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On the Synthesis of Finite-State Machines
from Samples of Their Behavior

A. W. BIERMANN anp J. A. FELDMAN

Abstract—The Nerode realization technique for synthesizing finite-state
machines from their associated right-invariant equivalence relations is
modified to give a method for synthesizing machines from finite subsets of
their input—output behavior. The synthes's procedure includes a parameter
that one may adjust to obtain machines th=t represent the desired behavior
with varying degrees of accuracy and that conseguently have varying
complexities. We discuss some of the uses of the meihod, including an ap-
plicat’on to a sequential learning problem.

Index Terms—Finite-state functions, finite-state machines, inference,
Nerode realization, sequential learning, synthesis.

I. INTRODUCTION

Nerode [15] has given a method for synthesizing finite-
state machines from their associated right-invariant equiv-
alence relations. In this note, we introduce a modification of
the Nerode relation and show how it can be used to synthe-
size machines from finite subsets of their behavior. The
technique described is a method for finding a nondeter-
ministic machine that realizes a given finite set of input--
output pairs, and it includes a parameter k that allows one
to vary the precision and complexity of the synthesized ma-
chine. At low settings of k, the synthesized machine tends to
have few states, much nondeterminism, and may yield a
number of possible outputs for any given input. At higher
values of &, the synthesized machine will have more states,
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but will be deterministic and will be a precise representation
of the desired input—output pairs. If the available input-
output pairs sufficiently characterize some finite-state com-
putable function f, and if k is appropriately adjusted, the
method will find the machine that realizes f.

There are a number of finite-state machine synthesis
algorithms in the literature, but most of them [2], [6], [9],
[11]-[14], [16] require that the problem be already formu-
lated in terms of some kind of transition table, state diagram,
regular expression, sequential relation, or other representa-
tion. This note is concerned with the design of a machine
from a finite number of examples of its behavior when no
such other representation is available.

Techniques have been given for machine synthesis from
input-output behavior by Gill [7], Ginsburg [8], [9], Gray
and Harrison [11], Tal [17], and others. Each of these
methods requires that enough information be included in
the problem statement so that the solution is unique, and
in contrast to the method presented here, they do not have a
capability to utilize unspecified or bON'T CARE conditions to
produce simpler solutions. The method described here yields
machines that satisfy the known input-output requirements
and that often given “‘reasonable’ behavior outside of the
well-specified domain. If the amount of available input-
output information is increased to the point that the solution
is unique, the algorithm finds the correct solution.

Section II defines a nondeterministic machine M* that
computes the input-output pairs in S. The number of states
in Ms® and the precision of its representation of S will
depend on the value of k. Section IIT shows how Ms* can
be used to find the finite-state machine to compute function
fif S contains enough information about f. Finally, in Sec-
tion IV, we discuss some applications of the theory.

II. THE MACHINE Ms®

Let fbe a function that assigns to strings in X* values in
Y, and make the definition f(x)=f(wx). Let R, be the
Nerode relation on the set X*: (x1, x2)&R; if and only if
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f=(2)=f:(2) for all z& X*. Then the equivalence class that
contains x is

lele, = 12/ € X*| (oo 0") € Ry}

If there are a finite number of equivalence classes, then f

will be called a finite-state function, and [ can be computed
by a finite-state machine M( ) with the equivalence classes
[x]k, as states and with next-state function dy, dcfined as
follows:

(/H/( i-l. |/x’_/ v(’) = ['!.([ llx"/<

M([) has initial state [A]r,' and upon receiving input se-
quence x. advances through the states to |x]y,. After so
processing the string x, M( ) returns the output f(x). which
is associated with its final state |x],,. This construction is
due to Nerode |[15] and is the starting point for the develop-
ment below.

We will assume that /'is not necessarily total. There may
exist equivalence classes [x]x, such that for all '€ [x]y,.
J(x’) is not defined, and so the behavior of /'is never ob-
served on such values. The reader may wish to think of fas
being total and yielding an output 0& Y for such x’. but he
should remember that no input-output pairs of the form
(x’, 0) are ever observed in the set S defined below.

Let S be a finite subset* of X*X Y, such that if (x, 1) S,
then f(x)is defined and f{x)=). Define P(S)= :\\ (v, )ES
for some y . P(S)is the projection of S on its first coordinate
and will be written as simply P when its meaning is clear from
context. Let fs be defined to be the restriction of f to the
pairs represented in S, fu(x) is undefined if x& P(S).

Next we define a modification of the Nerode relation:
(x1. x)E B0 and only if for all we& X* with length
(X)<k: 1) xyw€ P(S)if and only if xow@&P(S):and 2) fu(xpw)
=f«(x2w) when defined. A may be any nonnegative integer
and is a paramcter that will be discussed below. Eg'*' is an
equivalence relation on X* that induces equivalence classes
[x]s" =1 x" (v X)EES |, These equivalence classes will
become the states of a nondeterministic machine M with
next-state function ds**' that we now define.

ds(]x]st, ay=} [xa]mlye [X[ L aE XN wE X*,

then . is defined recursively:

Ferfelet ) = et
T [J‘!x"”, wa) = U

BN LY I LA

A <% ay.

Finally. the nondeterministic output of M. '* s
hs® ) =1 fs(u) . Lo]s® Edy e (Al o) and weEPiS)

The machines M for k=0, 1, 2, - - - are approximate
realizations of the function fs that improve in precision and
increase in number of states as k is increased. For low values
of k, Ms™ computes a set of outputs for each input string,
and for higher values of k, M<* becomes deterministic,
yielding a unique output. If & is greater than or equal to the
length of the longest string in P, then Ms® is the minimal

! A is the string of length zero.
2 If A and B are sets, 4 X B is defined to be {(q, b){aEA and b&B).
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deterministic machine that computes fi exactly, These re-
sults are made precise in the following theorems.

Theorem 1: 1f fu(x) is defined, then fu(x)Ehs*(x).

Proof: | x]«® Eds([A]s*, &) and xEP.

Theorem 2: 1f k is greater than or equal to the length of the
longest string in P(S), then hs*'(x)= }[\-“": if x&EP(S) and
hs™(x)=¢ otherwise.

Proof: The length restriction on k& means that & is eftec-
tively infinite for this particular S, and so Ex*' is the Nerode
relation. Therefore the next-state function ds'*' is deter-
ministic, so d"'([w]s*’, @) for w€ X*, aC X is a singleton
set if wa is a prefix to some string in P and is the empty set
otherwise.

This determinism mmplies that it x&P, then A% (x) can
have only one value which, by Theorem 1., must be fu(x):
s 5=V f(x) | 10 XEEP but is a prefix of some X' E P, then
do([A ] xy=1x|<% 1. But there is no w& | x|« such
that f«(w) is defined (by definition of l.\‘Jx"”) SO fig"(x)=¢.
If xéE P and is not a prefix of any x'& P, then ds™™(JA s, x)
=¢ and fi"(N)=¢.

Theoren 3: "1 (x)Che*(x).

Proof: 1t is first necessary to show that |[w]s*+D
Ed (A0, ) implies [w]sH Sds (A, z) o,
€& X*. This follows from an induction argument if it can be
proved that: 1) {w]s*VEdo(|x]«*1, a) implies 2) [w]s*"
Cd«*([x]s"*', @) for x&€ X*. aC X. This can be shown by
noting that 1) implies that there is a ¥'a&|w]s**+" such
that x’€ [x]% 1. However. for all strings o0& X*, [p]@+D
Cle]s™ by definition of [¢]" and therefore x'a&|w]®
and x'€ | x|, But this implies 2), concluding the first part
of the proof.

Theorem 3 is thus proven by noting that pEhg*+1(X)
implies that there is a w&X* such that fuw)=y and
[l Eda ([ A ], x). But by the above argument,
[w]s*Ede (| Al x). which yields the result yEh*(x).

An example is given in Fig. | of the machines MO, M,
and M for a particular S. M is the minimal deter-
ministic machine for fx.

If the range Y of the function fhas only one element in it,
the strings of P(S) may be interpreted as samples from some
regular set and the constructed machine M will be an
acceptor of P. Applying the above theorems, the accepted
set of cach M+ will be a subset of the accepted set of
M*and 1f & is greater than or equal to the length of the
longest string in P, then M will be the minimal deter-
ministic acceptor of exactly the set P.

HI. THE EXACT REALIZATION OF [

The properties of My for the finite set S are described
above. but there may be little relationship between M%)
and the function f from which S was constructed. In this
section, restrictions on .S will be described that guarantee
that Ms“% will compute fexactly.

A; will be defined to be any set of strings from X* such
that: 1) every state of M(f) is reached by some string in A,
(i.e., for cach state s in M(f) there is a wE A, such that
dr([Alr,, w)=5); and 2) every prefix of a string in A4, is also
in A;. B, will be defined to be the set of strings in X* of
length r or less. M (f) will be said to have n-distinguishable
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for §’=5 !y {baa,”;} — -

(see Section I7.)

M

Fig. 1.

My for i=0. 1.2 and S= (a. 1), (aa. 2), (ab, 1),
(ba, 2), (aba. 2). (abb. 1), (bha. 1), (aaaa, 2). (auba, 2); .

states if 72 is the smallest integer such that whenever fo, and
/., are different functions, there is a string w of length n
or less such that [, (w)Zf.(w).

Theorem 4: If fis a finite-state function with n-distinguish-
able states, and if | xE A, X B,| f(x) is defined | S P(s) for
some A; and r>n+1, then f(x)&hs™(x) forall x& X*.

Proof: Suppose x=aa, - - - &, ;& X. We will show
by induction that for each i=0, 1,2, -, ¢ there is a
state  [wi]s@Eds([A]s™, aas - - - a) such that w;
Elmas - - - a|n,? Then there is a state [w, ] Sds([A]s7
aa» - - - a;) such that w,&[x|e, which implies that f{x)
=fw)Ehs(x).

For the basis of the induction proof at i=0, [A]s™
Eds([A]s, A) and AE[A]r,. Assume the induction hy-
pothesis that [w,]s"'Eds([Als™, @, -+ -a) and w;
E[away - - - ai]r,. Then there is a string x” in A, such that
dr[Alr, X')=|awa: - - - ai]r, by definition of A4, So
ds™([A]s™, @as - - - aiyy) contains [x'ai]s™. But x'ain
Elaas - - - aip1]r, because flx'aiu)=flawaza; - - - @)

. a; with i=0 will be defined to be the null

% The string aa: - -
»(ring.
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for all uE X* of length n or less (since | xE A, X B.|f(x) is
defined | CP(S)) and because the states of f are n-distin-
guishable. This completes the induction step and the proof
of Theorem 4.

The next result requires a constant m;, that is associated
with the function /. Assuming that M( /') has n-distinguish-
able states, m, will be defined to be the smallest integer m
such that m>n, and not all of the following conditions occur
for any strings wy and w..

Condition 1: For each function f,, i=1, 2, there is a
string x such that f,(x) is defined and the other function
S =1, 2. h5#£i s either undefined or f, (x)#Zf.(x).

Condition 2: There is an integer p<n such that for each x
of length p or less, either both £, (x)and f.(x)are undefined
or [ (X)=f,(x).

Condition 3: Either f,, or f,,1s undefined for all strings of
length j, p<j<m.

The proof of Theorem 5 will fail if Conditions 1, 2, and 3
occur for any strings wy and w.. However, there is always a
value of m, that will prevent this, as shown by the next
lemma. If fisa total function, then m,=n.

Lemma [: m; <2n+1.

Proof: We will show that if m=2n+1 then Conditions
1. 2. and 3 cannot all be satisfied, so 712, <2n+1. Specifically.
if Conditions 2 and 3 are true, then Condition 1 cannot be
satisfied. Let wy and w» be two strings that satisfy Condition 2
and such that f,, is undefined for all strings of length j,
p<j<m.Letubeany string of length 1. Then f,.,.(v)is unde-
fined for all strings ¢ of length n4-1 or less by the above as-
sumption about wy. Then f,,.(¢) is undefined for all strings
v of any length. Then there is no string x such that f,.(x)is
defined and such that f,.(x) is either undefined or f, (x)
#=[..(x). But this contradicts Condition 1 and so completes
the proof.

Theorem 5: 1If fis a finite-state function and if »>m;+1,
then for all S such that P(S)= |} xE A, X B! f(x) is defined |
and for all x& X*

1y,

o. otherwise.

if f(r) 1s defined

Proof: By the previous theorem, f{x)Ehs™ (x) so it
is only necessary to show that As/’(x) contains no elements
y that are not equal to f(x). Referring to the proof of The-
orem 4, if there is a y&hs™(x) where y#f(x), then there
is a smallest 7, 0<i<r— 1, such that [x;]s" Ed ™ ([A]™0,
aas - - - a;) implies x;E[aas - - - a:]r, and an x’ such
that [x']sEds([A]s™. aas - - - a) where X'
& |asas - - - @i1]r,. But consider all of the states in
dsm0([xi]s0, )= | [uaia s | ue [x] s

Case 1: Examine the state [ua..]s™” assuming uc A;.
Then ua;.1& [@ya: - - - aii1]r, since ua; w&P(S) for all v of
length m; or less (such that f(ua;...t) is defined). So this case
does not result in an x’ = ua; ., & [@as - - - a,«+1]n,,.

Case 2: Consider the state [ua;;1]s™ assuming u=uu,
where 1,;C A; and u.& B,. Then ua..,v&P(S) for all v of
length p or less (such that f(ua:;w) is defined) and p<my.
Furthermore, fs(ua;.v) is undefined for all strings v of
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Fig. 2. The machine that represents the function f of the example.

length j, p<j<my. But by definition of m;, not all of Condi-
tions 1, 2, and 3 can hold for wa;,, and any other string x’.

If Condition 1 occurs, then Conditions 2 and 3 cannot
both occur. So there is no string x” such that for all strings
of length p or less, fr(v)and f..(¢)are either both undcfined
or f.(v)=/f..(v)and such that f. is undefined for all strings
of length j, p<j<my;. So we conclude that there is no x" such
that [X']S(’"f’EdS“”/’([A}S“’W, ayas - - - a;;,) where x’
& [awas - -

Condition 1 does not hold for ua; and some x7, then f.(v)
will always either equal f..(v) or be undefined. Again, no
nondeterministic output bchavior occurs.

Therefore the conditions for having a yChs(x) where
y#f(x) cannot occur and the theorem is proved.

Theorem 5 is illustrated by the example in Fig. 2. In this
case, m;=n=1and A, may be chosen as the set | A, a. aa, b b
If r is set equal to 2, then the set S as given in Fig. 1 results
and hsV is realized by the machine Mg as shown.

Corollary 1: Let fbe a total finite-state function such that
M( ) has n-distinguishablc states and cvery state is reach-
able from (A)r, by a string of length j or less. If P(S)
= IxE X*|length  (x)<n+j+1 b, then for all x&EX*,
hs(x)= 1| fio.

Proof: Since [ is a total function, m,=n. Let A;
— | x& X*|length (x)<j} in Theorem 5.

Corollary 2: Let fbe a total finite-state function such that
M(f) has g states. If P(S)={xEX*|length (x)<2¢—2]}
then for all X X*, ' 2(x)= | f(x)}.

Proof: M(f) has ¢ statcs implies that the states are
(¢—2)-distinguishable and (¢— I)-reachable.

Corollary 3: Let [ be a finite-state function such that
M( ) has ¢ states. If P(S)= J xEX*] length (x)<3¢—3 and
f(x) is defined |, then for all x& X*

NENLCIE
s

) ai—‘rl]-

if f(x) is defined

hS(m/) (.’L‘ )
otherwise.

Proof: This proof is similar to that of the previous corol-
lary except that Lemma 1 is employed to obtain a bound on
m; since fis not total.

1V. APPLICATIONS

The above results give a solution to the machine synthesis
problem in several situations. If we desire a finite-state
automaton that accepts finite set P, then we let Y= 1},
find Ms®, and adjust k high enough to obtain the desired
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accuracy. Theorem 5 indicates the number of strings required
to construct the acceptor of any regular set.

If we have a finite set of strings that are to be accepted by
some machine and a finite set that are to be rejected, we let
Y=1{1, 2} where a 1 or 2 indicates that a string is rejected
or accepted, respectively. Mg is then constructed with & set
high enough so that no nondeterminism (where a string is
both rejected and accepted) occurs on strings that are im-
portant in the application.

In the more general situation where Y has more than two
symbols, the applications are clear. In all cases, the nonde-
terministic machines created by these methods can be con-
verted to minimal deterministic machines by increasing k to
a high enough value and empioying standard minimization
techniques [6], [8], [9]. [12].

The most important use of these methods occurs in the
sequential learning situation. Suppose onc is given a new
input- output pair (xy. y;) such that f{x;)=y; at cach time ¢,
and is asked to select a machine A4; that describes the se-
quence up to time ¢,. This is the analog of the grammatical
inference problem [1], [3]-[5] that was our original moti-
vation and is a model of scientific reasoning and other
hypothesis-forming behavior. The interesting questions in
sequential learning are the nature of the machines A4, and
the limiting behavior of an algorithm as 7/ approaches in-
finity. We have developed elsewhere {4], [S] a number of
general results on this subject. These show! that there is an
algorithim that will choose the best A, at each i and will be
such that the successive A4; become ever better approxima-
tions to the machine M( f).

There are two important advantages of the methods of
this note over the gencral algorithms described in 4], [5].
The latter methods depend on enumerating all finite-state
machines in order, while the construction of Section Il re-
quires onc to consider only a small numter of machines. In
addition, for fixed k. the machine Mg * is casily constructed
from the machine My, ®. This notion of sequential modifi-
cation of a synthesized machine is extremely important and
will be briefly described.

Suppose that M, * has been constructed and that M *
mustnow be found; S;=S; 1\ :(x[,y,-)} Letxi=aas - -
a;= X. Then only the k+ 1 (or fewer) states [ayas - + - a,_x]s*,
[611(13 .. .GPHI]SW, L. [alag .. 'asz(k’ in MS.--lm are
affected by the addition of the pair (x;, ;). Each of the equiv-
alence classes [@as + - - a, ;|5 must be altered so that
output y;isassociated with the state ds®([aas « + « @reiy 1],
Ar_iyi1@rxsjr2 + - - ). These alterations in Mg, *' are
enough to produce the new machine Mg %, In the example
of Section 11, if the pair (baa, 2) were added to S, the new
machine Mg’ would have one changed state [ba]s (", and
three new transitions, as indicated in Fig. 1.

We have shown that the construction of Section 11 will
produce machines Mg,* that have desirable properties. It
remains to describe an algorithm for choosing k and deciding

U

4 The actual results concern grammar discovery rather than machine
discovery. However, the extension to the sequential machines of this
note is straightforward.
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which M,® to call the machine 4;. Suppose one is given
an upper bound ¢ on the number of states in M( /). Let S|;
= {(x, y)ES) length (x)gj} and consider the following
algorithm.

Algorithm I: Let k=2¢g—3. At each i, compute

(k)

B, =M .
Sily,
If
(k ‘
iy S h :’ ()

forall (x,. y )& S, then A;= B;; otherwise 4,= Ms™®.

Let f4, be the nondeterministic function that is computed
by A i

Theorem 6. Algorithm I has the following properties.

Property 1: y;&f4 (x)), for all (x;, y)ES..

Property 2: If W& A; X By, Jf(w) is defined | C P(S;), then
AX)EL1 (x), for all x& X*,

Property 3: If |wE X*|length (w)<3g—3 and f(w) is de-
fined | SP(S;) for some j then for all i>/, fi(x)=| fix)!
for all x& X* such that f(x) is defined and [, (x)= ® other-
wise.

Proof: Because M( f') has ¢ or fewer states, those states
are g—2 or less distinguishable. Using Lemma 1, an upper
bound on the value of k required is k=2n+1=2(g—2)+1
=2¢g—3. Then Property 1 follows directly from Theorem 1,
Property 2 from Theorem 4, and Property 3 from Corollary 3.

Algorithm 1 yields a nondeterministic machine with non-
deterministic outputs. If determinism is desired in the output
behavior, one follows Algorithm 1 as before. But when a
nondeterminism occurs in any Mg'*', one increases k until
the nondeterminism disappears and then continues the algo-
rithm. Theorem 6 will still hold.

[f one assumes, as seems reasonable. that every pair (x. )
such that f{x)=y is defined will occur at some time 1;, Algo-
rithm 1 will eventually choose only a machine that repre-
sents fexactly. This is known in the literature as the algo-
rithm identifying f. There is a problem in that Algzorithm 1
depended on an a priori estimate of the number of states in
M(f). 1t is shown in [4], [5] that without this estimate, no
algorithm will be able to identify every finite-state function
from an arbitrary presentation of its behavior. If, however,
/'is known to be a total function, then no a priori informa-
tion is required, and the following algorithm will identify
[ after a finite time.

Algorithm 2: Let

where

k= min |j! (x, ) € S; implies A ;"v'

‘(;r‘) = :]/} }

Theorem 7: Algorithm 2 has the following properties.
Property 1: fai(x;)= {y,}, for all (x;, y;)&ES..
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Property 2: 1If M(f) has ¢ states and if |{x€ X*|length
x)L2g-2 } CP(S)) for some j then for all i>j, fi(x)
=1{ fix)}, for all x& Xx*.

Proof: Property 1 is true by construction and Theorem 2
guarantees that the construction is possible.

If M( f) has g states and all strings of length 2¢—2 or less
are in P(S)), then the algorithm will choose k=g —2 (or less).
Then by Corollary 2, Property 2 follows.

V. DISCUSSION AND SUMMARY

This note gives a technique for constructing finite-state
machines from a finite number of examples of their behavior.
The method has been programmed on a computer and ex-
tensively tested. Typical constructions of machines with 10
or 20 states require a few seconds or less of CPU time to
complete. Many other versions of this method are possible,
and some were investigated. although they are not de-
scribed here.

The construction procedure has a simple operation, and
is therefore easy to program and fast in execution. The
parameter A enables the user to obtain as exact a fit to the
needed behavior as he desires, at the cost of increasing the
complexity of the resulting machine. The simplicity of the
procedure makes its operation easy to understand and easy
to characterize. Finally, the system has the distinct advan-
tage that if a large amount of computational effort is invested
in finding a machine for a set of pairs (x, ), changes can be
made in its behavior without the necessity of starting the
design procedure over again. If M is created to realize f
and then S'is changed slightly, only the states and transitions
in Mg that correspond to the changes in S need to be
adjusted to obtain a new machine.
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