Calrg 1 01T™HY
e R R B R o S G G L s T &~ B i -




BLANK PAGE




1. INTRODUCTION

The impetus for work in Intelligent CAI has two major sources: firstly, the
practical aim of prdducing teaching systems which are truly acaptive to the needs of the
student and secondly the “theoretical” interest involved in formulating these activities
as algorithms. It has been argued by Hartley and Sleeman, [Har 73], that an intelligent
teaching system requires access to the following 1information: Knowledge of the task
domain; Student model; List of teaching operations; Means-ends guidance rules which

relate teaching decisions with conditions in the student model.

A number of sy.tems have been implemented during the last decade which include some
or all of these databases. In particularly, during the last 5 years a number ¢’ systems
have been implemented which attempt to provide supportiye learning environments intended
to facilitate learning-by-doing. These systems, which include SOPHIE, [Bro 82], GUIDON,
(Cla 82], WEST [Bur 82a], WUMPUS [Gol 82], and PSM-NMR [Sle 82c]., have been called Coaches
or Problem Solving Monitors. In this paper, we address a particular aspect of the problem
of inferring a mode! from the pupil's behaviour on a set of tasks, [1]. We shall report,
in outline, the results cof a recent experiment with 24 14 year-old pupils, who were
considered to be of average apility. The issue to be considered in this paper 1s whether
the models 1nferred by the Leeds Modelling System, LMS, can Gte given a cognitive
interpretation, that 1is whether it is possible to say something about the processes used

by the pupil given the models inferred by LMS.

In common with BUGGY [Bro 78], LMS uses a generative mechanism to create
hypotheses/models from primitives. Without a generative facility, the ability of a system
to model complex, and errorful, behaviour is severely limited. However, the use of such a
mechanism also causes difficulties as such an algorithm can readily lead to a
combinatorial explosion, where given N primitives, N! models are produced. BUGGY uses a
collection of primitive bugs from which to generate models; LMS uses domain rules and
cor.esponding mal-rules (incorrect) rules, which have been observed in the analysis of
earlier protocols. On the other hand, whereas BUGGY uses a series of heuristics to limit

the size of 1ts search space, a major feature of the LMS work has been the formulation of

or a more getailed discussion of this, ang related 'ssues please see the Introductory essay
ntelligent Tutoring Systems. [Sle 82b].
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the search so as to focus on particular rule(s). As has been demonstrated, [Sle 81], [Sle
apl], this technique drastically reduces the numper of models that must be considered at
each stage, [2]. Before considering the results of the experiment, we briefly review the
Production System, PS, representation which has been used for pupi)l models and explain the

main features of the PS interpreter used to "execute” these models.

Figure la gives a set of Production Rules which are sufficient to solve [linear
algebraic equations. Figure 1b gives a set of mal-rules for this domain which have been
observed in protocols analysed earlier and Figure 1c shows pairs of correct and "buggy"
models executing typical tasks.

[Figure 1 about here]

In this work, a model is thus an grdered list of rules. Order is significant, as the
interpreter used executes the action of the first rule in the model! whose conditions are
satisfied by the state, i.e., the task or the partially solved task. In this way we are
able to capture grecedence which is important i1n this subject domain. The match-execute

cycle continues unt1l no further rules fire.

2. Initially, we made the assumption that the domain was hierarchical ana so we have referred
to the stages as layels: and thus modelling proceeds by first consrdering level 1, then 2,
etc.




2. TYPICAL REPORTS/MODELS INFERRED BY LMS

Figure 2 gives 3 sets of models for a competent, a “"patchy” and a poor pupil. The
information given for each pupil for gach task set is to be interpreted as follows:
"Total" is the total number of tasks in the task-set, "Correct” the number correct, "Mal"
is the number of times a model contained one of the original set of Mal-rules (given in

Figure 1b), "Parsing” is the number of errors caused by the way the pupil represents the

task - a new type of error encountered in this experiment, “New Mal" are the number of

errors explained by additional (manipulative) Mal-rules, "Clerical” 1is the number of
errors considered to be caused by clerical/simple arithmetic errors and “Wild" are errors
which so far have defied explanations, [3]. The next piece of information provided gives
LMS's overall assessment for the pupil's performance on this particular task set, [which
may be null if the pupil is pretty random, otherwise it will be a Production system
model], [4]. Figure 3 gives examples of typical tasks for each of the task sets

(Figures 2 and 3 about here.]

The first pupil was remarkable consistent, getting 56 out of 63 correct. However, he
had difficulties when the task became more difficult as he had a tendancy pgt to type in
any of the intermediary steps, but only the final result. A new mal-rule was used twice

at level 13: and at level 14, MSOLVE was activated twice.

The second pupil did well on task sets 2 to 6 and 9, and made gystematic errors on
task sets 7.8 and 10. LMS recognized the errors at levels 7 and 10; the errors at level

8 have been subsequentiy analysed as systematic by the Investigator.

The third pupil did fairly well on task-sets 2-4 (simpiy invoking MSOLVE twice), but

behaved pretty randomly on the 5th set.

It is likely that these pupils would be "treated” as follows. Pupil a) would be
advised to be more careful ang take smaller steps. pupil b) would probadbly merely be shown

how to work the task sets 1n which she mace systematic errors. (But indeed, her working

3. Originally all) those not in the “correct” "Mal" classes were classified as "wild", and
SO some consicerable progress has been made.

4. In practice the analysis proviges a mode! for every task, as well as an "averaged" mcdel for
each task-set
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needs analysing more fully as it shows an interesting typa of error - which will be
discussed in more detail later). The third pupil needs to be (re)taught Algebra virtually

from the beginning.

In the next section we give an overview of “new" mal-rules observad in this

experiment, together with protocols from which they have been inferred.

3. THE 1981 EXPERIMENT WITH LMS

An earlier experiment had been run with a group of 15 year old pupils and a yery
close agreement had been achieved between LMS's diagnosis and those made by a group of
investigators, [Sle 82a]. However, the design of LMS was such that if the pupil did not
make an error with say XTOLHS when 1t was introduced, then LMS assumed that XTOLHS would
be used successfully at ALL subsequent levels. The 1380 experiment showed that this was
NOT a valid assumption. for example, some pupils who were able to work the following
types of tasks correctly:

M*X = N°*X + P
where M, N and P are integers, appear to forget to ghange the sign of the X-term when the
side 1s changed, when they had to expand brackets. For example, given the task:
12°% = 2%¢4*°%+S>
we have seen the answer:

20°x = 10

It was, in fact, easy to remove this assumption from LMS's code, but wunfortunately
the modification led to an "explosion” in the number of models to be considered, and so a
reformulation of the algorithm was carried out, [Sle apl]. This experiment was carried
out with the rcevised modeller, LMS-II, but with the same datc-base of rules and tasks as
used in the 1980 experiment. This grouo of 24 pupils, average age 14 years 3 months, were
judged to be of average ability at Mathematics; however the results were dramatically

different from the earlier group's., [5]. Indeed many of their difficulties were not

5. These pupils had been at this High Schnol for nearly one school year when this expgeriment
was carried out, but 1t should be noted that the intake of this particular school 1s from 3C or
so Migdle schools (age-range 9-13 years)
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diagnosed by LMS-II and had to be analysed by the investigator. This analysis was made
very difficult because, it had been assumed that pupils would, at most make one or two
minor manipulative errors, (e.g. changing side and not sign), and so LM5 had been
designed so the pupil could merely input his final answer, and none of his intermediary
steps. In figure 4 we give a sample of the protocols observed, together with the
mal-rules which the investigator suggested were appropriate for each task-set. In figure
5, we summarise the complete set of new mal-rules which the investigator considered

explained the pupils' behaviour with LMS.

Note that by stating that a protocol can be explained by a mal-rule, say, of the form

MeX => M+X

(Figure 4a), we do pot wish to imply that given a problem of the type
I%°K v 4% = §
that the pupil would produce the response:

J+X + 4+X = §

Inaeedc we have seen several pLoils write

X+X = §-3-4

and when asked to provide intermediary steps they have said categorically that there were
none as the apove was done in "one step”. Nevertheless we are happy to accept that both
forms are "explained” by the mal-rule; the first form however requires that several
additional rules fire in order to get it into the state given by the "second" pupil. (It
should be noted that the mal-rules given 1n Figures 4d and 4e and many of those given in
Figure 9 are more "comprehensive” and carry out several "housekeeping" steps). Note that
the difference between "basic" and "comprehensive” mal-rules js significant when one tries
to perform remedial instruction, as it is important to ensure that the "grain” of the
instruction matches the pupil's.

[Figures 4 and 5 about here]

Further as the result of analysing these protocols, a number of questions were
raised. including:
-What 1s the crucial difference between the task-sets which the pupil 1s and 1s not able
to correctly solve?

- Does the pupil's perception of Algebraic tasks vary from one task type to another? (See
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figure 3 for a list of task types given to the pupils and [Sle apl] for a more detailed

discussion of how this set was constructed).

Unfortunately, because this analysis took a while and the school vacation interceded,
it was not possible to meet with the pupils again until Septemper (1981). Because of the
time that had elapsed, the pupils were given a paper-and-gencil test which covered
comparable tasks to those set Dby LMS, These tests were analysed in detail by the
investigator, and as a result of this certain pupils were given detailed diagnostic

interviews. The next sections give more details of these stages.

3.1 Ihe Paper-and-Penci] Iest

From a comparative review of the May and September data, see [Sle ap3] for the

details, we made the following observations:

1. The performance was generally considerably better in September than in May. (Note no
additional teaching in Algebra had been given, however the pupils had presumably done

some self-study in preparation for their end of year examinations).

2. A considerable number of tasks were nQt solved on the written test =- (whereas (MS

insisted on the pupil giving a response to each guestion).

3. Some pupils who appeared to have "wild"” rules in May, seemed to solve this type of

task correctly in September, eg ABS.

4. Some pupils whose behaviour had been “"random” or "wild" 1n May had now settled to wuse

mal-rules consistently, e.g. pupil AB18.

5. One pupil at least, AB7, gave muyltiple values 1i1n an equation where X occurred more

than once.

6. Many of the pupils made the "~ommon precedence” error, namely givean a task of the
form:

g 3 s ) they return §°% = 11
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As a result of this comparison it was decided to interview all those who appeared, on

the written test, still to have major difficulties and all those who had had major
difficulties which appeared to have “cleared wup". (But not those with the common

"precedence"” errors).

4.2 Ihe Interviews

These proved to L+ remarkably revealing and very rewarding as the pupils without
exception were extremely articulate. The dialogues were taped, and the figures are a

reconstruction from the tapes and the worksheets used.

»fter analysing the pupils' protocols obtained with LMS we con)ectured *that some
pupils may actually "see" some of these tasks differently from the standard algebraic
interpretation. That is a pupil like AB18 might actually see a task of the type:

ML *0°R =P Nl ool

To test this hypothesis, we started each interview by asking the pupil merely to read
a list of Algebra tasks (given in [Sle ap3]). Each pupil without exception read them
correctly, but some pupils, like AB18, still processed them as 1indicated above, (more

details are given in section 3.2.4).

In all cases the investigator then presented the pupil with a series of tasks and
asked him/her to work each one explaining as he went along exactly what he was doing. In
some cases the investigator asked the pupil to tell him which of two alternative forms
were correct and freguently asked the pupil to explain why. The tasks presented were
different for each pupil, and were based on the difficulties noted 1in the individual's
September test. The interviewer thus started each session with a list of task types to be

explored, but often generated particular tasks as a result of answers given to questions.

The following is a summary of the main features noted during the interviews:

Some pupils searched for solutions as they were unable to compute M*X + N°*X or deal

with M*X = N, when M>N,
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2. Some compute a separate value for gach X given in the egquation.

3. One pupil admitted that there were a number of quite distinct ways of solving an

equation (even when it is demonstrated that each approach leads to different answers)

4. Some pupils have "hard", consistent, mal-rules.

5. Some pupils have the correct rules and can explain why 1t 1is not permissible to
perform the illegal transformation (frequently the one the pupil appeared to use in

May was selected).

Each of these points are discussed in the following sub-sections.

3.2.1 Searching for Sglutions

Searching for a solution appears to be a yery common way of solving equations with
pupils beginning Algebra, and presumably arises because the initial equations presented
coyld be solved using this algorithm. That is given an equation of the form:

3%% = 2%% +6
the pupil substitutes X=1, thea X=2, then X=3..., (See [Sle ap3] for further details of

pupil AB-11's protocol)

Indeed, in a more recent test with 100 13 year olds, it appears that about 35% of
them wuse this approach. And we argue that this leads to the type of errors noted below
for tasks where this naive algorithm 1is 1inappropriate. For instance, a significant
proportion experience difficylties with tasks of the form

3*°X = 2
Many of them return the answer:

X = -1, explaining they had subtracted 3 from both sides.

These same pupils are often unable to solve equations which contain 2 Xs and attempt

to guess a value for gach X, this will be discussed in more detatr] in the next subsection.
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It is indeed intruiging to watch pupils changing their approach when solving tasks.
For example, we have seen:
M®*X=N
solved differently depending on whether the task is solvable by search,. Pupils do not
appear to notice this discrepency. [Clearly this point should have been raised in an

interview with these pupils].

Teachers should thus be suspicious that a pupil is using the naive algorithm if he
appears to be wunable to solve tasks where the variable is a negative integer,
large-integer or non-integer. The teacher should be concerned because the naive algorithm
is only applicable to a sub-set of Algebraic equations, and hence should be deemed a
highly significant weakness, and one to be remedied. It seems clear that the use of
"simplistic tasks” leads to a naive algorithm which causes major conceptual difficulties

on more "advanced tasks".

.2 Multipgle Values for X

In this section, we report a pupil who has a very wierd, but nevertheless very
consistent algorithm for solving tasks involving 2 Xs. When pupil AB-7 was orignally
working at the terminal, she was heard to mutter:

"If this X was 2., then 1t would work 1f this second X was 4",

Moreover, 1n both the paper-and-penci] exercise and in the interview this pupil has
been remarkably consistent. (See [Sle ap3] for her protocol). That a pupil would follow
such an algorithm was originally a great source of amazement to me, and I should add to
the School's Maths staff. (However, as noted below, this behaviour has since been

observed with a sybstantial proportion of 13 year olds)

On the other hand, pup)] AB7 was able to explain exactly what she was doing. Given

the task:

She gave the following explanation:
“What I do is take the 3 and | make the first X equal to 2, so [ write:

g% 8"




Page 11

When asked by the interviawer why the "first™ X is equal to 2, she explains that i1t's the
next number along, and then added “she thinks this is the wrong thing to do, but that's

what she does”.

She then continued " and then I write down the +2 making
- ol J B
I then work this out, this is equal to 8 and so the second X is
12 = 8. that 1s 8",
She then completed the solution and gave the 2 values for X, and so the fiinal state of her

worksheet was:

NB she used this algorithm consistently on 9 tasks, see [Sle apl].

Initially, I hao supposed this to be a very igdiosyncratic algorithm, but subsequently
noted that a variant was wused by a substantial numper of 13 year olds. And so I have
seean:

3ex+4°x=]

"solved” as:
3*1 + 4°0 = 3, making X=1 and X=0.
Similarly,
3*X + 4°X = 38
has been “solved" as:

322 » 4°8 = G0 + 32 = 98.

Note that in "complicated"” cases the two sides often are not "balanced". Thus I have
seen
J*3 + %% » 100
"solved" as:
3°30 + 4°2 =100

and when asked the pupi! explained that "this one did not work out exactly”.




3.2.3 Alternative Algorithms

Although for several task types, pupil AB17 was able to solve the tasks correctly, he
was easily “"distracted" and quite unable to tell the investigator why the investigator's
“alternatives” were illegal. On some tasks the pupil suggested several illegal solutions,

and again was really unable to distinguish between them, see Figure 6 for details.

On the other hand, this pupil did give, as an aside, a rationale for his "method",
which we will discuss in detail in section 3.3c.

[Figure 6 about here]

.4 “Hard"/Consistent Mal-Rules

Many of the pupils were using consistent mal-ru’es. Just over half of the 24 pupils

we saw mis-handled precegence in equations of the form:
2+ 3% » §

Part of a protocol for one such pupil is given in Figure 7.1, (6]. Figure 7.11 is part of
the protocol produced by the pupil discussed in section 3.2.3. where he consistently
applies a further intriguing transformation to a complete set of tasks. In order to
understand this protocol fully we have suggested that a normalization step takes place
between stages 1 and 2 of say protocol a. That is we are suggesting that the pupil
applies the mal-rule to the original task, this results in an "unusual” form which the
pupil then “normalizes” before continuing to process the rest of the task. (See [Sle ap3]
for a lengthier discussion of "normalization")

[Figure 7 about here]

Pupil AB-18, Figure 7.III, is remarkably consistent with his mal-rules over a whole
range of task types. Note the application of his algorithm to task ¢ which involves 3
X-terms. (To give him justice, he realises that he had got tasks d) - g) wrong as he
noticed that the -equations did not balance when he substituted his answers back in).
Further having worked task h), he noticed that when he moved the 4 across to the Right
Hand Side. he <changed the sign and so he then suggested that when he move the X

6. Recently we have discovered that 230% a sample of year olds had opre-edence
difficuities with arithpetlc expressions 1nvolving the “+" and "*" operators.




(associated with 2*X) to the LHS, he should also change its sign.

=XM% 0.
and so the LHS became 0 and the RHS did npngt, and so he realized
solution was 1impossible. However, for good

“"revised"” algorithm.

Page 13

He then verbalised that

that this proposed

measure he also worked task (1) with the

In the course of our discussion this pupil also gave the basis for his "algorithm",
which is discussed in more detail in Section J3.3c.
3.2.5 "Saved Squls"
In September pupil ABS worked correctly tasks which she had got gcopnsistently wrong 1n
May, namely task sets 7 and 8. For task set 8 she appeared to use mal-rule:
Mo s R ¢« Ponp X o X s Mol +» P,
Moreover, when presented with a falatious alternative during the Septemoer interview, she

was able to spot it and to say why it was wrong. (For example, not able to add a number
to an X term, not able to separate a number from an X term etc., see [Sle ap3] for more
details)

In May, this pupi! showed a lack of understanding of tasic Algebraic notation, which
appeared to be remedied by September To see whether this was the case [ also presented
tasks from sets 12 and 13 of Figure 3. 1e tasks of the form:

M + N°X + P*X = Q
and

MeX = N + P*<Q*X + R>

A1l of which she worked correctly and was able to verdpalise the stages she went through.
I also presented an equation which contained an “unusual™ variable, AA, and again this was
worked correctly.

Similarly several other pupils, eg. AB4 showed substantial "progress”. and again it
was associated with the ability to 2:plain what they were doing In the next section we
give a summary of the po'nts inferred from these various analyses




3.3 Summary of the Experiment.

There appear to be six major, and not totally unre'ated, points:

a) Why 1s Level 5 a "Blackspot"?

In section 3 we listed a number of gquestions which occurred to us as a result of a
preliminary analysis of the modelling session with LMS. These included the observation
that some pupils could solve certain earlier task types, but agpeared to fail on a
particular set, and yet can subsequently go on to solve further (more difficult) sets. In
particular, we had noticed pupils having difficulties with tasks of type:

2% ¢ 3%k » %0
yet be able to solve tasks of type:

K + 4 = %8 and

From talking to the pupils it became clear that they were searching for a solution,
Decauyse they did pQt know how to compute the sum of M®*X and N°*X. The second and third
tasks thus appear gasier to them because it did not contain this "gifficulty”. Thus., th

interviews very nicely resolved this 1issue.

D) Mal-R les cetained as genuine

As suggested in the Introductory section, we believe that many of the mal-rules

reported 1n Ffigure 5, were "phantom” and a result of the pupi) having to give a response

to the Modeller. Indeed, we now beleive mal-rules sets 4 and 6., of figure 5, are
spurious. (The modeller has since been changed so that it is now possible for the pupil
to indicate that he wishes to give up on a particular task). Also there are additional
mal-rules that should be added, namely those which can be generated by the Schema
discussed in sub-section 3.3d.

3

c) A proposed Categorization of pugl errors for Algehra

Given the mal-rules reported in Fig p = J bearing n mind the various

anomalies not explawned 1n the pupil pro ! ) classes of errors:




Manipulative errors.

Incorrect Representation of the Task, ie "parsing” errors.

Executive/Clerical errors.

Random or "Wild" errors.

Wwe shall! deal with each of these classes in a separate sub-paragraph.

Mapipulative Errors We would now claim that all the mal-rules reported in figure and

those numbered 7-3 in figure 5 fall within this category. [In sub-section 3.3d we propose

a schema for generating manipulative mal-rules]

We have also observed "Overload" causing errors to occur with Jlower Tlevel rules.
Earlier, we noted that each task set focussed on specific rule(s). What we have observed
in this experiment 1s that although the pupil may sucessfully work all the tasks in the
task set which focuses on SOLVE, he may wel) make errors with this rule when he is
focussing on more ccmplex rule(s). This 1is esseng:al‘y what the pupi! in figure 2a does:
note in particular that with task-set 14 where he 1s concentrating on the MULT and XADDSUB
rules he makes 2 errors with SOLVE Note too that in figure 2b at level 10 this

makes cansissent errors with the XTOLHS rule when the "focus"” is the BRA2 rule This

phenomena, we again suggest, 1s due to overload.

locorrect Representation of the Iask/Parse Ercors. We have categorized the first 6 sets

of Mal-Rules 1n figure 5 as ones which summarize what happens when a child "mis-sees” or
mis-parses, an algebraic equation. The above sections have addressed this 15s5ue at some
length. (For the moment, then we merely note that parsing errors appear to have a totally
different basis from "overload” errors and hence need to be treated very differently n

remedial sessions)

Exacutiva’Clerycyl/ nexplained arrars Analysing scme or , one 1s happy w1ith
the explanatian that some sl » ur For axample
25

6°5
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In the first case the pupil has probably seen the "0" as an "8". In the second he
has oprobably made an arithmetic error. OEBUGGY [Bur 82b] considers an answer to be a
“number-pond” "slip” if the answer is within 2 of the correct one. The second slip given
above could be wexplained if we had an analogous algorithm for the evaluation of
multiplicative expressions. However, the first slip, a "visual” one, could clearly not
be. So we suspect that to account for the variety of "slips" encountered in this domain a
more sophisticated approach, cf that advocated by Norman [Nor 81] would be necesrcary.
However, we have not thought this worth investigating as clerical errors appear to be

relatively infrequent when the pupil has settled into the system.

“Wild"/Inconsistent Errors. However, many of the mistakes which we have not so far
explained will be due to the consistent wuse of mal-rules which we have pgot so far
identified, [7]: others will be caused by strange processes which even the pupil may not

be able to reproduce on the 1i1dentical task.

In Figure 7.1I1 we gave a substantial section of ! AB18's protocol. In the course of

our discussion he explained that he was carrying out the teacher-given algorithm of:
"Collecting all the Xs on the left hand side and collecting 111 the numbers on the right
hand side", and added that he was not really sure what to do apout the “extra multiply

signs”. Pupil AB17 gave a similar explanation for his actions.

This gives us a schema for generating mal-rules. For example given the task type:
MeX + N°*X = P
This schema gives the following "action sides” for mali-rules
X+X = P-M-N
X+X = P+M+N
case the X coefficients are “specially”, the coefficients
As this 1s clearly a very cdemanding task there 1s a need implement some computational

ce to assist the 1nvestigator A prelyminary system has 0 impiemented which has already
en several ‘eaplandticns” not spottec dy the Investigator.
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of the Xs were taken across to the RHS of the equation but the signs were NOT changed.
And the form given by pupil AB-17, and quoted in Figure 7.II, namely:
*X*X=P-M-N
which he went on to "normalize” (see section 3.2.4) to:
X*X=P-M=-N
Its “complementary” form being:

X*X=P+M+N

Similarly, given the task type:
MeX = N°®X + P
This schema creates the following forms:
X = N+P -M

X =N+P +M

N

For example on task h, pup1] AB18 suggested the use of both the third and the fifth

forms (see Figure 7.III)

Analogously, it appears possible to generate all the mal-rules associated with a
manipulative rule Dy systematically removing one or more of the ru}e's sub-stegcs. Also in
this sub-section we briefly discuss the (apparently) related phenomena of confusion of

operands.

In figure 5 we report 3 new (manipulative) mal-rules. namely mal-rules 7. 8 and 9.
variants of SOLVE, SIMPLIFY and BRA2 respectively, which can be explained by such a
mechanism, as can most of the “original” mai-rules given 1n Figure 10. Note that this

~

schema wou'ld ALSO generate many mal-rules which we have NOT yet observed.

‘A yariant on SCLYE. (8] The pup1! realizes he has a task 1n which the SOLVE rule should

pe activated and he forgets to apgply one of the operations. namely dividing by M. SCLVE




Page 18

has three principal actions: noting down N, the divide symbol and M, and so this mal-rule

could be said to be omitting some of the principal steps, [9]. As Brown and Burton, [Bro

78]. note the pupils have an idea about the acceptable FORM of answers and so given:

M®X = N, they do NOT produce X = /M or X = N/

A yariant on SIMPLIFY [8]. Examples of the two rules given here, which have occurred

reasonably frequently are:
X = 6/4 = 3/4

X = 6/4 = 6/2

Again this rule can be represented as having 3 principal steps (calculate the

common

factor, divide "top" by common factor, divide bottom by common factor) and that each of

these mal-rules corresponds to one of the latter steps being omitted.

A variant on BRA2 ([8]. Clearly the action here has many more steps and so one

expect to find a corresponding larger numoer of mal-rules. This is indeed true.

might

This

"new" mal-rule also conforms to the pattern noted above, as it is caused by the omission

of one sub-action.

Confusyon of Qperands.
wWe have noted errors of the following form:
§8 % 13 van-X's 2 37102
where clearly one operanog 1s confused for another. Norman, [Nor 81], “explains"

slips by saying that they are a consequence of a noisy processor.

The variant on SOLVE reported in Figure
MeX N => X=N

Two variants on SIMPLIFY reported in Figure are:

M®X = N => X = (N/F)/M

M®X = N => X = N/(M/F)
where F is a factor of M and N (More correctly both SOLVE anc SIMPLIFY rules are
applied 1n gpe step, but the error appears to be assocrated with the SIMPLIFY rule].

The variant on BRAZ reported in Figure 5 is:
Me<N®X+P> => MeX

)
th
en

L]
countered Dy the pupils.

such

being

This level of analysis for each rule. essentiaily gives us a representation for the whole of
task aomain Further 1t apoears that this grain 1s sufficient ta capture all the problems




e) Laongitudinal Studies

From this set of pupils alone, I think it s possible to infer that ©Dbehaviour

progresses as:

UNPREDICTABLE/"WILD" -> CONSISTENT USE of MAL-RULES -> CORRECT

Pupils who were really unsure which method to use wo 'd apply different "methods” to
different tasks., and quite randomly. (Analogously. Greeno and his collaporators who are

investigating pupils' performance whilst they are being taught Algebra, have noticed very

considerable variations with many of the pupils’ performance, (Gre 81]). Then there are

the pupils, cf Figure 7 who are using consistent mal-rules on particular task sets.
Further, there are some, like pupil AB18 of Figure 7.III, who are using a schema which
guides their action 1n a whole variety of situations. Once., the correct algorithms are

understood. it appears that pupils are able to explain them gquite articulately.

The observation I wish to make here is that with experience/maturation pupils appear
to move through the stages given above. I am not wishing to suggest that eyery pupil
acquires a consistent mal-rule before he is able to do the task correctly, but am wishing

to indicate a "trend”. Similarly, 1t 1s nQt intended to suggest that no pupil regresses.

Results obtained over a period of a year and a half, with various groups aged from 13

to 15 support this claim, as does the study reported by [Kch 81]

f) Ihe sigamificance of the gifferent sypes of Mal-rules and
the Remedijal Ieaching Experiment.

We argued in section 3.3c that the errors pupils make, fall within a number of
distinct classes. The 1interviews gave us clear evidence that these different types of
errors (manipulative and parsing) arise because of consiceranly different processes. (In
the case of the manipulative errcrs the pupil cverlooks a sudb-step. 1n the case of the
parse error the pupi) has a non-standard perception of the task). cactically. thas
gistinction is of consiceraple importance as 1t enabies cne to give Aggrooriate ramedgial

instruction for the several types of error In the case of the “manipulative” mai-rules
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it would appear that the pupil basically "knows" the rule, but due to Cognitive overload,
or inattention is omitting one or more sub-steps. The parsing errors appear to arise from

a profound misunderstanding of algebraic notation: See also the discussion in section §.

However, it was necessary to determine whether, once a pupil's shortcomings have been
“diagnosed”, it is possible to carry out remedial instruction, which will lead to a
Tong-term improvement in the pupil's solving of Algebraic equations. As a high percentage
of the group mis-handled mixed expressions of the form:

2+3°X = B
this and related points, were dealt with in a class lesson. Those pupils with very
individualistic difficulties were seen individually by the investigator, who spent on
average half an hour with each pupil. A post-test was administered 2 months later. In
order to factor out the effects of "natural Maturation” and subsequent instruction, the
post tests were also given to pupils who had ngt been screened earlier: the staff paired

the pupils on the basis of their performance on their 1981 end-of-year examination.

The results for the post-tests are given in detail in [Sle apl]: but briefly they
show that 1t IS possible to give pupils in this area effective remedial instruction, [10].
Some other studies, for example [Bro 78] and [Gin 77], have suggested that it is hard to
remove persistent bugs. It is suggested that algebra may be more easily remediated than
mechanics, or counting, since in the latter areas intrinsic personal knowledge about the
real-world may effect the pupil's perspective. Similarly, 1t might be that bugs in
electronics are easier to remedy than bugs in aspects of mechanics where the pupil again

may draw upon his own (direct) experiences, [11].

PROTOCOLS OBTAINED WITH LMS.II USING AN ENHANCED DATA-BASE

10. vanLehn has suggested (personal communication) that to aid the pupil's long-term retention
that a mnemonic should be taught which helps the pupii cistinguish between the correct rule and
the mal-rule(s) which he 1s “"xnown” to Be using.

11. It s plannead to analyse the remedial teaching dralogues discussed atove. with a view to
enhancing the Mocdelling System, such that it will perform Remediral Teaching, using the
techniques noted 1n these dlaicgues. and using the model!s inferred by the Modeller.
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Figure 8 gives the Protocols obtained with LMS using an enhanced data-base, when it
is presented with the same type of task as the pupils had been given in their interviews.
(That is, Figure 8.1 corresponds to Figure 7.1 and 8.II corresponds to 7.III). We notice
that LMS now gives the expected diagnosis for each of these situations, i1e the diagnosis
which agrees with the observations made during the interviews. (NB the first diagnosis
could have been achieved with the "original” ogata-base). In Figure 9, we give a list of
the parsing mal-rules which were newly introduced into the data-base.

[Figure 8 and 9 about here]

4.1 Enhancement o LMS fo accommodate the Parsing Mal-Rule..

In our earlier formulations we assumed that a pupil would use a rule or its
associated mal-rule capsistantly within the same task. That i1s, if the task was:
3%+ 5 8 » 19
we assumed that the pupi) would gither use NTORHS or say MNTORHS copnsistantly 1in moving
the 5 and the 6 to the RHS. Given this framework the Parsing Mal-rules caused some
difficulty, as they appear only to be used during the initial processing of the task and

NOT in subsequent stages.

Suppose the task is: 38 & 4%} ¢« 33
and suppose we are attempting to replicate the folowing proteocol:
a) 3°X + 4°x = 13
B) i+ 3¢ +4s 1)
e} X+ %= 13 >34
d) 2°X = §

e) X =3

Now suppose we included the appropriate mal-rule, MPO, 1n a model then 1t would fire
at both a), as desired, but also at d) giving the answer X = &4, [12] However, we have
also observed the following protocol:

A) &*% v § - 3
b) 8°X = 2

Indeed if MPO fires when the X coefficient s 1, 1t wou'd 'oop 1nogefinitely!
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c) X = -6

And so we have concluded that the parse mal-rules should gnly be able to fire gpnce
with each task; indeed, when present these mal-rules should be the first rule to fire.
Thus the algorithm for generating models, the Complete and Non-redundant model generating

algorithm [Sle apl]. has had a second phase added. The complete algorithm is now:
1. Generate all the Non-redundant models appropriate to that level's Ideal model.

2. Generate the models which include a (satisfied) Parsing mal-rule, using the following

sub-algorithm:

1. Create an enhanced model consisting of one Parse Mal-ruyle, which is satisfied Dby

the task-type, the original 1deal model and the following rules:
(REARRANGE ADDSUB NTORHS SOLVE SIMPLIFY FIN)
The latter are added to the model so that the state generated by the Parse
Mal-rule could be completely processed. For example, for Task-set 3 the ideal
model 1is:
(ADDSUB SOLVE SIMFLIFY SGNS FIN)

Parse mal-ryle, MPO, s satisfied by this task-type, sO this sub-algorithm
generates the configuraticn:

(MP0O REARRANGE ADDSUB NTORHS SOLVE SIMPLIFY SGNS FIN)

2. Carry out the previous sub-step for gach of the parse mal-rules satisfied by the

task-type.

3. A1) of these configurations are then processed by the Complete and Non-Redundant
model generation algorithm,. (Each of this set of models will include a parse

mal-rule).

The off-line phase of the Modeller 1s completed by appending the 2 sets of models
together, and evaluating this mode)-set against the prespecified tasks for that "level™.
(Note. when the pupil 1s on-line his answers are then merely checked against those

produced 1n the off-line phase just gescribed, see [Sle apl] for more details)
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§. LMS and RELATED WORK in COGNITIVE MODELLING

There is a steadily growing body of data about how pupils and students solve Algebra
tasks, [Pag 66], [Lew 80], [Dav 78] and [Kch 81], for a review of this work see [Sle apl]
and [Lov 80]. 1In this section, I discuss the contribution which this work makes to
Cognitive Modelling. In subsection 5.1 I outline some of the approaches made by earlier
workers and in sub-section 5.2 I attempt to interpret some of the observations made 1in

this experiment using these frameworks.

5.1 An gveryiew of some pertinent work 1n Cognitive Modelling

BUGGY [Bro 78] analysed the responses which pupils gave to column subtraction tasks
The system reported a diagnosis for each pupil in terms of procedures, or procedures which

had some of their sub-steps replaced by incorrect variants, which they called bugs.

Young and 0'Shea [You 81] point out that although BUGGY produces models which Dbehave
functionally as the pupils, these models are not very convincing as psychological models
as many of the bugs appears to be very similar (by and large, they are all connected with
borrowing from zero) yet this relationship 1s not made clear. More particularly Young and
0'Shea go on to show that the "BUGGY data” can be analysed more simply in terms of certain

competences being gmitied from the "ideal” model.

Brown and VanLehn's stimulating article [Bro 80] on Repair theory 1is a further
attempt to provide a psychological explanation for the same cgata. Here they take a
correct procedure for performing the task, column subtraction, and apply a deletion
operator to the proceduro. This perturbed procedure is then used to solve tasks, and when
it encounters an impasse (i.e. a situation where it is about to violate a precondition,
e.g. attempting to take a number from Q0), 1t applies a repair to the perturbed procedure,
and attempts to continue solving the task at the stage pefore the 1mpasse occurred. This
process also uses critics to throw cut some dugs which are considered impossible. and 1t

also rejects certain deletion operations, [13].

More recently, VanLehn [Leh ap] has suggested a variant of repair theory, which does

13. In its 1nitial form. some 1mpossible bugs were generated and only 21 out of an observed set
of 83 bugs were generated by Repair Theory.
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not delete steps from procedures (as it is argued that the blocking, or inhibition, of the
delet on operator was unprincipled); and secondly this version overcomes the difficulty
that certain core procedures £annot be generated easily by rule deletion. Instead.
VanlLehn has suggested a series of core procedures, which correspond to the various stages
of instruction, c¢f [Sle .81], and a set of repairs which can be applied to any of these
procedures. Ffrom this perspective an impasse occurs when the pupil encounters a sub-task

which he has not yet learnt, or has forgotten.

Both variants of the Repair Theory explain what they have called bug migration,
namely that with a particular type of task the pupil may display different bugs both
during the same test-period and between different tests. Moreover, 1in his more recent
analysis VanLehn [Leh 81] has analysed protocols 1n which it was possible to generate all
the observed bugs by applying different repairs to a common (partially learnt) core
procedure. So the explanation for a gonsistent bug is that the child stores the “patch”
and merely uses 1t with the next task. The argunedt for i1nconsistency is that the patch

1s NOT retained and that one of the repair-set is selected randomly.

The I1linois group [Dav 78], has reported Algebra pupils over generalising from
instances, using an "old" operator instead of a more recently introduced one [14], and
regressing under cognitive load. Matz [Mat 82] has further analysed these pupils’
performances and has suggested a numpber of high level schema which explain series of
observed errors, these 1nclude her "extrapolation principle” which explains why a pupil
who has seen the legal transformation:

(A *B) 1/7/n o8> A l/n* 8 Yt/n
would then write:

(A+B) 1/n ==> A 1/n + B 1/n

+ 1nstead of *, * insteac of Exponentral
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She also discusses the confusion which seems to arise between the Arithmetic- and
Algebra-notations. For instance, she argues that as
3 3/4 is to be interpreted as J + 3/4, it is not unreasonable that the pupil should

interpret an analogous algebraic expression, 3X as 3 + X, [18].

In this section we consider possible explanations for the following observations made

in the 1381 Algebra experiment.

Pupils appear to regress under Cognitive 1os8. (section §.2.1).

There appears to be a numper of clearly identifiable Lfypes of errors (Section

$.3.3).

Pupils use a number of Alternative "methods”™ to solve tasks of the same set, (section

8§.2.3).

This seems a reasonable explanation of the behaviour which was noted for task set

for the first protocol of figure 2, and agan for task set 10 for the second protocol.
(Similarly, such behaviour was noted by Davis and his colleagues [Dav 78]). So far LMS
reports a model for each pupil's performance on each task set. And so in the case of
pupil TRAB3 (figure 2a). SOLVE is contained in LMS's models for the pupil for all except
set 14, where LMS returns two alternatives, one of which contains SOLVE ana the other

MSOLVE. Thus if we were to produce a "composite model”™ for this pup1! to cover this range

of tasks we might include:

OVERLOAD then MSOLVE else SOLVE

However. although this explanation would 2xpiawn some 3 servations with pupils AB17

and AB18. they gave us an alil2rn3liya and more comprehensive evplanation for their actions, see
section J.34.
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where the conditions for OVERLOAD would have to be specified (inferred) additionally.

Analogously, we have observed the following responses from a pupil:

L BB s> X = 4

6°x = 10 s> X = 5/3
- 3 ==> s =9
10° = § s> X = -4

Namely the pupil uses a gifferent rule 1in the case where M>N (where the task is
represented as M*X=N). That 1s, the pupil’'s behaviour on these tasks can be summarized
as:

if M>N then X=N-M else X=N/M

This issue arises here for the first time because LMS attempts to infer models for a
relatively djyerse set of tasks, that is much more diverse than those covered with the
subtraction tasks. (MNote that BUGGY, as LMS, produces a model for each individual pupil,

whereas Young and O°'Shea carried out an analysis on a task-by-task basis).

5.2.2 Mechapisms o explain the Qbserved Mal-Rules

In section 3.3c we proposed a categorization of pupils' errors observed in this
experiment; the Manipulative and Parsing errors being the most significant classes. In
section 3.3d we proposed a schema for generating Manipulative mal-rules which involved
dropping one of the sub-steps (or a variant, a confusion of operands) which is thus

consistent with Young and O'Shea's modelling of subtraction.

However, the Parsing mal-rules cannot be explained by omitting a component, (Young
and 0'Shea). Neither 1t seems can they be explained by performing a repair to a core
procedure, unless one 1s prepared to broaden one's view of a repair to include the Schema
which were observed with pupils AB17 and AB18 and the “extrapolation” procedure noted by
Matz. Further, VanLehn's notions of the repair being applied to a partially
learnt/remembered core procedure seems convincing, as many of the children 1i1nterviewed
quite clearly o1d not know how to add M*X and N°X ang hence search for a solution (section

J.2.1) or apply the extrapolation “"schema” (sections 3.2.3 and 3.2.4). A further
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mechanism is proposed in the next section.

§.2.31 Bug Migration or Using Alternative Methods

As we saw in 5.1, Repair Theory gives a neat explanation for their observed phenomena
of bug migration, namely that the pupil will use a related family of bugs during a single

session with one particular task set.

There seems to be an alternative explanation which should also be considered.
Although a task-set may have peen designed to highlight one particular feature, the pupil

may spot completely different feature(s) and these may dominate h1s solution, [16].

Repair Theory accounts for some bugs by hypothesizing that the pupil had not
encountered the appropriate teaching necessary to perform the task. Suppose we make the
converse assumption, that the appropriate teaching had Ddeen carried out, and further
suppose that pupils do not gain competence, n this domain by being told the rules but
rather by inferring rules for themselves by noting the transformations which are applied
to tasks by the teacher and n texts. It seems reasonable that the pupil's inference
procedure should be guided by his previous knowledge of the domain, 1in this case the
number system, and that the opupil will, in general, infer several rules which are
consistent with the example, and not just the "correct” rule Indeed due to some missing
knowledge the “correct” rule may not pe inferred. (And sc the fact that the pupil never
uses the “"correct” method along with several "buggy" methods 1s poL evidence that he has

NOT encountered the material before).

Suppose. the pupil saw the following stages in an algedraic simplification:
3*X = 6§ ==y s B/3

Then he might infer

16. Earlier Sleeman and Brown, [Sle 82b]. have argued: Perhaps more 1immediately, it
sur 3;ts that a Cocach must pay attention to the sequence of worked examples. and encountered
ta .tates. from which the pup1l 1s apt to abstract (1invent) functional invariances. This
su. 2sts that no matter how carefully an instructional gesigner plans a sequence of examples,
he can never know all the intermediate steos and aostracted structures that a puchl will
generate while solving an exercise Indeed. the pup1) may well produce 11legal steps 1n his
solution and from these i1nvent 11legal (aigetrairc) “"prainciples” Implementing a system with
this level of sophistication still presents a major chailenge td the ITS5/Cognitive Science
comnunity... "




X = RHS number/LHS number
OR

= LARGER NUMBER/SMALLER NUMBER

The argument then is that both these rules are stcred with the initial task type and
that the pupil will wuse these randomly, (suppose the selecticn actually depends on the
weirghting factors for the several rules). The successful use of an inferred rule, will
strengthen the pupil's belief in the rule. Tasks, and the corresponding "worked"
solution, which show that a rule is inadequate will weaken belief in the rule, but it is
argued that once a (mal)-rule 1is created it may never be completely eliminated;
particularly if the "counter-examples" are not presented to the pupil for some period.
Thus given this view point, the phenomena of bug-migration occurs because the pupil has
inferred a whole range of rules and he merely “"randomly" selects a rule. Given a further
task, he again randomiy chooses a method and hence selects the same or an alternative
algorithm, cgepending on the relative strengths of the rules. That 1is if the relative
weights are comparable, it is more likely that the pupil will select a different method
for each task. If one weight “dominates” then it is likely that the corresponding method

will be selected frequently,

Further, if only one (mal) rule is generated by the 1induction process then this

approach predicts that the pupil will act consistently.

I suggest that many of the bugs encountered 1in the Subtraction domain can be
accounted for by this (inference), mechanism, For instance the
Subtract-Larger-from-Smaller bug, where the smaller number is subtracted from the larger

lndependent of whether the 1larger number is on top or the bottom row, seems one such

example, [Bro 78] and [You 81]. Brown and VanLehn [Bro 80] report that because borrowing

was introduced, with one group of pupils, using only tasks with 2 columns, that these
pupils inferred that whenever borrowing was involved they should borrow from the left-most
column, therr ‘Always-Borrow-Left" bug. (Thus 1t appears 1mportant to ensure that the

example set includes some counter examples; 1ingeed 1t seems as 1f task-sets zan be

damaging if the are too preprocessed and contain too 'i1ttle "intellectual ruffage”.
ging y g

Michener, [Mic 78], puts a similar argunent)
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Additionally, Ginsburg, [Gin 77], quotes several instances of young children

inferring 1information, for instance the names for "40", "50",

o
(S}

given the names for

8", "8 "0 ane ter "N,

So given the wealth of experimental evidence this alternative explanation shculd Dbe

given serious consideration.

2.1 Summary

Firstly, we have two explanations for some of the misunderstandings we have noted
with Algebraic notation. Namely. that given dy Matz, and that given by pupils, AB17 and
AB18, see section 5.1. Certainly Matz's explanations would explain gsome of our
observations, but not all as in some cases the coefficients are treated "specially”, and
their sign 1s not changed when they are moved t0 the RHS. For example, we have odserved:

J*X+4s12 => X=212+3-4

ie the pupi) changes the sign of the 4 but not the 3.

Secondly, we have two Pypotheses which explain dug-migration the cne given by Reparr
Theory and the one put forward here, which I shall refer to as Xnowledage Directed
Inference of Multiple Rules. (Of course 1t i1s quite possible that each may be applicacle
in different situations). If for instance %he investigator knows that the pup!! has not
been exposed to a particular topic then he is disposed to accept the (revised) Reparr
Theory rather than the other In general, 1t should be possible %o 1nvestigate this 1ssue

experimentally.

Thirdly, several "algorithms"” have peen presented about how to create student mocels
and these indirectly suggest the cause of pupi1!’'s buggy behaviour Repair Theory suggests
that it can he explained by making "repairs” to inccmplete core-procedures, whereas Young
and 0°'Shea suggest that it 1is adequate to take a core procecure ang merely delete
components. The data for the Algebra Manipulative Mal-Ryles can be adeguately explained
by either. However, Young and O'Shea’s approach seems inadequate to explain the parsing
mal-rules. Indeed. we have to extend the revised Repair Theory before the results
reported here can be accommodated. (An analogous extension 15 neejed to accommcaate the

Davis/Matz results). This paper has contributed a further explanation., namely Knowlecge
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Directed Inference of Rules, which appears to explain many of the facets of both the

Algenra mal-parsing rules and the Subtract gn data.

6. FOOTNOTE on METHCDOLOGY

The evaluation of competing explanations illustrates an important aspect of Cognitive

Scienc 3 research methodology. Namely, that 1t may be possible for more than one scheme
to reproduce faithfully the principal features of the experimentally observed data. In
which case, one attempts to discriminate by noting what the several systems predict for
some other (lesser) observed data. If such cdata dces not exist, or 1f this does not
resolve the 1issue, one needs to carefully examine the constraints (psychological
assumptions) which the two systems use and select the system with the preferred set of

assumpticns, [17].

The above comparisons of explanations (or theories) are important in that they remind

us of the essentially pragmatic nature of our Science.
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figure 1
a) RULES for the ALGEBRA domain (evaluative form and slightly styalized).
RULE NAME CONDITION ACTION
FIN2 (SHD X = M/N) (SHD (M N)) or (SHD evaluated)
SIMPLIFY (SHD X = M/N) (SHD X = M'/N')
SOLVE (SHO M * X = N) (SHD X = N/M) or (SHD INFINITY)
ADDSuUR (Ths M +1- N rns) (1hs [evaluated] rhs)
MULT ('hs M * N rhs) ('hs [evaluated] rhs)
XADDOSUB (Ths M®X +1- N°*X rhs) (Ths (M +1- N) ®* X rhs)
NTORHS (1hs +!- M = rhs) (Ths = rhs -1+ M)
REARRANGE (1hs +#1-M +1- N°X rhs) (lhs +!=- N®X +¢!- M rhs)
XTOLHS (Yhs = +!= M*X rhs) (Ths =1+ M*X = rhs)
BRA1 (Ths < N > rhs) (Ths N rhs)
BRA2 (Ths M*<N*X +!1-P> rhs) (1hs M®N®X +1- M*P rns)

Where M, N anag P are

integers and where 1hs, rhs etc are general patterns (which may

be null), where +!- means either + or - may occur, where SHD indicates the Strang
Heaa ana where < and > represent standard "algedbraic brackets”.

b) Some MAL-RULES for the Qomain

RULE NAME CONDITION ACTION

MSOLVE (SHD M*X = N) (SHD X = M/N) or (SHD INFINITY)
MNTORHS {Ihs *1= M = rhs) (Ths = rhs +!- M)

M2ZNTORHS (1hsl +!- M 1hs2 = rhs) (IREL *1~ INA2 = PRg ~1v M)
MINTORHS (Thsl +!- M 1hs2 = rhs) (INEL *1% Thad = elig 1= W)
MXTOLHS (lThs = #{- M*X rhs) (1hs +!= M®X = rhs)

M1BRA2 (Ihs M *<N*X +1~ P> rhs) (Ths M®N®*X +!- P rhs)

M2BRA2 (1hs M*< N*X +!- P> rhs) (Ths MSN*X ¢!= M +1- P rhs)

Using the same conventions as above.

¢) Bairs of correct and “2uggy” models execuiing typical tasks.

1) shows (MULT ADDSUB SOLVE FIN2) and (ADDSUB MULT SOLVE FIN2) solving

K =8 3 ¥ 4,

(The first line gives the initial state and all subsequent lines give

the

3% = 5 +
MULT 3°R = § »
ADDSUB 3°X = 17
SOLVE X = 173
FIN2 (1773)

11) shows (NTO

4°% + § =
MTORHS 4°X = 1
ADDSUB 4°Xx = 14
scLve e T
FIN2 (772)

rule which fires and the resulting state.]

384 3°X = 5 + 3

12 ADDSUB 3°X = 8 * 4
MULT 3%% = 42
SOLVE % « 3273
FIN2 (32/3)

* 4

'MS ADDSUB SOLVE FIN2) and (MNTORHS ADDSUB SOLVE FIN2)

solving 4°% ¢« § = 19,

13 Y+ 8 18
5 MNTORHS 34°X = 19 + 5
ADDSUB  4°X = 24

SOLVE X« @
FIN2 (6)




Eigura 2

Task set 2

Total, Correct, Mal, "Parsing", New Mal,

Mcadals which explain behaviour for this
(SOLVE SIMPLIFY FIN FIN2)

Task set 3

Total, Correct, Mal, "Parsing". New Mal,

Models which explain behaviour for this
(ADDSUB SOLVE SIMPLIFY FIN FIN2)

Task set 4

Total, Correct, Mal, "Parsing”, New Mal,

Models which explain behaviour for this
(MULT SOLVE SIMPLIFY FIN FIN2)

Task set §

Total, Correct. Mal, "Parsing”, New Mal,

Models which explain behaviour for this
(XADDSUB SOLVE SIMPLIFY FIN FIN2)

Task set §

Total, Correct. Mal, “"Parsing", New Mal,

Models which explain pehaviour for this
(NTORHS ADDSUB SOLVE SIMPLIFY FIN FIN2)

Task set 7

Total, Correct., Mal, "Parsing”, New Mal,

Modgels which explain behaviour for thais
(REARRANGE ADDSUB NTORHS SOLVE SIMPLIFY

Task set 8

Total, Correct, Mal, "Parsing”, New Mal,

Modgels which explain pehaviour for this

( XADDSUB XTOLHS SOLVE SIMPLIFY FIN FIN2)

Task set 9
Total, Correct. Mal, "Parsing”, New Mal
Mogels which explain behaviour for thais

Clerical and
Task set are

Clerical and
Task set are

Clerical and
Task set are

Clerical and
Task set are

Clerical anc
Task set are

Clerical ang
Task set are
FIN FIN2)

Clerical and
Task set are

Clerical ang
Task set are

(MULT AQDSUB BRA1 SOLVE SIMPLIFY FIN FINZ)

Task set 10

Total, Correct. Mal. "Parsing"., New Mal,

Modgels which explawn behaviour for thais
(BRA2 XADDSUB XTOLHS SOLVE SIMPLIFY FIN

Task set 11

Total, Correct, Ma), "Parsing”. New Ma),

Mogeis which explain behaviour for this
(MULT ADOSUB SOLVE SIMPLIFY FIN FIN2)

Clerical and
Task set are
FIN2)

Clerical) ang
Task set are

"Wild":

"Wild":

"Wild":

"Wilg":

"Wilg":

wilg":

"wWilg":

"Nilg":

"Wildg":

by 1 Dl

-
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Task set 12

Total, Correct, Mal, “"Parsing”, New Mal, Clerical and "Wilg": 3 3 00
Mogels which explain behaviour for this Task set are

(REARRANGE XADDSUB ADDSUB NTORHS SOLVE SIMPLIFY FIN FIN2)

Task set 13

Total, Correct, Mal, "Parsing”, New Mal, Clerical and "Wild": 3 100
Models which explawn behaviour for this Task set are

(BRA2 REARRANGE ADOSUB XTOLHS XADDSUB SOLVE SIMPLIFY FIN FINZ)

Task set 14

Total, Correct, Mal, "Parsing”, New Mal, Clerical and "Wila": 3 120
Models which explain dehaviour for this Task set are

(MULT XADDSUB SOLVE SIMPLIFY FIN FIN2)

(MULT XADDSUB MSOLVE SIMPLIFY FIN FIN2)

Task set 15

Total, Correct, Mal, "Parsing”, New Ma), Clerical and "Wilg": 3 300
Mogels which explain penaviour for this Task set are

(MULT BRA2 XADDSUB XTCLHS SOLVE SIMPLIFY FIN FIN2)

Overall Result (Tota!. Correct. Mal, "Parsing”. New Mal, Clerical and

63 56 4 0210

Eigure 2a Summary of results for a competent aupil IRAB]

Task set 2

Total, Correct. Mal, “"Parsing”. New Mal,  Clerical! and "Wild": 5 4 10
Moagels which explain pehaviour for this Task set are

(SOLVE SIMPLIFY FIN FIN2)

Task set 3

Total. Correct, Mal, "Parsing”. New Mal, Clerical and "Wild": 5 5 00
Mocgels which explain penhaviour for this Task set are

(ADDSUB SOLVE SIMPLIFY FIN FINZ)

Task set 4

Total, Correct. Mal, "Parsing”. New Mal, Clerical! and "Wild": 5 5 00
Models which explain behaviour for this Task set are

(MULT SOLVE SIMPLIFY FIN FIN2)

Task set 5

Total., Correct. Mal, "Parsing”. New Mal, Clerical and "Wilg"“: 7 6 01
Models which explain penhaviour for this Task set are

(XADDSUB SQLVE SIMPLIFY FIN FIN2)

Task set 6

Total. Correct. Mal. “Parsing”. New Mal, (Clerical and "Warld 65600
Mogels which explawn 2ehaviour for this Task set are

(NTORHS ADOSUB SOLVE SIMPLIFY FIN FIN2)
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Task set 7

Total, Correct, Mal, "Parsing”, New Mal, Clerical and "Wild":
Models which explain benhaviour for this Task set are

(ADDSUB REARRANGE NTORHS SOLVE SIMPLIFY FIN FIN2)

Task set 8
Total, Correct. Mal, "Parsing”, New Mal, Clerical and "Wild": 6 00600 0
Models which expiain behaviour for this Task set are NIL

Task set 3

Total, Correct. Mal, "Parsing", New Mal, Clerical and "Wild":
Models which explain behaviour for this Task set are

(MULT ADDSUB BRA1 SOLVE SIMPLIFY FIN FIN2)

Task set 10

Total, Correct, Mal, "Parsing”, New Mal, Clerical and "Wild":
Models which explain behavicur for this Task set are

(BRA2 XADOSUB MXTOLHS SOLVE SIMPLIFY FIN FIN2)

Overall Result (Total, Correct, Mal, “"Parsing”, New Mal, Clerical and "Wilg")
48 30 11 0 7

Eiguce 20 Sumpary of resulss for 2 “patchy” pupil ABS

Task set 2

Total. Correct. Mal, “Parsing”, New Mal, Clerical and "Wild": 5 §
Models which explain behaviour for this Task set are

(SCLVE SIMPLIFY FIN FIN2)

Task set 3

Total. Correct. Mal, “Parsing”, New Mal, Clerical and "wilg"
Mogels which explawn behaviour for this Task set are

(ADDSUB SOLVE SIMPLIFY FIN FIN2)

Task set 4

Total, Correct, Mal, "Parsing", New Mal, Clerical and "Wilg": § 3
Mogels which explain behaviour for this Task set are

(MULT SOLVE SIMPLIFY FIN FIN2)

Task set 5
Total, Correct. Mal, “"Parsing”, New Mal, Clerical and "Wild": 720200 3
Mogels which explain behaviour for this Task set are NIL

Overal! Result (Total, Correct, Mal, "Parsing”, New Mal, Clerical and "Wildg")
21210008

Eiguce 2¢ 3Summacy of results for a poor aupil AB1S8




Task Set Rules Focussed On Typical Task
2 SOLVE 2237

3 ADOSuUB 3 *Rs+)

4 MULT S 2 3eg "3

5 XADOSuB G B W AR

6 NTORHS SR +83 0 00

7 REARRANGE 4+ 2% s 38

8 XTOLHS s BE G E

9 BRA1 E*E» T+ D

10 BRA2 S &8 A S 8

11 ADDSUB/MULT s S SR T

12 ADDOSUB/XADDSUB 2 + 3 * X + 4 * X = 16

13 ADDSUB/BRA2 B O S S R B
14 MULT/XADDSUSB gE8*3 e "3

15 MULT/BRA2 L2 %3 %k V2D
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Eigure 4

Protocols from which new mal rules were inferred. (Note the teacher specified the
way in which the X-coefficient should be represented. NQOIE tco that some of the
protocols are not totally consistent: the lnvestigator has given ihe mal-rules which
summarizes the pupil's Ddehaviour on the majority of Lhe tasks).

Task set 5

Task is 12) Solution is (1 ° = 3)

Task is 10) Solution is (2 ¢ =10 ~2»3)
Task 1is 11) Solution is (1 ® =6 //2)
Task is 10) Solution is (1 * ® 1)

Task 1s 9) Solutton i3 (1 * X = 1)

Task is 3) Solution is (1 ®* X = -3 /7 2)
Task 1s 4) Solution is (8 * X = 4)

Protocol apparently showing M ®* X => M + X (pupi) AB17)

Task

Task 1s 16) Solution is (
Task 1s 9) Solution 18 (1 * X = § /7 §)
Task 1s 6) Solution is (1 ®* X = -6)

Task 1is 10) Solution 13 (1 " % s 10 /7 1)
Task 1s ) Sotution 18 (1 * X » 3 /7 §)
Task 1s $) Solution 13 (3 * X =& /77 1)

L%« 84/ 3)

Eigure 4h. Protocecl apparently showing M * X +« N => (M + N) * X (pupil AB20).

Task set 7

Task 1s ( Solution is (1 X = 8)
Task 1s ( Solution is (1 X = 6)
Task 18 ( ) Solution 1s (1 X s =4)
Task 15 ( Solution is (1 X e =13)
Task 1s ( alution 15 (1 *
Task 1s (

= -14)

X
olution is (1 * X = =2)

Eigure 4c. Protocol apparently showing M + N ® X => M * N + X (pupil AB3)

Task set 8

Task 1s (4 2 ) Solution is (1 ®* X = 6)
Task 1s (3 2 } Soluttion is (1 * X = §)
Task 1s (3 a3 ¢ 7) Solutton is (1 * X% = §)
Task 1s (4 C* X » ) Solatson 15 (1~ K8 /1 2)
Task is (4 22X+ 8 SOlutton 15 (1 * X s B)

Task 1s (6 CT R +*3) S0tution 15 () C a1 1 Y

Eigure 4d. Protocol apparently showing MX = NX +# P =5 X + X = M + N + P (pupil AB1)

Task set 7
Task 1s (4
Task 1s (2
Task 1s (3
Task 1s (4
Task 1s (4
Task 1s (5

Solution is ( = 2)
Solution 1s ( s & 23
(
(

o e N

Solution s i B U
) Solution is =6 // 4)
Solution 18 (1 * X = =§ 77 &)
S0lution is (1 * %« 8 /7 2)

NGO

©
-
[e]
s
o
O
o

apparently showing M + N ®* X = P => N * X = M (pupil AB7).

figure 4de.
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la. M*X +N®*X s> NHe°}Xe*)H
=> M
=> M+ X + N+ X

1b. Me*X => M+ X

=> M+ N+ X =

3. M*X + N = > M + X + N =
8 N e}l N
> (M +N)*Xs

4. M * X = N°P a> X = M
5. M®X = N°X + P > X+ X =M+ N+P
6. M®*X =N¢+P e Bl
o B *}Rs=sp
7 M*X =N s X
8. MeX N => X = (N/F)/M

=> X = N/(M/F)

9. N o<l *3+DH o M * X e Rr)P

Eigure 5. Summary of major new mal-cules sncountered 1n cecent experiments.
Where sets, 1 to 6, give “parsing” mai-rules and 7-9 agdrtional manipuiative mal-ryles,
ang where F 1n mal-rule 8 represents a common factor.




Eigure 6.

Protocol for a pupil who has a numper of "Alternative Methods”.
Pupil AB17 on task set 6.
a) The task given was : 2 ®* X + 3 = 9

pup1l writes £ 88 v~ 3
g2) 2=}

Interviewer writes XeQ =343
Interviewer: says could you say whether you step 1) above or what I['ve Just written is
correct.

Pupil says he really could not.

b) The task given was

Pupil writes

Interviewer writes X 2

Interviewer: says could you say whether your step 1) above or what I've just written
1s correct.

Pupil says his 1) probably is.

Interviewer says : can you say why?

Pupil : I'm afraid not.

Interviewer Now look back at the last example, there I cugygested a slightly different
method there. Would that te possible here?

Pupiyl : That's right, it would.
Interviewer “hich of these do you think is correct?

Pupi1l : Really not sure I often have a lot of methods to choose between, which makes
1t pretty confusing I sometimes have as many as 5 or 6.

[And so this conversation continues. After this point the pupi) voluntarily offers 2
or 3 solutions to each task, as in the next task.]
c) The task given was 4 ®* X = 2 ®* X + §

Pupil writes 1) % - 4+ 6

X = 4
Then suggests the following ~eworking:

1) 4% » 2} + §

2) 4x = 8x

Then Quits.
Interviewer which solution do you think 1s right?
Pup1l Oh. I'm not really sure.

Interviewer If you were a betting man, which would you put your money on?

Pup1! Probabiy the first




Three examples of very
I) Pupil AB-11 on task
a) The task given was

Pupil writes

b) The task given was

Pupil writes

c¢) The task given was

Pupil writes
{and 1s told she
d) The task given was

Pupil
(andg

writes
is tola she

I1) Pupi
a) The task given was

Pupil writes

D) The task given was

Pupil writes

1's told he
task girven was

ang
he

\
/

Pupi! writes

(ang s told he

I1I)
a)

AB-18 on
task given was

Pup !
The

Pup1l writes

0) The task given was

Pup1l

C) The task given was

Pup1l

d) The task given was

Pup!

can

can

can

can

task

Eigure 1
consistently used MAL-RULES.

38t 7.
g 43"

3+5

108 * % v 4}
leave 1t 1in
S 3 %y

11
it In

1) 2 % % »

1

leave

AB-17 on task set §

2 -

ROCT 6§
¢ 3

that form)

7 and 8.
X = 10

writes

writes

wraites




task given was

Pupil writes
task given was

Pupil writes
task given was

Pupil writes
task given was

Pupil writes

Pupil then wrote

task given was

Pup1l writes
and QUITS.




figure 8
Protocols with the Enhanced LMS.

1. For Pupil AB-11 on task-set 7.

Task is (4 + 3 * X = 19) Solution is (7 * X = 19)

NB Previous State was: (4 + 3 * X = 19)

Behaves as model(s):

(ADDSUB REARRANGE NTORHS SOLVEOQ SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Task is (2 + 4 * X = 14) Solution is (6 * X = 14)
NB Previous State was: (2 + 4 * X = 14)
Behaves as model(s)
(ADDSUB REARRANGE NTORHS SOLVEQ SOLVE SOLVEZ SIMPLIFY SGNS

Task 45 (3 ¢+ 6 * % = 11) Solution fs (8 * X = 11)
NB Previous State was: (3 + 5 * X = 11)
Behaves as model(s)
(ADDSUB REARRANGE NTORHS SOLVEQO SOLVE SOLVEZ2 SIMPLIFY SGNS

Task is (4 + § * X = 11) Solution is (9 * X = 11)
MB Previous State was: (4 + 5 ¢ X = 11)
Behaves as model(s)
(ADDSUB REARRANGE NTORHS SOLVEO SOLVE SOLVE2 SIMPLIFY

Task is (4 + 5 * X = 6) Solution is (9 * X = 6)
HB Previous State was: (4 + 5 * X = 6)
Behaves as model(s)
(ADDSUB REARRANGE NTORHS SOLVEQ SOLVE SOLVEZ SIMPLIFY SGNS

Task 18 (3 ¢+ 7 * X =» 8) Solution is (10 * X = §)
N8B Previous State was: (3 + 7 * X = 8)
Behaves as model(s)
(ADDSUB REARRANGE NTORHS SCLVEQO SOLVE SOLVE2 SIMPLIFY

Total, correct, unanswered, Mal, Perturbdb and Wirld: 6 0
0 RIGHT OUT OF 6

Modelling Vector (0 600 0 0 000000000 0)
Models which explain overall behaviour are:

(ADDSUB REARRANGE NTORHS SOLVED SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Overall Result: (6 0 0 6 0 0)




1.

Pupil AB-18 on task sets 5, 6, 7 and 8.

Task sat §

Taek 13 (3 X + 4 7 % = 21) Solurion 1a (2 % X » 21 » 7)

NB Previous State was: (3 ®* X + 4 * X = 21)

Behaves as model(s):
(MP1 XADDSUB SOLVEQO SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)
(MP1 XADDSUB SOLVEQ M3SCLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB MNTORHS REARRANGE)

Task 48 (6 * X + 3 * X = 36) Solution 1s (2 * X =38 -8 - 3)
NB Previous State was: (6 ® X + 3 * X = 36)
Behaves as model(s)
(MP1 XADDSUB SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Task 18 {3 " X ¢« 4 * X% «08) Solutton 16 (2 "X =908 - 1)
NB Previous State was: (3 ®* X + 4 * X = 98)
Behaves as model(s):
(MP1 XADDSUB SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN ADOSUB NTORHS REARRANGE)

Task 45 (6 % X » 3 % % » 72) Sotution 15 (2 * X » 72 ~ &4+ 3)
NB Previous State was: (4 * X - 3 * X = 72)
Behaves as model(s):
(MP1 XADDSUB SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN ADOSUB NTORHS REARRANGE)

Yosk i (4 % % ¢ 3 %% » 14} Solutton 18 (2" X » =48 + 7)
NB Previous State was: (4 * X ¢+ 3 * X = -14)
Behaves as model(s)
(MP1 XADDSUB SOLVEOQ SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Fask i3 (3 % % » 4" X s -21) Salution 8 (2 % X = 22) - 1)

NB Previous State was: (3 * X + 4 ¢ X = -21)

Behaves as modei(s):
(MP1 XADDSUB SOLVED SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)
(MP1 XADDSUB SOLVEO M2SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB MNTQRHS REARRANGE)

Tash is (3 * A+ 4% % =11) Sotution 15 (2 2% » 1) = 1)
NB Previous State was: (3 ®* X + 4 * X = 11)
Behaves as model(s):
(MP1 XADDOSUB SOLVEO SCLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Task 153 * 2 » 8 2% s 3) Solusion (6 (8 * X 3 ~>17)
NB Previous State was: (3 ®* X + 4 * X = 3)
Behaves as model(s):
(MP1 XADDSUB SOLVEO SCLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTCRHS REARRANGE)

Total, correct, unanswered, Mal, Perturd and Wild: 8 0 08 0 0

0 RIGHT QUT OF 8
Modelling Vector (0 0 0 0 0000 70000000 S0 50)
Mogels which explain overall behaviour are:
(MP1 XADDSUB SCLVED SOLVE SOLVEZ SIMPLIFY SGNS FIN ADDSUB NTCRHS REARRANGE)
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Task set 6
Task is (3 ®* X + 4 = 19) Solution is (1 * X = 19 - 7)
NB Previous State was: (3 * X + 4 = 19)
Behaves as model(s):
(MPO NTORHS ADOSUB SOLVEQO SOLVE SOLVEZ SIMPLIFY SGNS FIN REARRANGE)

Task is (2 ®* X + 3 = 9) Solution is (1 * X = 9 - 5)
NB Previous State was: (2 * X + 3 = 9)
Behaves as model(s):
(MPO NTORHS ADDSUB SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN REARRANGE)

Task is (3 * X - 4 = 6) Solution is (1 * X =6 + 4 - 3)
NB Previous State was: (3 * X - 4 = 6)
Behaves as model(s):
(MPO NTORHS ADDSUB SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN REARRANGE)

Task is (2 ®* X +# 5 = 10) Solution is (1 * X = 10 - 7)
NB Previous State was: (2 * X + § = 10)
Behaves as model(s):
(MPO NTORHS ADOSUB SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN REARRANGE)

Toesk 15 (8 * X + & = 8) Solution 18 (1 * X =6 - 4 - 8)
NB Previous State was: (6 * X + 4 = §)
Behaves as model(s):
(MPQ NTORHS ADOSUB SOLVEOD SOLVE SOLVEZ2 SIMPLIFY SGMS FIN REARRANGE)

Tads 185 (B % 5 » 2 « §) Sotutton is (1 * X «§ -~ 3 = §)
NB Previous State was: (5 ®* X - 2 = §5)
Behaves as model(s):
{MPO NTORHS ADDSUB SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN REARRANGE)

Total., correct, unanswered, Mal, Perturb and Wild: 6 0 0 6 00

0 RIGHT QUT OF 6

Modelling Vector (0 0 0 0 0 0 0 0 60000000 00)

Models which explain overall behaviour are:

(MPO NTORHS ADOSUB S50LVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN REARRANGE)

Task set 7
Tosk 18 (4 ¢+ 3 * X » 19) Solution s (1 * X = 19 -~ 7)
NB Previous State was: (4 + 3 * X = 19)
Behaves as model(s):
(MP3 REARRANGE ADODSUB NTORHS SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN)

a8 18 (2 & 8 & % o 148) Salution 13 (1 * X » 14 - 6)
NB Previous State was: (2 + 4 * X = 14)
Behaves as model(s)
(MP3 REARRANGE ACOSUB NTORHS SOLVEOQ SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Task 15 (3 ¢+ 5" % « 11) Solutien i3 (1 * % o 11 ~ 8)
MB Previous State was: (3 + 5 * X = 11)
Behaves as moael(s)
(MP3 REARRANGE ADOSUB NTQRHS SOLVEQ SCLVE SOLVE2 SIMPLIFY SGNS FIN)
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Task 1s (4 + § ¢ X = 11) Solution is (1 * X = 11 -~ @)
NB Previous State was: (4 + 5 * X = 11)
Behaves as model(s):
(MP3 REARRANGE ADOSUB NTORHS SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Task is (4 + § * X = 6) Solution is (1 * X = 6 - 9)
NB Previous State was: (4 + 5 * X = 6)
Behaves as model(s):
(MP3 REARRANGE ADDSUB NTORHS SOLVEOQ SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Task 18 (3 + 7 * X = §) Solution 43 (1 * X » 8 ~ 10)
NB Previous State was: (3 + 7 * X = 8)
Behaves as model(s)
(MP3 REARRANGE ADDSUB NTORHS SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Total, correct, unanswered, Mal, Perturb and Wild: 6 0 0 6 0 0

0 RIGHT QUT OF 6
Modelling Vector (0 00 0 0000200 0 600 0)
Mogels which explain overall behaviour are
(MP3 REARRANGE ADOSUB NTORHS SOLVEJ SOLVE SOLVE2 SIMPLIFY SGNS FIN)

Task set 8
Task 13 (4" % = 3 2 % ¢+ 68) Selution 8 (2 * % = 3 %08 » &)
NB Previous State was: (4 ®* X = 3 ®* X + 6)
Behaves as model(s):
(MP41 XADDSUB XTOLHS SOLVEQO SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Task 15 (3 " X = 2 %X +» §) Solution 1 (2 2 X » 2 ¢+ 8 - 3)
NS Preavious Stete was: (3 * X » 2 * X + b)
Behaves as model(s):
(MP41 XADDSUB XTOLHS SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN ATDSUB NTORHS REARRANGE)

T8k B (0 "R e 3 Y )+ 33 SONutiom 18 {
N8 Previous State was: (6 * X = 3 * X + 33
Behaves as model(s):

(MP41 XADDSUB XTOLHS SOLVEO SOLVE SCLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

%% =3)+3 68
)

TASE 13 (0 " R 94 % % +19) Solution %3 (2 " X « 30 ¢ 8 » )
NB Previous State was: (5 * X = 4 * X + 19)
Behaves as model(s):
(MP41 XADOSUB XTOLHS SOLVEQD SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

TEAK 18 (4 % X » 8 * X » 6) Solution 13 (2 % % » 13 - 8)

NB Previous State was: (4 * X = 6 * X + 6)

Behaves as model(s)
(MP41 XADDSUB XTOLHS SOLVEOD SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDOSUB NTORHS REARRANGE)
(MP41 XxADDSUB XTOLHS SOLVEQ M3SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB MNTORHS REARRANGE)

Taskx 18 (3 * X« 8 %)X » 12) Sohdon is (2 * X o 8 ¢ 12 = 3)
N8B Previous State was: (3 * X = g™ X ¢+ 12)
Behaves as mogel(s)
(P41 xADOSUB XTOLHS SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN ADOSUB NTORHS REARRANGE)




Task is (3 ®* X = =2 ®* X + 7) Solution is (2 ®* X = =2 + 7 - 3)
NB Previous State was: (3 * X = =2 * X + 7)
Behaves as model(s):
(MP41 XADDSUB XTOLHS SOLVEOQ SOLVE SOLVE2 SIMPLIFY SGNS FIN ADOSUB NTORHS REARRANGE)
(MP41 XADDSUB XTOLHS SOLVEO M1SOLVE SOLVEZ SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Task 13 (6 * X =3 * X ¢+ 2) Solution 1s (2 ®* X' = § - @)
NB Previous State was: (6 * X = 3 * X + 2)
Behaves as model(s):
(MP41 XADDSUB XTOLHS SOLVEO SOLVE SOLVE2 SIMPLIFY SGNS FIN ADOSUB NTQORHS REARRANGE)

Total, correct, unanswered, Mal, Perturd and Wild: 8 0 C

0 RIGHT OUT OF 8
Modelling Vector (0 0 00 0000000200000 70050 00000 S0
00)
Models which explain overall behaviour are:
(MP41 XADDSUB XTOLHS SOLVEQ SOLVE SOLVE2 SIMPLIFY SGNS FIN ADDSUB NTORHS REARRANGE)

Overall Result: (28 0 C 28 0 0)
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FIGURE 9

Some MAL Parsing Rules noted 1n ihe expariment and now
: used by LMS.II

RULE CONDITION/ACTION
MPO(1b} (MPARSE M*X rhs)
(SHD 1°X SM rhs)

MP1{1a} (MPARSE M*X +!- N°*X = rhs)
(SHD X + X + M +1- N = rhs)

MP21(3a) (MPARSE M*X +!- N = rhs)
(SHO X + M +|- N = rhs)

MP22(3c} (MPARSE M*X +!- N = rhs)
(SHO [M +1- N]®* X = rhs)

MP23 (MPARSE M*X +1- N = rhs)
(SHD X +!- N = rhs SM)

MP3(2) (MPARSE M +!1- N*X = rhs)
(SHO X + M +!1- N = rhs)

MP41(5'} (MPARSE M®*X = N°*X rhs)
(SHD X # X + M = N rhs)

MP42(5" "} (MPARSE M*X = N°*X rhs)
(SHO X + M = N rhs)

Where M, N, P are integers. lhs and rhs are arbitary strings (inclucing null). MPARSE is
a token placed 1n the task-state which allows only one mal parsinyg rule to fire per task,
and SM stands for the sigpeg expression which corresponds to the integer M. The figures
n braces grve a cross reference to (the mal-ryles of) Figure 5.

(NB MP21 1s subsumed by MPO and so is NOT included in the actual data base).
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