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1. Iniroduction

One of the k vs to effective reme(lial instruction is information about the student's beliefs and
mis,.onceptions. This information can often be obtained by analyzing the student's efforts in solving
proolems that require knowledge of the subject mattcr., In some areas, it is possible to design
diapostic tests that can pinpoint a student's misconception directly from his answers. For example,
in their work on the :Itiggy system, Burton and Brown developed a methodology for automatically
generating diagnostic tests that discover the underlying problems responsible for a student's errors in
subtraction. However, in subject areas where the student chooses his own problem or when there
arc several ways of solving a problem, it is helpful to consider not only the student's final answer
but also his steps in producing it and his rationale for taking those steps. This paper is concerned
with the process of automatically analyzing a student's work to infer his rationale and the use of this
information in providing remediation tailored to the student.

1.1 The Student's Plan

The student's r..tionale is important because it is the link between his beliefs about the subject
area and his solution. In the exercise of elementary arithmetic skills like addition and subtraction,
this link is direct. The sequence of steps is fixed in advance, and the student simply executes the
steps*. If there is an erro: it can be localized by following the student's steps and comparing his
actions with those of the correct algorithm. In more complex domains like algebra, geometry, and
calculus, there is no fixed procedure that solves all problems. Consequently, the student must piece
one together for each new problem, and generally there are multiple ways this can be done..
Identifying a misconception in this type of situation is more difficult and requires an understanding
of why the student chose the steps he did.

{Footnote: This assumes that the student already has command of some procedure, possibly an incorrect one. In actual
practice, the student might revise his procedure while trying to apply it to a novel problem.)

There is a crucial distinction here between the student's steps in solving a problem and his
mental operations in selecting those steps. The steps of the solution manipulate the objects of the
problem (e.g. mathematical expressions and equations in algebra. drawings and proofs in geometry);
the mental operations take goals and beliefs as "inputs" and produce step sequences as "outputs".
For example, given a polynomial to solve, a student must first recall an appropriate method (like
using the quadratic formula) or insent one he hasn't seen before (say factoring); he must check the
method's preconditions (like integer .;oefficients) and figure out how satisfy them (e.g.
multiplying through by a constant); and only then can he begin to carry Out the steps.

Insofar as a trace of the student's mental operations explains why he chose thossteps he did, it
constitutes a rationale for the solution. If the operations are guaranteed to produce Correct solutions
(given correct facts about the actions and the problem area). then the trace constitutes a direct proof
that the solution is correct. If the methods are merely plausible. then the trace constitutes only a
plausible argument but still captures the rationale. In what follows the word plan will be used to
designate a student's solution, the relevant beliefs, and a trace of his mental operations in using
these beliefs to produce the solution.

One advantage of recognizing the distinction between the steps of a solution and the mental
operations that produce it is that it suggests what it means for a solution to "make sense". Even
when a sequence of steps is incorrect, we sometimes deem the solution "reasonable" in light of
resealed misconceptions on the part of the student. We snap our fingers and exclaim "Ah, I see
what he's doing" and sometimes "But he's wrong about x". This often occurs in grading problem
sets and quizzes where one tries to understand the student's problem solving "logic" in orler to
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detect his misconceptions. One possible explanation for this is that we recognize the student's
menuil operations arc correct and that the student's mistake is due to a misconception about the
subject area.

As an iilustration of this, consider the MACSYN1A* interactions in figure 1. In each case the
student was asked to solve the same problem, and each student used a different approach. The
command lines (e.g. C6) arc typed by the user; the display lines (e.g. 1)6) are MACSYNIA'S response.
A command line may be terminated by a semicolon or a dollar sign: if the latter is used, the display
is suppressed (e.g. line C7). Expressions are entered in linear fonn (e.g. (3-2*/)/z); colon is the
assignment operator; and other commands arc applied ung functional notation (e.g. Factor(96,X)).
Parentheses delimit compound statements.

{Footnote: MACSYNIA (Mathlab1 is a large, interactive computer system designed to assist mathematicians, scientists, andengineers in performing symbolic manipulation of mathematical expressions. For the purposes of this paper, one needonlx realize that it has a large number of complex commands and options. One of the achamages of using computers asa subject area is that all of the student's actions are explicit (as "C lines"), whereas in other domains only theintermediate tesults are shown (the "D lines"). One of the difficulties of applying the techniques described here to otherdomains is that these intermediate actions must first be identified.)

Arthur's and I3ertram's solutions are correct; and, even without knowledge of MACSYMA, one
quickly secs how they got their answers. Arthur obtained his solution by factoring the expression
and extracting one of the factors. Bertram expanded the expression, picked out the coefficients, and
ilugged them into the quadratic formula. Carleton's solution is similar to Arthur's but is :-.correct
■•CC3USC it is missing the preliminary expansion. The (OEFF command does not return the
°efficient of its argument in all cases, as one might suspect. What it does do is to loop over the■.cims of the argument collecting coefficients of the variable raised to the desired degree. Since
there are no terms in 96 free of X. COEFF(96. X, 0) returns 0. The reason for the name is that
the command does compute the coefficient when the argument is expanded. Although the solution
is incorrect, to many people it seems reasonable in light of this misconception.

1.2 Plan Recognaion

MACSYMA experts are quick to diagnose Carleton's misconception, even those who haven't seen
the problem before. The intermediate steps in solving the problem are important in making this
determination, but an understanding of the student's plan is also essential in pinpointing the
misconception. The reason is that, taken indix idually, the steps are correct: it's only their
composition that's wrong. Note that it is not illegal to use the COEFF command on 1)6; in fact, it
is often used on non-expanded polynomials in finding roots over polynomial domains. Its use in
figure lc is incorrect only because it was expected to produce the coefficient of 96 to plug into the
quadratic formula in line C8.

The work of the artificial intelligence community on planning suggests that it is possible to
characterize the mental operations a person uses in devising a sequence of actions to solve a
problem. Gix en this characterization, the plan recognition process can be automated. The task is a
difficult one, especially where there is a possibility that the solution is incokca.as in Carleton's
case. However, a number of researchers have already presented plan recognition algorithms,
including [Genescreth 78, Si], [Miller and Goldstein], [Schmidt and Sridharan], and [Waters].

In their work on computer-aided instruction, Brown and Burton pioneered the use of the expert
comparison technique in diagnosing student errors. In [Brown, Burton. and Bell], WEST
[Burton & Brown], and 131_(.;GY [Brown & Burton]. misconceptions were inferred by comparing the
student's solutions with those of an automated expert or an expert with various bugs inserted.
However, in none of these SyStCMS were the student's answers or actions used in ordering the
search. Plan recognition is a way of using information about the student's actions in dealing with
the combinatorics in domains Miere the number of reasonable solutions and bugs is too large for
the expert difference technique to work effectively.
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(C6) Xt2-Z*(X+X*Y-Y*Z);
(1)6) X2 -Z(X + X Y -YZ)

(C7) FACTOR(D6, X);
(D7) (X - Z) (X Y Z)

(CS) PART(D7, 1, 2);
(DS)

Figure la - Arthur's solution by factoring

(C6) XT2-Z*(X+ X*Y-Y*Z);
(D6) X2 -Z(X + X Y -YZ)

(C7) EXPAND(D6);
(D7) X2 -XZ -XYZ+YZ2

(CS) (A:COEFF(D7, X, 2), B:COEFF(D7, X, 1), C:COEFF(D7, X,. ()))$

(C9) (-B + SQ1ZT(13-r2-4*A*C))/(2*A);
(D9)

Figure ib- Bertram's solution using the quadratic formula

(C6) Xt2-Z*(X + X*Y-Y*7.);
(D6) X2 -Z(X + XY-YZ)

(C7) (A:COEFF(D6, X, 2), B:COEFF(D6, X, 1), C:COEFF(D6, X, 0))$

(CS) (- SORT(11,2-4*A*C))/(2*A);
(D8) 0

Figure lc - Carleton's incorrect solution
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1.3 Plan Use

In addition to helping pinpoint the student's misconception, studying his plan is advantageous
in that it enables the tutor to offer remediation in the context of the student's problem and his
approach to solving it. Consider, for example, the consultation session in figure 2. The "Advisor"
in this case is a consultant for MACSYMA, and the user is the novice responsible for the session in
figure lc. After accepting a statement of the user's goal and complaint, the consultant looks at his
work, suspects a misconception about coeff, and confirms it with a question. He then corrects the
misconception an.' offers an alternative in the form of the rateoeff command. This alternative fits
nicely into the user's plan, and its importance is emphasized by its use in context.

Consultant: Speak up!

User: I was trying to solve D6 for X, and I got 0.

Consultant: Did you expect Coeff to return the coefficient of D6?

User: Yes, doesn't it?

Consultant: Coeff(exp, var. pow) returns the correct coefficient of varP°w in exp
only if exp is expanded with respect to var. Perhaps you should use Ratcoeff.

User: Ok, thanks. Bye.

Figure 2 - An example of NIACSINIA Consultation

This paper discusses some approaches to automating the process of plan recognition and using
plans to detect misconceptions and provide remediation in context. Fundamental to this endeavor is
a formal representation for plans. Section 2 offers a precise definition for the notion of a plan as a
"dependency graph" relating a student's actions to his beliefs about the problem area no the
actions involved via the problem solving methods he used in piecing together .his solution. The
recognition of plans in this representation is discussed in section 3, and the confirmation of tentative
plans is discussed in section 4. Section 5 indicates how confirmed plans can be used in providing
advice tailored to the student. The final section sums up the key points of the paper and indicates
directions for future work.

At least one tutorial program has been written in which plan recognition is used to determine
student misconceptio-,s. The MACSYMA Advisor [Genescreth 78] is an automated consultant la
MACSYMA. It is a program separate from MACSYMA, with its own own data base and expertise.
The Advisor accepts a description of a violated expectation from its user, tries to reconstruct his
plan. and if successful generates advice tailored to his med. For example, the Advisor is capable of
conducting the consultation shown in figure 3. Although the Advisor was developed as a MACSYMA
consultant, this does not mean that the techniques are in any way restricted OP MACSYMA, only that
they have not yet been tested in cthcr subject areas.

2. Plans

Intuitively, a plan is a program of action, or sequence of steps, designed to achieve a desired
goal. In this paper, the notion of plans is extended to include an argument for how the steps
achieve the goal in terms of the planner's beliefs about the problem area and the characteristics of
the actions involved. In imputing a plan to a student's actions, there is an underlying assumption
that each of those actions is in some way intended to contribute to the overall goal. For sure,
.student's often exhibit purposeful exploration not directed toward solving any particular problem,
but for simplicity such possibilities arc ignored here.

The part of a plan explaining how the sequence of actions achieves its goal can be thought of as
a logical argument in which the goal is the conclusion and the actions and relevant facts about the



problem area are the premises. The view taken here is that a trace of the goals and subgoals,methods and assumptions that a problem solver uses in generating a sequence of actions is anappropriate structure for such an argument. This idea of using a computational trace as anargument for the correctness of a solution is similar to the explanation facility of N1YCiN [Shorthire]and the dependency relations in EL [StaIlman & Sussman].

If one of the user's beliefs about a problem area and the available actions are incorrect, then theresulting action sequence may not achieve its goal, even though all of the problem solving methodsarc correct. The MACSYMA session in figure lc is an example. The user's strategy was flawless; itwas his misconception about weft that led to the !ifficulty. Once that was corrected, hesuccessfully solved the problem, using the same plan except with coeff replaced by ratcoeff.

In order to make this notion of plans precise, the following discussion will concentrate on aparticular problem solver called MUSER (for MACSYMA user), designed to mimic the behavior ofnovice users of MACSYMA. MUSER takes as argument a goal specified in a fornial, predicatecalculus-like language and uses facts about MACSYMA and mathematics to produce a sequence OfMACSYMA commands that computes the desired result. In (wing so, it uses a variety of problemsolving methods that either achieve the goal directly or generate appropriate subgoals. The goallanguage and problem solving methods were chosen after analysis of several dozen scel.:--ios OfMACSYMA usage and include many domain-independent as well as domain-specific techniques.Only a few of these techniques are shown here.

2.1 Goals

In NIcsER goals take the form of abstract operations in which implcmcntational details are leftunspecifir.d. There are several different types of goals, and each has a corresponding set ofparameters. For example, the goal (obtain (coefficient 6 x 2)) means to obtain an expression for
the coefficient of x2 in g6, either to print it out or pass as argument to some MACSYMA command.Note that this can be done either by finding an already computed expression (stored, say, as thevalue of some variable) or by computing it anew. Either implementation is satisfactory so long as itcomputes the desired expression. (Achim (Ialue (a 2) 6)) means to modify the environment so thatthe Nalue of the array element (a 2) is 6. As with obtain, one can do this in a N;a riety of ways, e.g.by creating a new array and assigning it to a or by using the array assignment command.Similarly, there are goals for testing facts. e.g. (test (value (a 2) 6)), and proving them withoutfurther testing. e.g. (prole (value (a 2) 6)).

Many of MUSER'S goal types exist merely for expressiveness and efficiency and can besubsumed by others. For example, the goal (find (coefficient g6 x 2)) means to obtain an expression
for the coefficient of x2 in g6 that has already been computed, whereas (construct (coefficient g6 x2)) means to compute it anew. (Transform a p) means to convert the expression a into amathematically equivalent expression that satisfies p. (Achiel -by-round (all (i) (if (< i 10) (value (ai) 0)))) means to set the first 10 elements of the array a to 0 by iteration.

2.2 Planning Methods

The planning methods in MUSER are internal operations that add implcmcntational detail toevolving plans. Each method has associated with it sets of input and output objects and aprucedural definition. Each methods satisfies a particular type of goal and is annotated withprerequisites and postrequisites (conditions that must be true in order for the method to succeedand those which become true after it is executed). Some planning methods produce complete plansto achieve their goals; some merely generate subgoals; others are mixed in their effects.

The find-a-lariable method satisfies a goal of the form (obtain g) and returns it as value. Theprocedural definition of find-a-lad:Oh is shown in figure 3. It uses the subroutine fetch to searchits data base for a variable such that val()=g. (The "?" prefix here designates the symbol thatfollows it as a pattern variable: the "," indicates that the value of the variable f is to be plugged intothe pattern.) If it succeeds in finding an appropriate variable, it passes it as argument to theMACSYMA evaluator.
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(defun find-a-variable (g)
(prog (v)
(setq v (fetch '(val 7v ,g)))
(action 'meval v)))

(defun valuate (f a)
(prog (p c g)
(setq (p c) (fetch '(all x y (if (?p x) (= (.f x) (?c x)))))
(setq g (obtain a))
(if (not (fetch '(,p ,a))) (setq g (transform g p)))

(action c g)))

(defun convert (a p)
(prog (c)
(setq c (fetch '(all x (and (= (?c x) x) (,p (?c x))))))
(action c a)))

(defun solve-by-formula (x v)
(p;og (a b c)
(setq a (obtain '(coefficient ,x ,v 2))

b (obtain '(coefficient ,x .v 1))
c

(action
(obtain
'pquad

'(coefficient
a b c)))

,x ,v 0)))

(defun solve-by-factoring (x v)
(obtain '(first ,(obtain '(factors ,x ,v))))

;P•

Figure 3 - Some of NIUSER's problem soh ing methods



The fetch method used here is MUSER'S data base access function. It searches the data base foran assertion of the form specified in its argument and returns as value an alist of bindings for theexistential variables in the pattern. The action method is IvlusEic's way of adding actions to its plan.It takes as arguments the name of a command and descriptions of its inputs and outputs. In thecase of find-a-variable. the command is mei al, the input is a variable, the output is the goal; and,when the plan is executed, the variable will be evaluated to obtain the desired expression.

The alternative to retrieving a pre-computed object is to construct a new One. The goal of thevaluate method i- to produce an object defined as the value of some function f applied to anargument a. 'Mc strategy is to search the data base for a command that computes f, givenpreconditions on the argument. The definition for valuate is shown in figure 3. The outputs of thecall to fetch are the command c and the preconditions p. Valuate then obtains the argument a,transforms it into an expression that satisfies p, and then calls c. The extension to multipleargument functions is straightforward.

The convert method is intended to satisfy the goal (transform a p), i.e. to pro/Lice an expressionequivalent to a that satisfies p. To do so, it searchzs the data base for a MACSYMA command c thatpreserves mathematical equivalence but achieves p. If it succeeds, it calls c on a and returns theanswer. The definition is shown in figure 3.

In addition to the domain-semidependent meth() :s shown here, Nfuser also uses domain-specificprocedures. As examples, consider the procedures use-quadratic-formula and solve-by-factoringshown in figure 3. Each has the same goal but they differ drastically in their strategies.
2.3 Plans

Plans arc dependency graphs that explain how a student's actions are supposed to achieve hisgoals in terms of his beliefs about the problem area and the actions involved. Each goal is relatedto its subgoals and the actions used to achieve it by some problem solving method: and eachmethod is annotated with its inputs and outputs. In particular, all calls to the fetch subroutine areannotated with the data base assertions they retrieved.

Figure 4 shows a partial plan for transforming the expression called g6 to expanded form. Eachbox represents a problem solving method, with its goal ritten in the upper half and its name in thelower. The inputs and outputs are indicated to the left and right. In the convert method, MUSERlooks in its database for a subroutine that returns an expanded expression equivalent to its inputand finds the assertion (all x (and (= (expand x) x) (expanded (expand x)))). Fetch returns expand,and it is added to the sequence of steps to be performed. In this plan the problem solvers expandaction is explained in terms of his goal (transform g6 expanded) and his underlying belief aboutexpand.

Figure 5 shows a plan for computing the positive root of g6 using the quadratic formula. Asdefined in figure 3, the use-quadratic-formula method first computes the coefficients of theargument and then plugs them into the formula. These subgoals are indicated by the obtain boxesconnected to the use-quadratic-formula box. For simplicity only the subplan for obtaining one ofthe coefficients is shown. The problem solvers choice in this case is to use the Valuate method.The assertion attached to the fetch box indicates that coeff does the job so long as the firstargument is expanded. In order to obtain g6 in expanded form, valuate creates the subgoals (obtaing6) and (transform g6 expanded). In satisfying the obtain subgoal. the find-a-variable methoddiscovers that the variable d6 has g6 as value and starts off the plan with an evaluation of d6. Intrying to transform g6 to expanded form, convert finds that the expand command returns anexpanded version mathcmaticalls equivalent to its argument. Hence. expand is called on the valueof d6. and the result ge is passed as argument to cocff along with the results of obtaining x and 1.Finally, the coefficients arc fed into the quadratic formula -to obtain the root g8.
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Figure 5 - Plan to compute the root of G6
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Figure 6 Erroneous plan to compute the root of G6
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Figure 7 - Another erroneous plan to compute the root of G6
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Figure 6 shows a plan for the user's effort in figure lc. The problem in this case is that the
user believes cocffs argument need only be a mathematical expression in order for coeff to compute
its coefficient. This erroneous belief is reflected in the predicate expression being returned by fetch,
which g6 trivially satisfies; and, consequently, the transform subgoal is not created (see the
definition of valuate in figure 3). Note that the structure of the plan here is correct, and so the
action sequence "makes sense"; it's the premise that's wrong. If the premise v■cre correct, the plan
would constitute a flawless proof that g8 is the root of g6.

Figure 7 shcws another plan to account for •Lhe session shown in figure lc. In this case, t!.e
assertion about coeff correctly lists expanded as a precondition, and g6 is obtained as before.
However, the succeeding fetch call indicates that the user believes g6 to be expanded; and,
therefore, the transform subgoal is not created. I3ccause g6 is visible to the user, this mistake is less
likely than the one in figure 6; but, when a user nests function calls, the intermediate expressions
arc not visible and such mistakes often arise.

3. Plan Recognition

Plan recognition is the inverse of planning. A planner uses facts about its problem area and the
available actions to produce a plan that achieves its goal. A plan recognizer starts with a sequence
of actions, reconstructs the problem solver's plan, and thereby infers the underlying beliefs about
the probler.-. area and the actions involved.

As discussed in the last section. a plan is essc:atially a proof that a sequence of actions achieves
its goal (in terms of the problem solver's beliefs). So, in a sense, plan recognition is similar to
program verification. One difference is that in the case of plan recognition the problem solving
methods that produced the sequence are known and are treated as rules of inference. More
importantly, program verification is concerned %nil proving the behavior of a program for a class of
possible inputs (e.g. showing that a program solves all quadratics). By contrast, most problem
kols ing plans are designed with particular inputs in mind (e.g. a sequence of steps that solves a
particular quadratic).

3.1 Approaches to Plan Recognition

Plan recognition can also be viewed as a parsing problem in which the student's actions are the
"words" and his problem solving methods are the "rules of grammar". This is an overly simplistic
view, since the dataflow amongst the commands must also be taken into account. However, the
basic strategies of top-down and bottom-up parsing are relevant.

In the top-down approach. the plan recognizer acts as a planner, using the problem solving
methods to generate action sequences that solve the problem. Fetch requests are answered from a
correct data base about the problem area or in accordance with a .plausible misconception, as
discussed in the next subsection. The process halts when a sequence of actions is found that
matches the student's.

In the bottom-up approach, the plan recognizer uses the problem solving methods as data in
guessing possible goals for each of the user's actions. The process then repeats using these goals as
data. Since an action may suggest more than one method and goal, a search space of possible
parsings is generated; and the plan recogni/er explores this space until it finds a parsing that
connects the student's actions to his overall goal.

In compai ins: the top-down and bottom-up approaches. the key issue is how drastically the
search space branches. The top-down approach works well in problem areas where the number of
possible solutions and the cost of obtaining each solution are not large. In many other areas,
however, it is more difficult to solve a problem than to recognize a solution once presented. The
bottom-up approach is ideal for such areas. In MAcsvstA, for example. there are often many ways
to solve a problem. %%hereas each command has only a small number of mathematical uses. What's
more, generating each solution often entails considerable scarch. Consequently, it is usually easier
to recognize plans in bottom-up fashion than to generate solutions. In general programming

12 .



languages, like LISP, it is usually possible to recognize the programming intent of each operation,but it is much more difficult to guess the intent in the programmer's application area. For example,in a list' program it's easy to see that car is used to get the first element of a list or that a prof:implements a search loop. It's much more difficult to guess that getting the first clement of a list isequivalent to getting the real part of a complex number or the numerator of a rational number orthat a search loop is a prime number program. '11e number of possible interpretations is simplytoo large.

3.2 Hypothesizing Misconceptions

Both of these approaches are complicated by the likelihood of misconceptions on the part of thestudent. Not only must the plan recognizcr fill in the problem solving methods connecting thestudent's action to his goal, but it must also guess the student's beliefs and misconceptions.

One solution is for the recognizcr to assume the student's beliefs are correct expect for one ormore hypothesized misconceptions. The program can then try to reconstruct the student's plan foreach possible misconception or combination of misconceptions until it succeeds in finding a plan forthe student's actions. The work of Brow ii and Burton on West tutor [Burton & Brown] and theBuggy system [Brown and Burton] exemplifies this approach. Although their programs do not usethe student's intermediate work and do not reconstruct the student's plan, they do infermisconceptions from the student's final answers, largely by a "generate and test" approach. Givencoirect models of arithmetic expertise, both systems ry to explain the ,todent's error by proposingpossible faults and checking for each whether it predicts the student', ,wers. Buggy's analysis isparticularly sophisticated in that it can use a bank of test results, correct and incorrect, todiscriminate amongst possible faults.

A bottom-up version of this approach can be implemented by ex inding the set of problemsoling methods to include buggy methods as well as correct ones. with one buggy method permisconception. Such buggy methods could be constructed by copying the appropriate correctmethods and modifying their fetch calls so that they return values that reflect misconceptions. (Incompiler terminology , this is called "constant folding") In recognizing such buggy methods, theplan reco.gnizer would also be inferring the corresponding misconception. The disadvantage of theapproach is the large number of buggy methods that must be constructed in advance.

In point of fact, it is possible to build a program that recognizes plans with no hints whatsoeverabout the student's beliefs and misconceptions, so long as he uses a known set of problem solvingmethods. The N1ACSYNIA Advisor, for example. is able to infer beliefs and misconceptions directlyfrom the user's goal and actions and its corpus of problem solving methods. Advisor also usesa set of buggy methods as described above but only for efficiency in recognizing commonmisconceptions.

The Advisor's plan recognition procedure is a hybrid top-down, bottom-up method. Problemsolving methods are suggested in bottom-up fashion on the basis of the user's actions. The identity,inputs, and outputs of each action place constraints on the variables in the 5biggestod method. Toutilize these constraints, the method is symbolically evaluat;:ci in the forward and backwarddirections to propagate the information to the inputs and outputs of the method and to generatesubgoal expectations. A variety of heuristics arc used for associating expected goals with recognizedmethods. The inference of the student's beliefs (and misconceptions) comes when the propagatedconstraints on a method's variables reach any calls to fetch and thereby constrain the contents of thestudent's data base.

As an example of its operation. consider how the Advisor would recognize the plans in figures 6and 7. When the plan recognition process begins, it has as data the relevant sequence of N1A,CSYNIAcommands (the action boxes) and a statement of the overall goal. The Advisor's first step is todetermine which problem solving methods could ha\ c dictated the st.,dent's observed actions. Atthis point eN cry method that contains a call to action is a potential caller of every action box.Information about the inputs and outputs of each action are propagated by symbolic execution tothe inputs and outputs of the suggested methods. The Advisor then tries to pair up expectedsubgoals with the problem solving methods that have been suggested on the basis of the methods'

1,



goal types, inputs, and outputs. For example, the overall goal (obtain (root g6 x)) pairs up with thesuggested method (sol■e-by-quadratie (root g6 x)). Similarly, the expected subgoal (obtain g6) ispaired with the suggested method (find-a-variable g6), and the goal (obtain (coefficient g6 x 0)) ispaired with (valuate (? g6 x 0)), where the ? signifies that the function being computed is unknownprior to the pairing. Since these pairings account for all of the student's actions and anyimplementation of a transform subgc 11 entails additional actions, it can be concluded that notransform subgoal was created, i.e. the student believed that g6 satisfied the precondition p and sothe fetch condition in line 5 of Ialuate succeeded. At this point the plan is complete except for thebinding of the variable p. In order to guess the identity of p, the Advisor could just generate allpossible predicates (like expanded, univariate, expression, .:stc.) and any one would make a legal plansince there isn't enough information in the user's actions to discriminate amongs: the possibilities.However, since this is potentially a very large set, the program starts with 2 special cases: the correctprecondition (i.e. expanded) and the most general possibility (i.e. expression). These twopossibilities lead to the plans shown in figures 6 and 7. Only if these fail to be confirmed (see nextsection) would the Advisor enumerate the other possibilities.

4. Plan Confirmation and Misconception Detection

The goal of plan recognition, as described in the last section, is to generate plausible plans thatexplain how a given action sequence achieves its goal. In the event of ambiguities, remedial actioncannot be undertaken until one or another of the possibilities is confirmed.

One obvious way of pruning the space of possibilities is to use knowledge about the individualstudent's beliefs and misconceptions. If it is known that the student understands particular facts,then there is little chance that his plan is based on contradictory facts, and any plan that mentionssuch misconceptions can be eliminated. Knowledge of this sort might be gleaned from hisperformance on other problems or from previous interactions with the tutor.

Where the available information on the student is insufficient to confirm a single plan, analternative is to acquire the necessary information by interrogating the student about his plan. TheTeiresias system [Davis] illustrates how a derivation tree (= possible plan) can be presented to aperson piecemeal. allow ing him to confirm each step or. where a discrepancy is noted, to suggest analternative. If the student agrees to all steps, then the plan must be a copy of his own. If not, thenalternative plans that differ at the disputed step can be presented until h,? either agrees or noalternatives remain. One difficulty w ith this approach is that it requires that the student already befamiliar with the system's formal vocabulary of problem solving methods. A second difficulty isthat it can be very tedious when the size of the possible plans or the number of alternatives is verylarge. The possibility of having the student explain his own plan awaits further progress in naturallanguage understanding.

An alternative that eliminates the need for the student to be acquainted with the system'sproblem solving vocabulary is to restrict the questioning to his beliefs about the problem area, i.e.to ask about the premises attached to each plan only. Of course, even if he agrees to all of thepremises, this doesn't guarantee that he agrees to the plan. However, asiining.there is somemisconception amongst the assertions, it will be discovered by these methods, 'and appropriateremedial action can be taken.

The advantage of plans as defined here is that the underlying assumptions are explicit and,therefore, it is easy to detect misconceptions. One simply compares each of the assumptions withthe correct facts and notes the discrepancies. For example, in figure 6, all of the premises arecorrect except for the one about coeff. In figure 7, all arc correct except for the one stating that g6is expanded. In laiger plans than these, a misconception sometimes leads to false conclusions,which in turn arc taken as premises later in the plan and lead to other false conclusion, etc. Theresult is that incorrect plans often contain more than one erroneous premise. However, in suchcases, the underlying misconceptions are usually distinguishable because they have no dependencylinks connecting them to previous assertions.

Once the underlying misconception has been determined for each plan, there still remains thetask of choosing a plan to ask about first. Two criteria arc helpful in this regard.
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The first criterion is parsimony, the assumption that the student has only one underlying
misconception (or as few as possible). When choosing amongst possible plans, the MACSYMA
Ady isor, for example, asks about those plans with the fewest misconceptions and moves on to
buggicr plans only if it fails to get a confirmation. As an example, consider the N1ACSYMA s -ion
in figure lc. One explanation of the student's behayior, in addition to the plans shown in figures 6
and 7, is that the student believes that, in order for coeff to work, the first argument must be, say,
univariate (i.e. it must contain only one variable). and he believes that g6 satisfies this condition. Of
course, both beliefs are incorrect, and neither has dependency links to other assertions in the plan,
i.e. there are two independent misconceptions. Consequently, the Advisor would consider this
possibility only after it had eliminated all of the plans with only single misconceptions.

A second criterion is that the misconception be plausible in light of the student's learning
characteristics and experience. For example, in MACSYMA people often choose commands on the
basis of their names; thus it is more likely that a novice would believe that coeff computes an
expression's coefficient than ratsimp. Or. if a studcnt had always observed that coeff computes the
coefficient (because it had only ever been called on expanded expressions), then the misconception
of figure 6 is likely. The body of work on learning models has been steadily growing and may
some day be of use in evaluating the relathe likelihood of misconceptions (see [Burton & Brown],
[vanLehn and Brown], and [Matz]). However, at the moment, most of that work is :napplicable
because it depends on knowledge of the student's experience, and this is generally unavailable to
programs li:.e the Advisor.

5. Advice Generation

Once a plan has been confirmed and the misconception identified, remedial action can be
undertaken. The misconception can be corrected, and the tutor can take the opportunity to offer
the student an alternative. Since the information is provided in the context of a specific problem of
interest to the student, the chances arc good that it will be understood and remembered.

The best way to handle a detected misconception is pedagogical issue of some debate. One can
simply tell the student what's w rong or help him discover it for himself socratic dialogue. The
Advisor uses the former approach. For example in figure 3, it tells the student how the coeff
command really works. In general. it supplies the correct information about a command whenever
it discovers the student has a misconception about it.

Unfortunately, in the N1ACSYMA world, as in other problem areas, relaying the correct
information about the w rong operation doesn't always lead the student to the right one. By
providing this additional information, the tutor can help the student sole the problem and at the
same time further its pedagogical aims. Of course, problems often have multiple solutions, and it
isn't obvious which alternative to suggest.

One possibility for the tutor to present the solution that is best or simplest according to an
expert. For example, in the N1AC5YMA problem of figure lc. The Achisor inieht have suggested
that the student use the factor command to compute the roots of the quadratic in a single step.
Alternatively, it could have taken advantage of the situation to present material the student hasn't
yet seen. Instead of telling him about ratcoefl or factor, it could have introduced MACSYMA'S part
commands, which select parts of expressions, and could hay c show n him how to put them together
in a program that soles quadratics.

Both of these criteria are independent of the student's approach to solving the problem. While
both ha‘c advantages, a good tutor often prefers to tailor his ad ice to the student's problem solving
straterly instead of presenting an entirely different approach. Another major advantage of plan
recognition is that it provide the tutor with a record of the student's strategy to use in formulating
remedial action. In response to a misconception. the MACSYMA Adv3r, for example, searches its
own (correct) data base with the same fetch pattern that the student used in retrieving the erroneous
belief: and, if the search succeeds, it conveys the answer to the student. In the consultation
example of figure 3, this resulted in the offer of ratcoeff as a substitute for coeff. With this
information, the student was still able to use the quadratic formula approach to solving the problem.



6. Conclusions

The MACSYNIA Advisor was implemented as a test of the plan recognition approach to
automated consultation. The methods to include in MUSER were determined after the analysis of
several dozen sessions of novice MACSYNIA use, and they account for all the non-exploratory
behavior in the data in the sense that the humans' solutions can be generated from the NiusER
methods. Working with MUSFR as its student model, the plan recognition program was able to
reconstruct the student's plan with very few questions. The results must be viewed with caution,
however, since caly three different problems were represented in the data.

6.1 Reactive Environments

The Advisor's chief goal is to pinpoint and correct misconceptions on the part of the student.
Misconceptions arc often promoted by environments that do not provide immediote feedback after
each action. This feedback could be of two types, viz, purely local feedback on the results of one's
actions and more global feedback that takes into acccount the student's goals.

MACSYMA is a good example of an environment that pro' ides local feedback. In the example
of figure lc, the user could have traced the problem to CoefT by displa■ing the value of each
command rather than grouping several commands on a single line and suppressing the display.
Howel.er, had the interaction been longer and the c.pressions larger. the feedback would probably
have been less useful. If each step had to be checked by hand. what would ha‘c been the point of
using NIAcsYNIA? In this case only global feedback sensitive to the user's goal would have provided
the necessary diagnosis. The same is true of Bertram's case, where each step produced reasonable
looking results. In fact, his solutions (15 and 2) were simpler than the correct solutions. The
point here is not to prove that local feedback is without calue, but only to suggest that sensiti‘ity
to the student's plan is sometimes necessary.

{Footnote: In point Of fact. Macsyma users often don't take athantage of the exailable feedback and, when they do,
frequently are cull unable to identify the problem Also. feedback tends to encourage lazy expenmentation rather than
careful thought. For example. In simplifying expressions noxices blindly try all the automatic simplifiers instead of
discnminating amongst them to determine the most suitable.}

The Sophie-Il system [Brown. Burton. and Bell] was an attempt to create a reactive environment
of this sort, in which the system supplied feedback not only on the results of the student's
measurements and replacements but also on their appropriateness to the diagnostic goal. Sophie
made this evaluation by comparing the student's efforts to the actions of an expert diagnostician.
The plan recognition approach is an attempt to generalize this activity to domains where the
number of reasonable solutions is too large for the expert comparison technique to work effectively.

6.2 Complexity in Computer Systems

The complexity of theories in natural science very much reflects ee coinplexity of the
phenomena being modeled. For artifacts like computer sstems. however, there is a prevalent belief
that complexity can be eliminated by better design. If so, why not forget automated user aids and
co,. atrate on making the systems easier to use? The problem is that there is a tension between
case of learning and ease of use once learned. F.Nen if it were true that complexity were
independent of "power", this conflict would remain.

MACSYMA is a good example. Many of its commands admit an ambiguity of interpretation on
different problem areas. Some users think of Coeff as returning the full coefficient of its argument
and are surprised to find that it doesn't. The suggestion is then made to rename Itateoeff, which
gets the full coefficient, to be Cocfr and rename Cecil to be something innocuous like S■ncoeff.
Unfortunately there are users who are interested in obtaining roots of polynomials over polynomial
domain, for which they need the syntactic version. Seeing Coeff, they would assume it is what they
want and get the wrong answer. More importantly, the implementors of NIACSYMA arc loathe to
perform the swap because more people would use the computationally expensive Itatcoeff even
when the argument is already expanded. Another example is the existence in MACSYMA of several



commands with hidden prerequisites and side-effects (that rob the system of its local feedback).Any suggestions to pass extra arguments or eliminate all non-explicit side-effects have met greatresistance from the experienced users. As a result new users de\ clop misconceptions, and plan-sensitive consultants become necessary.

In general, a consultant like the Advisor is necessary whenever one is faced with a problemsolving situation in a domain one does not fully understand. The lack of knowledge may beincidental, as it is when the domain or device is fairly simple but time constraints make itimpossible for the user to learn all that is necessary (e.g. using a calculator or oscilloscope). Or itmay be essential, as when the domain is inherently corn -.'ex (as in NlAcSYNtA or algebra or naturalscience).

6.3 Summary

The basic idea in this paper is that plans can be viewed as dependency graphs that explain howa set of actions achieves its goal in terms of the problem solver's beliefs about the actions and theproblem area. The planning methods used in creating the action sequence can be thought of asrules of inference in these graphs, and so the graphs very much resemble computation traces. Anumber of plan recognition routines have been implemented that can reconstruct plans, even thosebased on misconceptions, directly from action sequences. The importance of plan recognition toresearch in intelligent teaching systems is that it provides a way to interpret a student's intermediatesteps in problem solving. The resulting plans can be used to identify the Ltudcnt's miscot.'..eptionsand to offer remediation in context. Much work needs to be done in building better planningmodels and making plan recognition procedures sensitive to the learning characteristics of thestudent: but, because of their demonstrated ability to recognize plans, programs like the Advisorsuggest the feasibility. of the approach.
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