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ABSTRACT

An algorithm is presented which when given a complete description of a set of Turing machine

computations finds a Turing machine which is capable of doing those computations. This

algorithm can serve as the basis for designing a trainable device which can be trained to

simulate a Turing machine by being led through a series of sample computations done by

that machine. A number of examples illustrate the use of the technique and the possibility of

its application to other types of problems.

1. Introduction

In order to obtain the desired performance from a general purpose digital

computer, one must write a program which specifies in abstract notation

and in complete detail exactly what is wanted. This paper will be concerned

with the problem of obtaining this performance from the machine by giving

it examples of the desired computation and having it program itself. We

will be concerned with designing a trainable Turing machine although the

concepts presented are applicable in a much more general context as discussed

in Section 4.
The Turing machine to be discussed here will have an infinite one di-

mensional tape and will have the capability in one move to read a symbol

on the tape, print a new symbol to replace the one just read, and step right

or left one increment on the tape. It will have a deterministic finite-state

controller with a designated initial state which will upon receiving an input

symbol read from the tape, yield the symbol to be printed and the step

direction (right or left) to be made. A computation will be defined to be the

complete sequence of moves which are executed by a machine starting in its

initial state with its head on the left-most nonblank symbol of the tape and

ending at a halting condition with the device reading a symbol and in a state

Artificial Intelligence 3 (1972), 181-198

Copyright © 1972 by North-Holland Publishing Company



182 A. W. BIERMANN

such that no next move is defined. Initial tapes will be assumed to have only
a finite number of nonblank symbols, and we will be interested only in
computations of finite length. A particular Turing machine will be said to be
able to execute a particular computation if when given the initial tape associ-
ated with that computation, it goes through the sequence of moves in the
computation and halts after the last move.
A move will be written as a three symbol string with the symbols represent-

ing, respectively, the symbol read, the symbol printed, and the step direction
(L or R). A computation involving j moves will be written as a j-tuple with
the ith move listed in the ith position. Thus a computation in which a machine
reads an A, prints a B, and steps right, and repeats this move three times
before halting will be represented as (ABR, ABR, ABR).

We will be studying the following training model: A finite set of com-
putations which can be executed by some Turing machine M, are given to
the trainable system, and this system finds a Turing machine M, which will
correctly execute all of the given computations. Hopefully, if the trainable
system is given enough sample computations, it will find the correct machine
so that M, is behaviorally equivalent to AT, for all finite computations which
M, can execute. That is, M, will exactly mimic Mo in all of its moves in any
finite computation starting with any initial tape. If this occurs, we will say
that the trainable system has learned the function computed by Mo.
The existence of such a trainable computer is not surprising since it is only

necessary for it to begin enumerating the class of all Turing machines until
it finds one which can execute the given finite set of computations. If it yields
a machine M, which is not equivalent to Mo, we need only give it an addi-
tional sample computation for M, which it cannot execute to cause the
enumeration to continue. Since Mo is one of the machines which will be
eventually enumerated, we can be sure that we can force the system to
eventually enumerate either M, or some machine equivalent to it (for all
finite computations). When it does, the system will have learned the function
computed by Mo and additional sample computations from Mo will not cause
it to ever yield any other machine. This learning model has been studied by
others and this type of argument has been given a number of times, par-
ticularly in papers on grammatical inference [4, 6-8, 13, 14, 22].

From a practical point of view, on the other hand, we might expect this
type of learning by enumeration to be useless for two reasons. First of all,
in order to learn any function it is necessary to check all of the functions
which precede it in the enumeration, and this is likely to involve an astro-
nomical amount of computation even for very modest problems. Secondly,
it appears at first glance that a huge number of sample computations may be
required before the system will ever enumerate a correct answer. It is the
purpose of this paper to deal with both of these objections.
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We will exhibit an algorithm which enumerates not Turing machines but

parts of Turing machines and which carefully guides its search by using

information from the sample computations. The algorithm finds a machine

which can execute the first i moves in the samples and searches for a change

which will enable it to execute the first 1+ 1 moves. The process is repeated

for increasing i with backtracking when necessary. We will demonstrate

that very large solution spaces can be searched with only a few seconds or

minutes of computer time, and furthermore, that relatively few sample

computations are needed before a correct answer is found. For example,

in the next section, we search for and find a three state machine with a three

symbol alphabet from a space of approximately 199 = 322,687,697,779

machines. We find that it only takes one sample computation involving eleven

moves to force the search to a correct answer, and the computer finds this

answer in just over three seconds.

The research reported here is an outgrowth of studies in grammatical

inference where the problem is to infer a grammar from a finite number Of

samples from its language. Many of the results and ideas presented in Bier-

mann and Feldman [4], Feldman [7], Feldman et al. [8], Gold [13], Horning

[14], Solomonoff [22] and others are directly applicable to the current problem

although their emphasis is on grammar discovery. These papers contain a

number of results concerning enumeration lmethods and techniques for

choosing a "best" answer.

One might also look for related research among the papers which have been

written on automatic computer program synthesis. For example, Manna

and Waldinger [15] and Waldinger and Lee [23] have dealt with the following

problem: Given a formal description of a task to be performed, how can the

formalism be translated into a computer program? This paper is concerned

with problems of inference from example computations rather than a trans-

lation between formalisms. Amarel [1, 2] has done extensive work on the

problem of program formation from example input—output behavior, a

problem much more difficult than the one we face here. We will assume that

the samples will contain in addition to the input—output pairs a complete

trace of the computation required to obtain each output from its correspond-

ing input. This much stronger assumption, of course, is what enables us to

obtain stronger results.
Most of the previously studied trainable systems have utilized the technique

of basing decisions on the values of certain stored parameters and then have

exhibited adaptive behavior by varying these parameters. The perceptron [18],

many pattern recognition systems [16, 19], and many game playing programs

[20] are examples of this type of learning system. The system described here

uses an entirely different approach to learning, finite-state machine synthesis,

and the nature of its performance is consequently dramatically different.
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In the next sections, an algorithm for finding a Turing machine capable
of executing a given set of computations is described and a number of
examples demonstrating its performance are presented. In Section 4, the
generality of the approach will be demonstrated by solving a program
synthesis problem for a modern computer.

2. The Algorithm

The algorithm for finding a Turing machine which executes a given set of
computations is given in the Appendix. Instead of discussing the exact
algorithm here, we will study an example and direct the reader interested
in details to the Appendix. Suppose it is desired to find a machine which
sorts A's and B's; that is, the machine will begin with its head at the left
end of a randomly arranged string of A's and B's and will rearrange the
symbols until all of the A's precede all of the B's. Our sample computation
will sort the string BAA and will proceed as follows: The head moves right
until it finds an A. It replaces the A with a B and then moves left until it
finds either the left end of the tape or another A. It moves right one step, puts
the newly found A there, and then proceeds off to the right looking for another
A. The computation is shown in Fig. I and is described by the sequence
(BBR,ABL,BBL, R,BAR,BBR,ABL,BBL,AAR,BAR,BBR). A blank sym-
bol on the tape is written as .

Current tape Next more

PA A BBR
BM ABL
PBA BBL
.BBA
PBA BAR
AA BBR
ABA ABL
APB BBL
i!k13B AAR
APB BAR
AAp BBR
AAB. (halt)

FIG. 1. An example computation. The position of the head on the current tape is indicated

by a dot.

For the moment, it will be assumed that we know that the desired Turing
machine has three states, and the strategy for finding it will be to try to guess
which of these states the machine is in after each move in the computation.
Beginning in state I (see Fig. 2), we guess that the machine goes to state I

after the move BBR. After ABL, we might again guess the device will go to
state 1 except that this would yield a contradiction with the next move BBL.
Artificial Intelligence 3 (1972), 181-198
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FIG. 2. The search for a Turing machine.

(1)

(State 1 makes the move BBR instead of BBL.) So we guess the device will

be in state 2 after ABL. After similar arguments we decide the device may go

to states 1 and 3 after moves BBL and R. However, attempts to find the

state after BAR all yield contradictions causing a revision in the guesses.

Perhaps the device goes to state 2 after move BBL. Then states 3 and 1 are

the next noncontradictory choices to be made after moves R and BAR.

At this point, the next three choices become fixed as a logical consequence

of previous decisions so they are included and are parenthesized to indicate
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this fact. After AAR, the only noncontradictory choice is 3 and the rest of the
table follows immediately. The final machine (Fig. 2, bottom) is the correct
answer, a Turing machine which sorts A's and B's. Thus, the trainable
computer can learn to sort on the basis of one sample computation.'

Notice that at each point the guessed state is the lowest number which
does not yield a contradiction with the immediate next moves. If a contradic-
tion is found at any time for all possible choices 1, 2, and 3, then the search
is backed up to the last arbitrary choice, it is incremented by one, and the
search proceeds. In this way the space of all possible three state machines
is searched until the correct answer is found. If no three state machine can
perform the computation, then the back up will eventually reach the first move
indicating that the class of four state machines should be examined.

This discussion will hopefully make the operation of the algorithm clear
in the case where only one sample computation is given. If several samples
are available, the first is processed as described above except that every
proposed partial machine must also be compatible with all of the other sample
computations. That is, it is compatible with all of the initial sequences of
moves which can be checked on each of the other samples. This additional
requirement on the proposed machine helps greatly to prune the search tree
and speed the convergence to the final answer. After a machine is found
which is compatible with the first computation and all of the other initial
sequences of moves, the search is continued to bring compatibility with the
complete second sample computation, and sequentially, the rest of the samples
are processed.

3. Some Experiments with the Algorithm

The algorithm described above was programmed in the Stanford LISP 1.6
language, compiled and used to find Turing machines which solve various
problems. The results are summarized in Fig. 3 where each problem is
described and its solution given. The computations in column four are
represented by their initial tapes. Thus the string BAA in problem 6 represents
the complete computation described in the previous section. The amount of
PDP-10 CPU time required to do the search in each case is given in the last
column. These times do not necessarily represent the best possible performance
since no unusual efforts were made to write optimal code and LISP does not
typically yield fast executions.
The first set of computations in each problem was obtained as follows.

The first i initial tapes from the set of allowed tapes (see column three) were

1 One can show that if this procedure is executed on any string which begins with B and
has at least two A's in it, then the resulting computation is satisfactory for training the
machine to sort.
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used to generate i sample computations. These i computations were input
to the algorithm and a solution was produced. This process was completed
for i = 1, 2, 3, . . . until a correct answer was found. The first set of com-
putations given for each problem is thus minimal in the sense that if the last
computation were deleted, the set would no longer be adequate for inferring
the correct answer.
The answers to problems one through six could be inferred from just one

sample computation and the shortest such computation was found in each
case. These are included in the table along with their computation times.
The algorithm usually found the answer in less time then in the first experi-
ment. Surprisingly, in several cases of the first experiment, the first i— I of
the i sample computations could be deleted without affecting the ability of
the system to find a correct answer.

In the other problems, the second set of sample computations is simply
representative and not necessarily minimal in any sense. Occasionally the
algorithm produced an answer which was different from the one given but
which was still correct. These instances are so marked. The amount of search
time required to find a solution is not an easily predicted quantity as indicated
in problem eight. Adding a sample computation to a set of computations
which is already adequate for inferring a correct answer can increase the
total search time because each newly proposed transition must be checked
for compatibility with this computation as well as the others. This addition
can also decrease the search time by enabling the algorithm to discover that
it has made a wrong decision at an earlier time.
These problems were not chosen using any particular criterion and are

representative of all of the experience gained with this algorithm. One can
expect similar performance on any problem which involves about four states
or less in the control as long as the total number of transitions is not great.
Some searches for four state and larger machines were terminated after about
ten minutes of CPU time without an answer. Machines with a larger number
of states can be found in a reasonable amount of time if the number of
transitions is sufficiently small. For example, the machine which starts with
a blank tape and types out sequentially the twenty-six letters of the alphabet
has twenty-seven states and was found in 104 seconds. The total search time
is a function of number of states, size of alphabet, number of transitions, the
order of the sample computations, and the order of the transitions within
the computations.
When training the system to do a computation, it is necessary to have a

systematic algorithm in mind. There are an infinite number of ways to get
from any initial tape to any final tape, and a method must be chosen which
results in a finite-state control. Clearly, it is easy to find a Turing machine
which when given the number 11 yields the number 13. However, it is not
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Problem description

Turing machine
which corresponds

to the solution
Set of allowed
input tapes b

1. Mark X's out to the first B. Return
to the beginning of the tape.

Gro

2. Change A's to C's. For each B left
on the tape, cross off one C.

ts.)

c.0
7 3. Search for an X. If X is found, type
7, an X at the beginning of the tape.
00

co A x
BBL

XXL

ACR
c0 BDL

CER
DER
EDL

{A, 131+

Setof computations
required to discover
Turing machine

{A, B, AA, AB;
{AB}

CPU time
required
(seconds)

0.45
0.65

A*B*—{A} {A, B, AA, AB, BB, AAA,
AAB, ABB}
(ABB)

2.13
0.73

AAR
BBR

10)XXL

AAL
BBL
XR

4. For each B, mark off one A.

AXR

XXL

5. Print an X on the second A and
return to the beginning of the tape.

13BR BBR

.4? IP IPA LAAR A XI 1113L

6. Sort A's and B's.

{A, B, X} {A, B, X, AA, AB, AX, BA,
BB, BX, XA, XB, XX,
AAA, AAB, AAX, ABA,
ABB, ABX}
{ABX}

2.17
1.35

A*B*— {A }

{A, 131+

{A, B, AA, AB, BB, AAA,
AAB, ABB}
{ABB{

{A, B, AA, AB, BA, BB,
AAA, AAB, ABA, ABB,
BAA}
{BABA}

1.28
1.32

7.06
3.23

{A, B}+ {A, B, AA, AB, BA, BB,
AAA, AAB, ABA
{BAA:

5.83
3.31

00
00

NN
VI
A1
11
31
E1
 '
M
 •
V
 



7. For input tape uXv, check whether

u equals the reverse of v.

XXL
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AaBBR XXR XXL

No"

BXR
B 

AX R
XLSo
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{ABXBA, AXB, BAXAB1
13.13
22.58
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. bols, for each B mark off one A.

ft
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•BR
•
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BXL
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ABR

04100
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AAR
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BAA, BAB}
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AABBI
{AAB, ABA, ABB, BAA,

BAB, AABB1

{AAA, AAB, ABA, ABB,

BAA, BAB, AABB}

BBR

1106.60

544.80

812.05

317.65
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151.90
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0° FIG. 3. Experiments on the trainable computer.
,L The solution found was correct although not identical to the machine given in column two.
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so easy to find a machine which when given any prime number will find the

next prime number. If the sample computations involve a naive scheme for

getting from the initial tape to the final tape, the resulting machine may

never have the desired capability although it will always be able to reproduce

the sample computations.
From the practical point of view, it is quite helpful to choose a method for

doing the desired computation which the system can easily learn. This

usually involves finding a scheme which requires a small number of states.

Notice that problems two, four, and nine involve essentially the same com-

putation but alphabets of different size were used. The machines tended to

be more difficult to find if they had more states even if their alphabets were

significantly smaller.

4. On the Design of an Autoprogrammer

The algorithm described in this paper is designed to find a finite-state control

from sample input—output sequences and can be used to find a controller

or program for any computer. In order to illustrate the general applicability

of this technique, we will consider the problem of writing a program which

factors any natural number into its prime factors, and we will use a modern

computer with registers and arithmetic operations.

Condition Command RI R2 R3 R4

RI 4— read 12 0 0 0

R2 4— 2 12 2 0 0

R4 4— R1+R2, R3 4— remainder 12 2 0 6

R3 = 0 RI <— R4 6 2 0 6

print R2 6 z 0 6

R4 <— RI+R2, R3 4— remainder 6 2 0 3

R3 = 0 RI 4— R4 3 2 0 3

print R2 3 0 3

R4 4— RI + R2, R3 4— remainder 3 2 1 1

R2 <— R2+1 3 3 1 1

R4 <— R1+ R2, R3 4— remainder 3 3 0 1

R3 = 0 RI <— R4 1 3 0 1

print R2 1(.1 0 1

RI = 1 halt 1 3 0 1

FIG. 4. A sample computation: Factoring 12 into primes.

It is first necessary to find a sample computation and in this example, we

will factor 12 into its prime factors 2, 2, 3. We will store the number to be

factored in register RI, the number to be divided into RI in R2, and the

remainder and quotient for the division in registers R3 and R4, respectively.

The method will be to divide RI by R2 and then either print or increment R2

depending on whether the remainder is zero or not. If a prime factor is found,
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the new quotient is entered into RI and the process is continued. The sample
computation is traced in Fig. 4. Certain steps are taken only if some particular
condition holds, and in such cases, that condition is indicated.

Since the only changes in the flow of the program result from conditional
tests, the inputs to the finite-state control are the results of these tests. If no
condition is listed, we will let S be the standard input symbol. The finite-state
control which solves the problem thus will yield a series of commands like
those in the figure altering the command sequence appropriately when the
conditional tests so indicate.

halt

S/print R2

FIG. 5. Finite-state controller for finding prime factors.

Since the algorithm of Section 2 is designed to find Turing machines, it
requires in each move description a step left or a step right command. This
is not applicable to the current problem and will simply always be listed as R.
Now if we let each of the conditions (e.g., R3 = 0) and each of the com-

mands (e.g., RI 4- read) be an abstract symbol, we can submit the sample
computation directly to the algorithm without change:
[(S, R1 4- read, R), (S, R2 .— 2, R), . . .
. . ., (RI = I, halt, R)]
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In this case, the LISP program computed for about eight seconds and produced

the finite-state controller of Fig. 5.

It is a small change to make the finite-state controller into a computer

program, and the flow diagram for this program appears in Fig. 6. If input

symbols appear at a node which are not the standard S, a conditional test

must be inserted to implement the branching. The resulting computer

program will correctly extract the prime factors from any positive integer.

Since there is nothing special about either the computer or the example

program this method is clearly quite general.

Start

f
RI read

R2-2

Does R1-1?
yes

No

114.-R1±R2

R3.-remainder

Halt

Does R3=0 9
No

yes

R1.-R4

print R2

FIG. 6. Flow diagram for a computer program.

R2.-R2+1

Summarizing, we can find a computer program for executing some

algorithm from example computations which employ that algorithm. We

simply list sequentially, for each example, the commands executed by the

algorithm including with each command any conditions which mus
t be

checked before its execution. These sequences with the modifications de
-

scribed above are then submitted to the algorithm of Section 2, and 
the

resulting finite-state controller can be directly converted into a flow dia
gram
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for the computer program. The only alteration required is the inclusion of

conditional tests to check for conditions listed as input symbols on the

finite-state controller. The resulting computer program will correctly execute

the desired algorithm if it has been given enough examples. We will call a

system which carries out the above process an autoprogrammer.

It is important to note that the autoprogrammer as we define it here does

not actually create an algorithm for solving a problem where none existed

before. The algorithm must be implicitly contained in the sample com-

putations, and the method described here simply finds and makes explicit

that algorithm by constructing a satisfactory flow diagram. It may be true

that the autoprogrammer concept will not prove to be a useful aid to tradi-

tional computer programmers because one must essentially write the program

as he is doing the examples. However, there are situations such as in a desk

calculator where an autoprogrammer might be quite useful. In this case, the

operation codes correspond to keys on the machine and the user may not

be a computer programmer. With an autoprogrammer built into the device,
the user could begin doing his repetitive task in the usual way but at some

point he could stop and allow the keys to go on pushing themselves.
Perhaps the next logical step after the autoprogrammer is the development

of a system which synthesizes computer programs from input—output
information only. The system would have no information concerning how
each output is obtained from its corresponding input and would be faced
with the problem of filling in all of the steps as well as finding the program.
The system could enumerate the set of all possible sets of intermediate steps,
find a program corresponding to each set of computations, and use some
criteria for choosing one of the programs as its answer. This all appears to
be well beyond the range of possibility for any general class of functions.
One approach to this problem was seriously investigated. If one wishes to

synthesize programs which read an input string and which print one of only

a finite number of outputs after using only finite memory, the program

synthesis problem becomes simply a finite-state automaton synthesis problem.

Such a program synthesizer was actually developed, and it was very fast and

efficient because it used a direct synthesis method rather than a search.

However, the number of input—output pairs required to do a synthesis was

extremely large in comparison to the difficulty of the problem being solved

so that the all over performance of the system was disappointing.

5. Conclusion

In this paper, we think of a trainable machine as a manipulative system with

a finite-state controller, and the learning process for the machine involves

finding the correct controller. The approach is quite general as demonstrated
Artificial Intelligence 3 (1972), 181-198
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by the fact that it has been applied to very different types of problems. It is
also important to note that the controller can be found either by a traditional
finite-state machine synthesis method or by some kind of search. The
philosophy of the paper may be applied in many ways, and the specific
systems discussed here should be thought of as examples of a general approach.
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Appendix

The notation of the algorithm must be defined. INPUT is an array which
holds sequentially each of the moves in each sample computation. The last
symbol read before a computation halt appears with an exclamation point
to indicate the end of the computation. Thus, in the example above, the
entries BBR,ABL,BBL, . . BBR would appear in positions 1 through 11
and would appear in position 12. Other sample computations would have
been entered in locations 13 and beyond.
The array STATE holds the guessed sequence of states with the non-

arbitrary choices enclosed in parentheses. The array TRAN holds a complete
description of the momentarily guessed Turing machine and is updated
continuously as changes are made in STATE. Its exact form need not be
considered.
FUT(/,LEVEL) is a function which yields the list of states which the

current machine in TRAN will go through beginning in state / if it makes
the moves INPUT(LEVEL),INPUT(LEVEL +1), . . .. Often FUT will yield
an empty list because TRAN will not have transitions corresponding to the
given sequence of moves. In the example above, FUT(1,6) = (1,2,2) after
move BBR and FUT(3,10) = (1,1) after move BAR. It may be that TRAN
is in contradiction with the given sequence of moves either because it indicates
the wrong print or step right or left instruction or because INPUT indicates
a computation termination (exclamation point) and TRAN does not. In
either case, FUT yields a special symbol meaning "contradiction".
K is the currently hypothesized number of states, is initially set at 1, and
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YES
Does IND -1?

NO

Reduce LEVEL to last un-
parenthesized entry in
STATE. Delete correspond-
ing entries from TRAN.

A. W. BIERMANN

Delete entry in TRAN
just made in step B.

Does LEVEL =0?
YES

NO

/STATE(LEVEL)

YES

YES

Is !>K?

NO

Does / exceed the highest
previous state in STATE by
more than one?

NO

FIG. 9. I increment and backtrack logic.

the enumeration, it will be eventually found if enough such additional
computations are included.

The efficiency of the algorithm can probably be improved by processing
the sample computations in parallel. The method would be to examine all of
the computations which have been assumed to be in some particular state
and to look for the next transition from that state using the information from
all of the samples simultaneously. This method has the advantage that it
would not be dependent on the order in which the samples are presented and
it would probably find cutoffs at an earlier time in the search.
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