so that

outputyi is associated with the state dswaaia2 • • • ar-k j15(A),
ar_k+j+lar-k 4 if-2 • • a). These alterations in Ms, ,(k) are

enough to produce the new machine Ms:". In the example

of Section II, if the pair (baa, 2) were added to S. the new

machine ilis'(1) would have one changed state [bats,(1), and

three new transitions, as indicated in Fig. 1.
We have shown that the construction of Section II will

produce machines Ai5,(5) that have desirable properties. It

remains to describe an algorithm for choosing k and deciding

' The actual results concern grammar discovery rather than machine
discovery. However, the extension to the sequential machines of this
note is straightforward.
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which Ms/k) to call the machine A i. Suppose one is given
an upper bound q on the number of states in M(f). Let S
=1(x, y)ES length (x)<j} and consider the following
algorithm.

Algorithm I. Let k= 2q— 3. At each i, compute

If

Bi = 31(k)

(k)

!Li E h (x)
S

for all (xi. Si, then A i= Bi: otherwise A i=
Let f be the nondeterministic function that is computed

by A i.
Theorem 6: Algorithm 1 has the following properties.
Property I: yiEri,(xJ), for all (xj, y3)S.
Property 2: If I wE A f X BA-. 1 f( is defined ; CP(Si), then

f(x)EfAi(x), for all xE X*.
Property 3: If wEX*Ilength (w)<3q —3 and f(w) is de-

fined } cP(Sj) for some j then for all i>j, i(x)= f(X)1
for all xE X* such that .f(x) is defined and fi i(x)= (1) other-
wise.

Proof: Because M(f) has q or fewer states, those states
are q-2 or less distinguishable. Using Lemma 1, an upper
bound on the value of k required is k = 2/2+1 = 2(q-2)+ 1
=2q-3. Then Property 1 follows directly from Theorem 1,
Property 2 from Theorem 4, and Property 3 from Corollary 3.

Algorithm I yields a nondeterministic machine with non-
deterministic outputs. If determinism is desired in the output
behavior, one follows Algorithm 1 as before. But when a
nondeterminism occurs in any Ms"-', one increases k until
the nondeterminism disappears and then continues the algo-
rithm. Theorem 6 will still hold.

If one assumes, as seems reasonable, that every pair (x. y)
such that f(x)=y is defined will occur at sonic time Ia Algo-
rithm 1 will eventually choose only a machine that repre-
sents f exactly. This is known in the literature as the algo-
rithm identifying f. There is a problem in that Algorithm 1
depended on an a priori estimate of the number of states in
M(f). It is shown in [4], [5] that without this estimate, no
algorithm will be able to identify eery finite-state function
from an arbitrary presentation of its behavior. If, however,
f is known to be a total function, then no a priori informa-
tion is required, and the following algorithm will identify

after a finite time.
Algorithm 2: Let

:1 =

where

= min ; j , y) G 51 implies h (x) = ; y11.

Theorem 7: Algorithm 2 has the following properties.
Property 1: fii(xj)= {y,1, for all (x1, yi)ESi.

Property 2: If M(f) has q states and if I xE X*1 length
(x)<2q-21P(S,) for some ./ then for all i>j, J(x)
= {f(x)}, for all xE X*.

Proof: Property 1 is true by construction and Theorem 2
guarantees that the construction is possible.

If M( f) has q states and all strings of length 2q— 2 or less
are in P(S), then the algorithm will choose k =q— 2 (or less).
Then by Corollary 2, Property 2 follows.

V. DISCUSSION AND SUMMARY

This note gives a technique for constructing finite-state
machines from a finite number of examples of their behavior.
The method has been programmed on a computer and ex-
tensively tested. Typical constructions of machines with 10
or 20 states require a few seconds or less of CPU time to
complete. Many other versions of this method are possible,
and some were investigated, although they are not de-
scribed here.
The construction procedure has a simple operation, and

is therefore easy to program and fast in execution. The
parameter k enables the user to obtain as exact a fit to the
needed behavior as he desires, at the cost of increasing the
complexity of the resulting machine. The simplicity of the
procedure makes its operation easy to understand and easy
to characterize. Finally, the system has the distinct advan-
tage that if a large amount of computational effort is invested
in finding a machine for a set of pairs (x, y), changes can be
made in its behavior without the necessity of starting the
design procedure over again. If Ms(k) is created to realize fs
and then S is changed slightly. only the states and transitions
in Ms"-' that correspond to the changes in S need to be
adjusted to obtain a new machine.
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