i

Hayas
ichig

3







MACHINE
INTELLIGENCE 11




MACHINE INTELLIGENCE

Machine Intelligence 1 (1967) (eds N. Collins and D. Michie) Oliver &
Boyd, Edinburgh

Machine Intelligence 2 (1968) (eds E. Dale and D. Michie) Oliver & Boyd,
Edinburgh

(1 and 2 published as one volume in 1971 by Edinburgh University
Press) (eds N. Collins, E. Dale, and D. Michie). '

Machine Intelligence 3 (1968) (ed. D. Michie) Edinburgh University
Press, Edinburgh

Machine Intelligence 4 (1969) (eds B. Meltzer and D. Michie) Edinburgh
University Press, Edinburgh

Machine Intelligence 5 (1970) (eds B. Meltzer and D. Michie) Edinburgh
University Press, Edinburgh

Machine Intelligence 6 (1971) (eds B. Meltzer and D. Michie) Edinburgh
University Press, Edinburgh

Machine Intelligence 7 (1972) (eds B. Meltzer and D. Michie) Edinburgh
University Press, Edinburgh ,

" Machine Intelligence 8 (1977) (eds E. W. Elcock and D. Michie) Ellis
Horwood, Chichester/Halsted, New York :

Machine Intelligence 9 (1979) (eds J. E. Hayes, D. Michie, and L.
Mikulich) Ellis Horwood, Chichester/Halsted, New York

Machine Intelligence 10 (1982) (eds J. E. Hayes, D. Michie, and Y.-H.
Pao) Ellis Horwood, Chichester/Halsted, New York

' Machine Intelligence 11 (1988) (eds J. E. Hayes, D. Michie, and J.
Richards) Oxford University Press, Oxford




MACHINE
INTELLIGENCE 11

Logic and the acquisition of knowledge

edited by
J. E. HAYES

Research Associate,
Turing Institute

D. MICHIE

Chief Scientist,
Turing Institute

and
J. RICHARDS

Head of Industrial Studies,
Turing Institute

CLARENDON PRESS - OXFORD
1988




Oxford University Press, Walton Street, Oxford 0X2 6DP

Oxford New York Toronto

Delhi Bombay Calcutta Madras Karachi
Petaling Jaya Singapore Hong Kong Tokyo
Nairobi Dar es Salaam Cape Town
Melbourne Auckland

and associated companies in
Berlin Ibadan

Oxford is a trade mark of Oxford University Press

Published in the United States
by Oxford University Press, New York

© J. E. Hayes, D. Michie, and J. Richards 1988

All rights reserved. No part of this publication may be reproduced,
stored in a retrieval system, or transmitted, in any form or by any means,
electronic, mechanical, photocopying, recording, or otherwise, without
the prior permission of Oxford University Press

British Library Cataloguing in Publication Data

Machine Intelligence.
1. Artificial Intelligence
L Title II. Michie, Donald III. Richard J.
006.3 :

ISBN 0-19-853718-2

Library of Congress Cataloging in Publication Data
Data available

Typeset and printed in Northern Ireland at The Universities Press (Belfast) Ltd.



PREFACE

Held at intervals in Scotland, the first seven International Machine
Intelligence Workshops spanning the period of 1965-71 were involved in
developing the new subject internationally—in those early days mainly as
a mid-Atlantic phenomenon. Japan and continental Europe had yet to
enter in strength. Also in the wings was the ill-famed ‘Lighthill report’
which in 1973 stigmatized machine intelligence as a mirage and in the UK
demolished its local infrastructure.

Two and a half millennia ago, the historian Thucydides observed that it
is not fortifications which make a city but people. In spite of dispersion,
the AI culture under challenge evinced both hardiness and solidarity.
Included in the exodus from Britain’s ‘Al winter’ were the MI Work-
shops themselves. Successively they found hospitality in Santa Cruz,
USA (1975), Repino, USSR (1977), and Cleveland, USA (1981), by
which time the distant tidings of Japan’s Fifth Generation presaged the
coming thaw. Preparations were begun to found a new UK centre, the
Turing Institute at Glasgow. By 1985 sufficient critical mass existed for
the new Institute to be able to host a return after fourteen years to the
series’ land of origin. With additional support from the University of
Strathclyde, the eleventh Workshop took place at the University’s study
centre at Ross Priory near the banks of Loch Lomond.

The titles of the twenty papers which now emerge are indicative of a
continuing trend towards unity of approach. Logical models of deductive
and inductive reasoning become ever more central and find a common
frame in interactive environments for practical problem solving. We also
see the first demonstrations that the fruits of past solutions can be
systematically digested by an automated solver and built into incremental
bodies of new, human-type, knowledge.

The long expected maturation of machine intelligence is evidently at
last occurring apace. An adolescent’s elders not uncommonly warn, as
elders of the physical sciences have of AI, that the youth may have
outgrown his own strength. Has the maturation of machine intelligence
been of this kind? With some confidence we commit this eleventh volume
to the hands of its readers and invite them to pursue the question to their
own conclusions.

February 1988 Donald Michie
Editor in Chief
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Partial Models and Non-monotonic
Inference
K. Konolige

Artificial Intelligence Center, SRI International and
Center for the Study of Language and Information, Stanford University, USA

Abstract

The non-monotonic character of common-sense reasoning is well recog-
nized, as we often jump to conclusions that are not strictly justified by
our partial knowledge of a situation. Most formalizations of this idea are
best described as syntactic transformations on theories, with little or no
semantic underpinnings. In this paper we develop a method of non-
monotonic reasoning from a strictly semantic viewpoint, namely, as
conjectures about how the missing information in a partial model should
be filled in. The advantages of this approach are a natural and intuitively
satisfying formalization of diverse types of non-monotonic reasoning,
among them domain closure, the unique names hypothesis, and default
reasoning.

1. INTRODUCTION

The importance of non-monotonic reasoning for common-sense domains
is widely recognized in the field of Artificial Intelligence (a1). In this
paper we will be concerned with such reasoning in its most general form,
that is, in inferences that are defeasible: given more information, we may
retract them.

The purpose of this paper is to introduce a form of non-monotonic
inference based on the notion of a partial model of the world. We take
partial models to reflect our partial knowledge of the true state of affairs.
We then define non-monotonic inference as the process of filling in
unknown parts of the model with conjectures: statements that could turn
out to be false, given more complete knowledge. To take a standard
example from default reasoning: since most birds can fly, if Tweety is a
bird it is reasonable to assume that she can fly, at least in the absence of
any information to the contrary. We thus have some justification for
filling in our partial picture of the world with this conjecture. If our
knowledge includes the fact that Tweety is an ostrich, then no such
justification exists, and the conjecture must be retracted.
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PARTIAL MODELS AND NON-MONOTONIC INFERENCE

Of course, there are many different ways to represent partial knowl-
edge of the world; in A1, first-order theories (FoTs) are a widely used
method. However, FOTs are in a sense too partial for the purpose of
non-monotonic inference—it is often difficult to decide just how the
‘partial’ should be filled. For example, consider the sentence

_Bird(Tweety) v Bird(Opus) (1.1)

This sentence gives us partial information about the world, in the sense
we know either Tweety or Opus (or both) is a bird; but given just (1.1) it
is impossible to conclude that we know Tweety to be a bird, or that we
know Opus to be a bird.

Now suppose we are given a default rule stated informally as

In the absence of conflicting mformatzon, assume that (1.2
a bird flies. 2)

How can this rule be applied to our bird theory (1.1) to make conjectures
about the ability of Tweety and Opus to fly? One approach is to relate
the application of the default to a consistency condition on the theory, as
in the default theories of Reiter (1980). Roughly speaking, our informal
rule translates into the following rule for extending an FoT:

If in a theory x is a bird and it is consistent to assume
that x can fly, do so.

(1.3)

Unfortunately such a default rule yields no new information when
applied to (1.1). The disjunction does not permit us to conclude that any
particular individual is a bird, and so it is impossible to instantiate the
variable x in the antecedent of the default rule.

But clearly our intuitions are that (1.2) tells us something more about -
the theory (1.1). Suppose we ask what possible partial states of affairs
would make (1.1) true. One of the following two is a minimally necessary
condition: ’

1. Tweety is a bird.

2. Opus is a bird.

Now the application of the default rule is straightforward for each case,
so we conjecture that either Tweety or Opus can fly.

One conclusion to be drawn from this example is that default reasoning
should be based on an analysis of the models that a theory admits. It is
the claim of this paper that partial models are an appropriate and natural
level of description for the application of default rules, and other types of
non-monotonic reasoning as well. In the next section, we support this
claim by discussing general principles for implementing non-monotonic
reasoning as conjectures on partial models, and by criticizing another
model-based framework for non-monotonic inference, McCarthy’s
(1980, 1984) circumscription schema, from this point of view. The rest of
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the paper is devoted to illustrating the general principles using a
particular type of partial model based on Hintikka interpretations,
defined in Section 3. Because these models use the constants of a theory
as their domain, they admit very natural treatment of assumptions
involving equality and the naming of individuals, which are illustrated in
Section 4, along with other types of default reasoning, including domain
closure and the assumption of disjoint domains.

2. A SEMANTICS FOR NON-MONOTONIC INFERENCE

In this section we consider some general principles of a partial-model
approach to non-monotonic inference, and introduce notation to be used
throughout the paper. An analysis of circumscription based on these
principles is also presented.

2.1. Conjectures on partial models

Any consistent set of sentences (or theory) T in a first-order language is
satisfied by a set of (first-order) models. To continue the example from
the Introduction: let Tweety refer to the individual TWEETY, and Opus to
opus, and let BIRD and FLy be the properties of being a bird and flying,
respectively. Now consider the models of ‘Bird(Tweety) v Bird(Opus):

M,; = BIrD: {TWEETY} FLy:{}
M, = BIRD: {TWEETY} FLY: {TWEETY}
M;=BIRD: {TWEETY, €,} Fry: {}

M, = BIRD: {TWEETY, €, }
M; = BIRD: {TWEETY, €, }
Mg = BIRD: {TWEETY, €, €5}

M; = BIrD: {0oPUS}
M;., =BIrD: {opPUS}
M, ., =BIrD:{oPUS, €,}
M, ., =BIrD: {OPUS, €,}
M;,,=BIrRD:{0PUS, €,}

M; = BIrRD: {OPUS, TWEETY}

FLy: {TWEETY}
FLY: {TWEETY, €,}
FLy:{} *

FLy:{} 2.1)
FrLy: {opus}

Fry:{}

FLy: {opus}

FLy:{opus, e,}

FLy:{}

These models naturally fall into two groups, corresponding to one of the
two disjuncts in the theory: either Tweety is a bird, or Opus is (there are
models such as M; in which both these are true; such models fall into both
groups). We can represent these groups by using the notion of a partial
model. A partial model contains only a part of the information necessary
in a (complete) model; by extending the partial model, we arrive at a set
of models. In this example, we could construct two partial models by
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specifying just a part of the extension of the BIrD relation:

my = TWEETY € BIRD
(2.2)
my = OPUS € BIRD.

The extension of m, includes M, —M; and M;; the extension of m,
includes M; — M;,4 and M;. We write E(m) for the set of extensions of a
partial model m.

We have in my and m, a formal model-theoretic counterpart of the
informal reasoning we carried out in the Introduction. We can formulate
the default rule 1.2 as the following conjecture:

If within a partial model x is a bird and it is consistent @3)
to assume that x flies, do so. . '

Note that this is exactly the default rule (1.3), except that ‘theory’ has
been changed to ‘partial model’. A proposition P is consistent with a
partial model m if there is an extension of m satisfying P. In the case of
m; there are models in which Tweety flies, and so (2.3) picks out just that
subset {M,, Ms, ...} of E(m,); similarly, for m, we get the subset
{M;s1, Miyy, .. .}. Since the world could be described by either m, or
m,, we take the union {Mz, Ms, M1, M;y, . ..} of these models as the
result of default reasoning. Obviously, Fly(Tweety) v Fly(Opus) is sat-
isfied by each of these models.

To sum up: let T be a theory and « a conjecture on partial models. A
conjecture picks out a non-empty subset of the extensions of a partial
model. Non-monotonic inference can be viewed as the following process:

1. Let M be all models of T. Form a set of all partial models m. Let M’
be M — E(m), i.e. all models not in the extension of some member of m.

2. Let C(a, m) be the set of extensions of m chosen by the conjecture.

3. We say that a set of sentences T is inferred by « from T if every
member of T’ is satisfied by each of M’ U C(«, m). We write this as
Th+,T'.

Remarks. The general nature of non-monotonic inference here is the
pruning of the set of models of a theory. For any given language L, we
may have in mind certain types of models, the intended interpretations of
L. For example, in studying resolution, we restrict our attention to
Herbrand interpretations, in which all terms denote themselves.

We consider some general technical points of this definition. First, the
inference operator T't, can be non-monotonic in T, as is easily shown by
example. Let a be the con]ecture that picks out only those extensions of
a partial model in which P is false. We have:

{Q}ramP ' (249
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but
{Q, P} ¥,P. (2.5)

A special case, which is monotonic in T, is the conjecture é that picks out
all extensions of a partial model. The operator F, is simple logical
deduction, that is, for T+, T', T' is the set of logical consequences of T,
and hence also deductive consequences, by the completeness theorem for
first-order logic.

Because conjectures pick out a subset of the possible models of T, the
inference operator has the reflexive property

Tt,T. (2.6)

Conjectures are thus appropriate for default reasoning or defeasible
reasoning in general, where the initial facts, though sparse, are assumed
to be accurate. There are, of course, other types of non-monotonic
reasoning that are not naturally expressed as conjectures: for example,
events are often treated formally as arbitrary transformations on models,
and the revision of belief on the basis of new information requires
changing a theory to admit models it did not originally have.

There is no guarantee that partial models exist, or if they do, that their
extensions fully cover the set of models M. M’ is designed to take up the
slack in these situations, so that all models of M are ‘accounted for’. This,
and the fact that conjectures are a pruning operation on sets of models,
yield the following consistency property for the inference operator: if the
initial theory T is consistent, then any set of inferred sentences is also
consistent; that is, it is impossible to have

Tk.p AP \ 2.7

The notion of the coverage of partial models is an important one, and
is in some sense a completeness criterion for'this method. If there are no
partial models for a given theory, then for every conjecture a the
operator , becomes logical deduction, and no non-monotonic inference
takes place. If the partial models of a theory fully cover the intended
models (that is, every intended model is an extension of some partial
model), then a conjecture on the partial models takes into account all of
the interpretations of the theory. For example, the two partial models
(2.2) cover all the models of T = Bird(Tweety) v Bird(Opus), and so the
conjecture (2.3) gives us the maximum restriction on the models of 7. An
important feature of conjectures is that they degrade gracefully when
some models are not covered, either because of theoretical or computa-
tional limitations. If for some reason only m, is-used as a partial model of
T, then the conjecture (2.3) produces the weaker result

T+, Bird(Tweety) o Fly(Tweety). v (2.8)

7
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One of the strengths of the method is that there are many different
ways to construct partial models of the world. The type of partiality we
choose to represent will influence the nature of the non-monotonic
operator +,. For example, we might take partial models to be a subset of
each relation’s (positive) extension, as we did in (2.2); data bases are
often viewed in this way (Gallaire et al., 1978). A partial model of this
sort covers a set of models that agree on the common subset, but can
otherwise disagree. It invites the conjecture that the subset is the
complete extension: there are no other true positive facts about the world
(sometimes referred to as the closed-world assumption; see Section 4).

An important type of partiality, and one we will exploit for most of the
remainder of this paper, is the ability to leave unspecified the equality
(or inequality) of terms in a theory. One way to do this is by intro-
ducing syntactic elements into the partial models, as we do with Hintikka
sets in Section 3. Partial models then become sets of atoms and their
negations, including equality predications. For example, the set
{Bird(Tweety),Bird(Opus)} has extensions in which Tweety and Opus
are the same individual, and in which they are different. Assumptions
about the uniqueness of named individuals can be framed in terms of
conjectures on this partial model. o '

2.2, Clrcumscnptlon

Predicate circumscription is a proof-theoretic techmque in which anror T
is augmented by a circumscription formula. We can summarize its current
formulation, (from Etherington et al., 1984) as follows: let P be a
predicate, and P’ a finite sequences of predicates of a finite theory T.
Then Circ(T, P, P') is a particular second-order formula expressing the
circumscription of P, letting the predicates P’ vary.

The semantics of arcumscnptlon come from the notion of P-minimal
models. A model M is P-minimal if there is no other model N, agreeing
with M everywhere except for the predicates P and P’, such that the
extension of P in N is a proper subset of that in M. Circumscription is
sound with respect to minimal models, in the sense that Circ(T, P, P') is
true in all P-minimal models of T'; however it is known to be incomplete
_ (these results are summarized in Minker and Perlis, 1985)
© Partial model conjectures have close ties with reasoning about minimal
models. In fact, we can express the intended semantics of circumscription
as a conjecture in the following way. We take partial models to be the
P-minimal models, where the extension of a partial model M is the set of
all models N which agree with M, except possibly on P and P’. The
conjecture « is to pick only the minimal model itself.

Reasoning about minimal models was first employed in Al by
McCarthy (1980) in an attempt to deal with what he called the
qualification problem. In brief, this is the problem of stating formally

8
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what objects and conditions do not obtain in a given situation. Using
minimal models is a means of applying Occam’s razor: only those objects
are assumed to exist that are actually required by the statements of a
theory.

It is not clear, however, that reasoning in minimal models is the best
means of performing defeasible reasoning in general. For example, it can
lead to a complicated statement of defaults by means of an abnormality
predicate. Compare the compact formulation of Example 4.9 with the
corresponding circumscriptive rendering on pp. 300-302 of McCarthy
(1984). But the evidence here is not yet in, and awaits a fuller exploration
of the application of circumscription.

With regard to assumptions about equality, certain inherent limitations
are already known (see Etherington et al.,, 1984). Because minimal
models are defined with respect to a fixed denotation function for the
terms of a theory, it is impossible to perform non-monotonic inferences
about the equality of terms by reasoning in such models. However, there
have been attempts to account for equality by importing names and their
denotations as objects of the domain (Lifschitz, 1984; McCarthy, 1984).

By contrast, we can choose partial models in such a way that
non-monotonic inferences about equality are possible. As we show in the
next section, partial model conjectures enjoy a natural treatment of
assumptions about equality, including domain closure and the unique
names hypothesis.

Finally, non-monotonic inference using partial model conjectures has
been defined to always yield a consistent extension for a theory. For
circumscription this is not the case, unless every model of the theory is an
extension of a minimal model. In those instances where this is not the
case, it has been shown that the circumscription formula can be
inconsistent with an originally consistent theory (Etherington et al.,
1984). o

3. HINTIKKA SETS AS PARTIAL MODELS

We now introduce a particular type of partial model, based on the
method of analytic tableaux. [We do not give more than a cursory
presentation of this method. See Smullyan (1968) for a general introduc-
tion; the method used here is based on work by Hintikka (1955).]
Consider a theory 7, which may be infinite. A tableau for T is a tree
whose nodes are sentences, constructed in the following manner. The
root of the tree is an arbitrary element of T. The tree is grown in a
systematic manner from its leaves by adding new nodes, either elements
of T or sentences derived from previous nodes by a small set of rules.
Some of these rules, those dealing with disjunction, cause splits in the
tree. The end result is a (perhaps infinite, but finitely branching) tree

9
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with an important property. All of the branches which are not closed (no
sentence and its negation both appear on the branch) are partial models
of T of a certain sort. To take a very simple example, here is a tableau
for the theory T = Bird(Tweety) v Bird(Opus):

Bird(Tweety) v Bird(Opus)

Bird(Opus) Bird(Tweety)

There are two open branches, each comprising one partial model. The
partial models are just sets of atoms and their negations. Our intended
models, then, are Herbrand interpretations of the theory, in which all
terms of the language denote themselves.

The method of analytic tableaux has two pleasing properties, which we
state here without proof. The first is that a tableau for T forms a
complete survey of all of the Herbrand interpretations of T: any such
interpretation is isomorphic to the extension of some open branch of the
tableau. The second is that the partial models make the minimal
assumptions about the equality of terms. This is a consequence of the
particular effect of the rule that operates on existential statements. If a
node in the tree has the form 3x. A[x], this rule allows the introduction
of a node Ala], where the constant a is new, that is, has not been
previously used in the tableau. So, in effect, this rule makes no
assumption about the identity of the individual satisfying A[x], since a
could be equal or not equal to any term already in the tableau.

3.1. Hintikka sets

We now give a formal deﬁmtxon of partial models based on tableaux. Let
L be a first-order language with equality and constant symbols, but no
other function symbols. A[%] is a formula in which the free variables
X=X1,X3,..., X%, Occur. Ald] is the result of substituting a; for each
corresponding x;. If S is a set of formulas, the universe of S is the set of
constants of S.

The set of sentences on an open branch of a tableau is called a
Hintikka set. A Hintikka set S with universe U satisfies the following
conditions.

If7A€eS, thenA¢S.

If AABeS, then both A €S and BeS

If Av Be€S, then either AeS or BeS.

If 3x. A[x] € S, then for some constant a € U, A[a] €S.

If Vx. A[x] € S, then for all constants a € U, A[a] e S
a¥a¢SforallaeU.

Ifa=b €S, then A[a] € § if and only if A[b] € S.

In a Hintikka set, the equality predicate obeys the standard

Nousawpe
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constraints of symmetry, reflexivity, transitivity, and substitution. Here
are some examples of Hintikka sets that are open branches of tableaux,
rooted in the first element of the set.
Example 3.1. {Pa v Pb, Pa} with universe {a, b}.
Example 3.2. {Pa A Pb AVx.x=a, Vxx=a, Pa, Pb, a=a, b=a}
with universe {a, b}.
Example 3.3. {3x.Vy.Rxy, Vy.Ray, Raa} with universe {a}.
Example 3.4. {Vx.3y.Rxy, 3y.Ra,y, Ra,a,, 3y.Ra,y, Raya;, 3y.Ra,y,
Rasa,, . . .} with universe {ay, a5, ...}.
Example 3.4 has an infinite domain.
Example 3.5. Let H be the conjunction of
1. Vx.3y.Rxy
2. dy.Vx."Rxy
3. Vxyz.Rxy ARxzDy =1z
4, Vxyz.Ryz ARzxDy=1z
There is one Hintikka set S of T, for which

v(S)= iLzJo {Ra,a;.1} Ujg_l {_‘Rataj}

If we interpret the constant a; as the natural number i, this model is the
natural numbers with a, = 0 being the least element.

In a Hintikka set S with universe U, the atoms (atomic sentences) and
their negations comprise a partial interpretation over the domain U, by
specifying some of the positive and negative instances of relations. This
interpretation is Herbrand in the sense that each constant in U refers to
itself. We call the set of atoms and their negations v(S). v(S) is complete
if for every atom p it contains either p or —p.

A complete set v(S) is called an interpretation set with domam U It
generates an interpretation by assigning the atom Ra the value true if it is
in v(S), and false if its negation is. The truth value of compound
statements is determined by the normal rules for quantifiers and Boolean
operators. We write v(S) F T if every member of T is assigned the value
true (i.e. is satisfied) by v(S), and call v(S) a model set for T.

A partial interpretation is an atom set v(S) that is not complete. It is an
important property of a Hintikka set S that v(S) can always be extended,
by the addition of atoms and their negations, to a complete Hintikka set;
further, every such extension satisfies every sentence in S. This result is
Hintikka’s Lemma. If every extension of a partial interpretation satisfies
a sentence T, we write v(S)F T, and say that v(S) is a partial model for
T. Using this notation, we can write Hintikka’s lemma as

u(S)ES. (3.1)

Example 3.2 has a complete atom set except for equality statements of
symmetry and reflexivity (which we will generally ignore from now on,

11
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assuming they are always present); it is easy to verify that v(S)ES.
Example 3.3 is also complete. Example 3.1 has three extensions, one
with {a=b, Pb}, one with {a#b, Pb}, and one with {a#b, Pb}.
Example 3.4 has an infinite number of extensions. Example 3.5 has only
one extension, formed by including iquJ a; #a;. '

/A

Finally, we want to make sure that the partial models contain the least
information compatible with satisfying a theory. Consider the theory
T = Pa v (Pa A Pb), which is equivalent to Pa. A tableau for T generates
two partial models, {Pa} and {Pa, Pb}. However, the second partial
model is an extension of the first. So we consider only those partial
models of a theory that are minimal: there are no partial models which
are proper subsets. We have not yet been able to prove that such minimal
partial models always exist. However, the situation appears hopeful,
because we are restricting our attention to Herbrand models generated
by the tableau method. A case in point is the theory T of Example 3.5,
which has no minimal model in general, but has a single partial model in
its tableau. This corresponds well with our intuitions, since all models of
T are isomorphic to the natural numbers.

4. NON-MONOTONIC INFERENCE ON PARTIAL MODELS

We consider four types of non-monotonic inference: the ‘unique names’
assumption, domain closure, disjoint domains, and default reasoning. All
can be defined as conjectures about the extension of partial models, that
is, we derive a theory T’ from T by considering only a subset of the
possible extensions of partial models for T.

By way of exposition, we first present a simple con]ecture called
negative extension (or NE) which is closely related to circumscription and
the closed world assumption. Given a partial model, NE picks out that
subset of its extensions which are maximal in negative atoms. Put another
way, NE ‘fills in’ the missing information in a partial model by always
adding negated atoms. There is an exception for equality: no equality
atoms are added.

Example 4.1. Let T = Pa v(Pb A Pc); there are two partlal models,
{Pa} and {Pb, Pc}. These give the following conjectured. extensions
under NE:

{Pa} ,

{Pa, " Pb}

{Pa, —Pb, Pc}

{Pa, ~Pb, " Pc, —\Pe,}

“.1)
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and
{Pb, Pc}
{Pb, Pc,Pa}

(4.2)
{Pb, Pc, Pa, \Pe,}

In the first of these, the sentence Vx. Px ox =a is satisfied; in the
second, Vx. Px o (x =b v x =c). We have

Tty T A[(Vx.Pxox=a)v (Vx.Pxo(x=bvx=c))] (4.3)
or, equivalently,
(PaAVx.Pxox=a)v(Pb APcAVx.Pxo(x=bvx=c)). (4.4)

This result can be compared with the circumscription of T (with respect
to P), which yields:

(PaAVx.Pxox=a)v
(Pb APcAVX.Pxo>(x=bvx=c)aa#b,c). 4.5)

The difference lies in the treatment of equality. In general, the conjecture
NE will make fewer assumptions about the equality of terms than the
corresponding circumscription.

4.1. The unique names hypothesis

This is the assumption that distinct names refer to distinct objects. The
term was introduced by Reiter (1980) in formalizing a common naming
convention in data bases. It is often useful to make this assumption in
some form in common-sense reasoning. There are three additional
criteria in this case:

1. It should be possible to state in the theory T that some distinct
terms are equal (e.g. Morningstar = Eveningstar).

2. It should also be possible to exclude terms from the unique names
hypothesis by saying for a term that it may be equal to another term,
without saying what that other term is. Skolem constants, for example,
have this property.

3. The assumption of unique names should be defeasible, because it
may turn out later that two distinct names actually do refer to the same
individual.

It is very easy to implement the unique names assumption for partial
models, because they are defined to minimize equality assumptions
among names: it is the conjecture that adds as many equalities as possible
to a partial model. More formally, we define UN:{ay, a;, ...} as the
conjecture that picks out those extensions of a partial model which are

B 13
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maximal in inequalities of the form a;#a;, i #j. This forces the names
a;, az,... to be maximally unique, i.e. two names g; and g; are
considered to refer to different individuals unless the partial model forces
them to be the same.

Example 4.2. Continuing Example 4.1, let T = Pav (Pb A Pc).
Ttyn.apc)@Fb AbFcra+Fc.

Example 4.3. Let T be as defined in Example 3.5. Tkyy.(a, 3 T.
Example 4.4. Let T be the sentence ms =es A xo# c. In this example, es
and ms are constants that refer to the same individual, while x, is a
skolem constant, i.e. it may refer to some individual already named;
however it cannot refer to ¢. We form the UN conjecture for the
constants ms, es, and c:

TI-UN{,,,,,”)TAC#ms (4 6)

That is, c is different from ms (and es) and it is not known whether x, is
the same as ms or not. The conjecture that ¢ # ms is defeasible, because
if it is later learned that ¢ = ms, this can be added to T, and

T Ac=mstyn.pms,es,c} T A C=ms. ‘ ‘ (4.7)

This last example shows that the three criteria above for the unique
names hypothesis are satisfied by the conjecture UN.

4.2. Domain closure

This term was originated by Reiter (1980) in the logical reconstruction of
data base theory, as the assumption that only the individuals mentioned

by the data base exist. If a,, a,, . .. are the constants of the data base,
then the domain closure axiom is
Vx.(x=a;vx=ayv:-). ‘ (4.8) 

This axiom is finite if the number of constants is finite. In data base
theory, domain closure is usually invoked along with the unique names
hypothesis, so that there are as many individuals as there are constants.

We will pursue a more semantically oriented form of domain closure,
so that we can work with theories (such as T =Vx.3y.Rxy) that have
models containing individuals not explicitly named in the theory. Call DC
the assumption that only those individuals exist that are minimally
required to satisfy a theory. This idea was first articulated by McCarthy
(1980). Note that it is a stronger assumption than domain closure,
because it picks out models that are minimal in their domains. For
T = Pa v Pb, domain closure only implies Vx. (x =a v x = b), while the
minimality requ1rement forces (Vx.x= a) v(Vx.x = b) either
everything is a, or it is b.

In terms of conjectures on partlal models, DC picks out the extensions
of a partial model with the fewest individuals. For Hintikka sets, DC is

14
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implemented by picking extensions V of a partial model v(S) with the
following properties:

1. The universe of V is the universe of §.

2. V is maximal in positive equality atoms, i.e. there is no extension of
v(S) that contains more occurrences of positive equality atoms.

The first condition conjectures that all actual individuals have already
been named in § (this is Reiter’'s domain closure), and the second
attempts to give as many names as possible a common interpretation.
Example 4.5. Let S be the Hintikka set of Example 3.4. All equalities of
the form a;=a; can be consistently added, so DC picks out the single
extension

{v(S) UU {a= a,.}}. 4.9)

This is the Hintikka set with the smallest number of individuals satisfying
Vx.3y.Rxy. We thus have

Vx.3y.RxybpcVxy.x=y (4.10)

which means that DC conjectures a one-element domain.

As noted, in general DC is a stronger assumption than domain closure.
As this next example shows, DC tries to identify different names with the
same individual, thereby reducing the size of the domain; often this is not
the desired result.

Example 4.6. Let T be Pb A Pc. Then

ThpcVx.x=cAVx.x=bAb=c. (4.11)

In practice, it would be useful to couple DC with a conjecture about
the uniqueness of names, as is done in data base theory (see Reiter,
1980). We define the conjecture UN:a; DC as first taking the subset of
complete extensions based on UN:a, then further pruning these exten-
sions by the DC con]ecture
Example 4.7. Let T be as in Example 4.6.

T"UN:{b,c);DCb #FcAVx, (x =bvx= C). (4 12)

4.3. Disjoint domains

Often we wish to assume that individuals cannot belong to two
different groups, €.g. one is normally either a Democrat or a Republican
(or neither), but not both. However, we would like this assumption to be
defeasible, since it could turn out that a person is registered for both
parties, but in different states.

Let P,..., P, be a set of monadic predicates that we assume to be
disjoint. The disjoint domain axioms are expressed as:
/\Vx.Px>-Px. (4.13)

i#*]
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We cannot just add these axioms to a theory, however, because of the
defeasibility condition. However, the disjoint domain assumption can be
stated as the following conjecture: DD:{P,---PF,} picks out those
complete extensions of a partial model with exactly one positive atom
from the set {Pa, ..., P,a}, for every constant a.

Example 4.8. Let Dem x and Rep x be predicates we wish to be disjoint,
and let {Dema} be a partial model. DD:{Dem,Rep} picks out the
following extensions: '

{Dema,"Rep a}

{Dem a, “Rep a, Dem e,, "Rep elv} (4.14)
{Dema, "\Rep a, "Dem e, Rep e} '

and thus

Dem atpp.(pem,repy Dema A Rep a
AVx.Demx > Repx .
AVx.Repx > Demx. (4.15)

The following theorem shows that DD implies the disjoint domain
axioms when there is no evidence to the contrary.
Theorem 4.1. Let T be any tautology.

T’-DD:{PV"P»} /\ Vx. R-X :ﬂ}}x ) (416)
i%f

Proof. The single partial model of a tautology is the empty set.
DD:{P,--- P,} will pick out all models in which Pa and Pa do not
coexist, for all a and i #j.

4.4. Default reasoning .

Default reasoning is the assumption of propositions that have a reason-
able chance of being true, given the available information. Formally, we
implement defaults as conjectures on partial models, where the conjec-
ture mentions specified and unspecified parts of the model. Consider, for
example, the default rule that birds normally fly. Let Bird x and Fly x be
the relevant predicates. We express the application of the default to a
partial model v(S) by the rule

If Bird x is specified by v(S) and —IF/yx is not specified
by v(S), then only consider those extensions of v(S) (4.17)
that specify Fly x.

We need a language for expressing default conjectures of this sort. A
simple one can be formed by considering quantifier-free formulas,
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perhaps with free variables, together with the monadic operators O and
. The default rule 4.17 would be expressed as

a=0Birdx A OFlyx=> Flyx (4.18)

Op means that p is true in all extensions of the partial model, and Op
that p is true in some extension ( =-n). If the formula to the left of
the =>sign is satisfied by a partial model v(S) for some instantiation
x = a, then « picks out only those extensions of v(S) containing Fly a, the
instantiated expression to the right of = . Again, it is useful to think of «
as ‘filling in’ a partial model that contains Birdx, by adding Flyx if
possible.

Example 4.9. This is from McCarthy (1984). There are ostriches,
penguins, and canaries. Unless a bird is known to be an ostrich or
penguin, we assume that it can fly. Let

T =Vx. Ostrichx > Fly x AVx . Penguinx >—Flyx 4.19)
and let a be the conjecture (4.18) above. We have
T A Birdal, Fly a. (4.20)

It is interesting to combine the default rule with assumptions about the
disjointness of canaries, ostriches, and penguins:

T A Canary a'-a;DD:{Osm‘ch,Penguin,Canary) Fly an ﬂOStriCh a
A Penguin a (4.21)

and

T A Ostrich at o, pp.(Ostrich, Penguin, Canaryy Fly @ A 1Canary a
AT \Penguin a (4.22)

5. CONCLUSION: SOME ISSUES

5.1. Multiple conjectures

One of the pleasing aspects of a partial model approach is that
conjectures of different sorts can be intermixed, as in the domain closure
and unique names hypothesis of Example 4.7, and disjoint domain and
default rules in Example 4.9. In both these examples there is an obvious
order of application of the conjectures. Ordering is important because we
first prune possible extensions with one conjecture, and then apply
another conjecture to the result; doing this in a different order can lead
to different sets of extensions. Ordering is a useful property when
conjectures have readily defined priorities; however, especially in the
case of default rules, conjectures may have roughly equal weights. Reiter
(1980) gives the example the Republicans are normally non-pacifists and
Quakers pacifists, so what about Richard Nixon, who is both a Quaker
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and Republican? As conjectures, these are

1. ORep x A O Pacifist x = —Paclifist x.

2. OQuaker x A O Pacifist x = Pacifist x.

If we apply (1) first, Nixon will be a non-pacifist; if (2), a pacifist. If
both defaults are equal in their plausibility, it would be better not to
conclude anything. We could try applying them in parallel, that is, taking
the intersection of the extensions allowed by (1) and (2). However, this
intersection would be empty in the present case, an undesirable result
(and, by definition, not a conjecture). Instead, we might use the
following rules:

1. ORep x A 0OQuaker x A O Pacifist x = Pacifist x.

2. OQuaker x A—0ORep x A OPacifist x = Pacifist x.

- But this is not entirely satisfactory either, because the modularity of
the rules is compromised. .

5.2. Proof theory

This is still unexplored. However there are some directions that appear
promising.

1. Theories with finite tableaux. If a theory has a finite tableau, then it
has a finite number of partial models, and it is possible to work directly
with these. The chief syntactic class with this property are the 3V-
theories: those whose existential quantifiers all precede universals in
prenex form.

2. Approximations based on one or a few partial models of a theory.
All of the atoms (positive and negative) of the theory are kept as a partial
model, while the more complicated axioms of the theory are treated
procedurally as a means of deriving more atoms. Important disjunctions
may be split into cases, producing more than one partial model. Note
that this is the strategy of typical first-order AI knowledge bases (Nilsson,
1980). For syntactic classes that have a unique partial model, this is a
complete technique. An interesting example here is provided by Horn-
clause theories, for which the unique partial model is the intersection of
all their Herbrand models.
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Abstract

Conditional (directed) equations provide a paradigm of computation that
combines the clean syntax and semantics of both Proroc-like logic
programming and (first-order) Lisp-like functional (applicative) program-
ming in a uniform manner. For functional programming, equations are
used as conditional rewrite rules; for logic programming, the same
equations are employed for ‘conditional narrowing’. Increased expressive
power is obtained by combining both paradigms in one program.

1. INTRODUCTION

Equations can be used to compute by repeatedly substituting equal terms
in a given formula, until the simplest possible form is obtained. Such a
computation scheme is-similar to that of (first-order) ‘functional’, or
‘applicative’, programming languages, such as Lisp (McCarthy et al.,
1965) and its ‘pattern-directed’ derivatives. Programs can also be written
as a set of equations between formulas or equivalences between
statements in logic, and then executed by applying a special-purpose
theorem prover that derives consequences from the given formulas until
the desired output values are obtained. This latter form of computation is
similar to the ‘logic-programming’ paradigm, as exemplified by ProLoG
(Clocksin and Mellish, 1984). In this paper, we explore the possibility of
using conditional equations to provide a uniform framework for combin-
ing ProLoc-like logic programming with Lisp-like functional
programming.

A functional (applicative) program is a set of directed equations used
for computing. For example, a Lisp-like program for concatenating two
lists of elements where nil is the empty list and - denotes the func-
tion cons is shown below. The symbol <= has the declarative meaning ‘is

* Now at the Department of Computer Science, University of North Carolina, USA.
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Functional list append
append(U, V) <= if U =nil
then V ‘
else car(V) - append(cdr(U), V)

equal’, but operationally restricts the use of an equation to replacing
instances of the left-hand side with the corresponding right-hand side.
[Throughout this paper we follow the convention of using lower-case
words for individual and function constants, lower-case letters are
arbitrary terms or functions, upper-case for free (universally quantified)
variables. Bold-face is used for standard built-in functions and constants;
italics for user-defined ones.] Given the term

append(cho - co - nil, la - te - va - nil),

the above program will compute the result of appending the two-element
list cho - co - nil [with parentheses, that should be cho - (co - nil)] to the
front of the list la - te - va - nil. With the usual ‘call-by-value’ semantics,
the leftmost innermost occurrence of a defined function symbol in a term
is replaced by the wvalue of the right-hand side of its definition.
Furthermore, after evaluating the condition in an
if...then.. . else. expression to either true or false, only the cor-
responding then or else branch is evaluated, not both.

Pattern-directed functional languages include Sas. (Turner, 1979)
Hore (Burstall et al., 1980), Oz (Futatsugi ef al., 1985), ML (Gordon et
al., 1979), rewrite languages (O’Donnell, 1985), and PLANNER-like
languages (Hewitt, 1971). In these languages, the left-hand side of an
equation need not be of the restricted form f(Xj, ..., X,) where fis a
defined function and X, ..., X, are distinct variables. More than one
equation may be given for f, though some restrictions on the form of
left-hand sides are often imposed. For example, the following version of
append has two equations for the two list constructor functions nil and
cons:

Pattern-directed append

append(nil,V) <&V
append(A - U, V) < A - append(U, V)

A logic program, as described in Kowalski (1974), is a set of Horn
clauses used as a pattern-directed program that searches for output terms
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satisfying a given goal for given input terms. In this paradigm, the append
program could be expressed as demonstrated below.

Logic list append

append(nil, V, V)
append(A-U,V,A-W) :— append(U, V, W)

Here, the symbol :— has the declarative meaning ‘is implied by’;
operationally such an implication is used to replace a goal of the same
form as the left-hand side with the corresponding right-hand side
subgoal(s). Given a goal

append(cho - co - nil, la - te - va - nil, Z),
the above program generates the subgoals

append(co * nil, la - te - va - mil, Y)

append(nil, la - te - va - nil, X),

and then returns the answer Z=cho-Y=cho-co-X=
cho - co + la - te - va - nil. In ProLoG, ‘SLD-resolution’ is used to always
solve subgoals from left to right. Furthermore, applicable clauses are
attempted in the order of appearance in the program.

In previous research (Dershowitz, 1983, 1984; Dershowitz and Joseph-
son, 1984), we investigated the use of unconditional rewrite systems for
logic programming. A rewrite system (see Huet and Oppen, 1980) is a set
of directed equations (or equivalences) used as a non-deterministic
pattern-directed program that returns as output a simplified term equal to
a given input term. An example is given below using a four-rule rewrite
system for append.

List append

append(nil, V) — V
append(U, nil) — U
append(A - U, V) — A -append(U, V)
append(appehd(U, V), W) — append(U, append(V, W))

Rules may be applied in any order to any matching subterm until no
further applications are possible; the order of rules is immaterial. Thus
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applying the rules to the term

append(va - nil, nil),
one gets either the rewrite sequence

append(va - nil, nil) => va - append(nil, nil) => va - nil,
or, using only the second rule,

append(va - nil, nil) => va - nil.

The same rules are also used to solve goals by a process called
‘narrowing’. If the left-hand side of a rule unifies with any subterm of a
goal, then the goal is narrowed by applying the unifying substitution to
the goal and then applying the rule to rewrite the subterm.

Conditional equations provide a coherent means for combining func-
tional programming with logic programming. A conditional equation is a
formula of the form

pal=r,

meaning that the term / is equal to the term r when the condition p holds.

In general, there may be variables X, Y, etc. in'p, I and/or r, in which

case the conditional equation is meant to hold for all terms X, Y, etc. If
any term containing an instance of / is ‘less defined’ than the correspond-

ing term with r in place of /, then the conditional equation may be
directed. (See Section 5.1.) A directed equation is used to ‘substitute

equals for equals’ only from left to right, and we write it as a conditional
rule:

l:=p->r

Either (or both) of the rule parts :—p and — r may be omitted, in which
case it is taken to the true. (Variables on the right-hand side should also
appear in one of the other two parts, and no left-hand side should be the
term true.) A rule with only a left-hand side [ is called as assertion; one
with no condition p is a rewrite rule; one with no right-hand side r is a
logic rule.

A (conditional) rewrite program is a system of such conditional,
directed equations. Each equation may be used in two distinct ways: it
can be used to simplify a subterm that matches its left-hand side, and it
can be used to narrow a subterm that unifies with its left-hand side. Thus,
a rewrite system can be used to compute by repeatedly substituting equal
terms in a given term, until the simplest form possible is obtained. A
system can also be used to compute by deriving consequences of given
equations until the desired output values are obtained. As we will see,
simplifications are irrevocable, while narrowings are provisional.

24



DERSHOWITZ AND PLAISTED

In the next section we consider functional programming using equa-
tions for simplification and rewriting, and in the section that follows it we
consider logic programming using equations for unification and narrow-
ing. Section 4 shows some of the benefits that can be obtained by
combining both programming forms in one program. Correctness issues
are addressed in Section 5 and implementation issues in Section 6. They
are followed by a comparison with related work.

2. FUNCTIONAL PROGRAMMING

A (conditional) rewrite system R is a finite set of rewrite rules, each of the
form
I[X] := p[X] —r[X],
where [ and r are terms and p is a predicate. Terms in general contain
variables (these are the X), but the right-hand side r and the condition p
should only contain variables that appear in the left-hand side l. (This
restriction will be relaxed in the next section.) Such a rule may be applied
to a term ¢ if a subterm s of ¢ matches (by ‘one-sided’ unification) the
left-hand side ! with some substitution o of terms for the variables in [,
and if the corresponding condition po is true, where po denotes the term
p after making the substitution o for its variables. The rule is applied by
replacing the subterm s =lo in ¢ with the right-hand side ro. The choice
of which rule to apply where is made non-deterministically from among
all possibilities. We write ¢ => ¢’ to indicate that a term t' is derivable
from the term ¢ by a single application of some rule in R. When we said
above that po must be true for the rule to be applied, we meant
po = -+ => true, i.e. that po reduces to the constant true via zero or
more rule applications. There is no backtracking over reductions. (There
is backtracking over deductions, as we will see in the next section.)
A functional program definition of the form

f(X) < if p[X] then r[X] else s[X]
can be translated into an unconditional system
f(X) - f'(p[X], X)
f'(true, X) — r[X]
f'(false, X) — s[X],

where f' is a new function symbol. This has the effect of ensuring that the
condition is evaluated only once before either branch is explored. If the
condition p[X] evaluates to true for the given values of X, the term f(X)
gets eventually replaced by r[X]; if p[X] evaluates of false, then f(X) is
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replaced by s[X]. The one-line rule

f(X) — if p[X] then r[X] else s[X]

may be considered, then, as an abbreviation for the above three rules.
An alternative rewrite program for conditional expressions, using
conditional rules and no new symbols, would be

fX):=plX] - r[X]
f(X) := not(p[X]) — s[X],

where not(false) evaluates to true. Often, conditions may instead be
expressed as left-hand side patterns. Consider, for example, the following
program for computing the union of two sets (of numbers, say)
represented as lists without repetitions. That is, given two lists X and Y,
it returns a list union(X, Y), containing those elements that appear in at
least one of the input lists, as shown below,

List union

union(nil,Y) ' -»Y
unioh(X, nil) - X
union(A - X, Y) :— member(A, Y) — union(X, Y)
union(A + X, Y) :— not(member(A, Y)) — A - union(X, Y)
member(A, nil) | - false
member(A,A-Y)
member(A, B-Y) :
I=7:

not(A = B) » —'->‘ member(A, Y)
number(l, J) — eq(l,J))

Here union is the function being defined, member is an  auxiliary
predicate testing for membership of an element in a list, eq is a built-in
predicate that tests for equality of numbers, and number is a built-in
predicate that returns true if all its argument are numbers (and false
otherwise). In place of the logic rule

member(A, Z) :— A = car(Z),

this program has an assertion
member(A, A-Y)

with the pattern A - Y. The condition number is neéessary in
1I=7 :— number(1,J) — eq(l, J), |

since eq isionly intended to work for built-in data types; Note that we
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must have the false case for member for the fourth union rule to work,
since negation is not being handled ‘by failure’ (cf. Clark, 1978).

3. LOGIC PROGRAMMING

Rewrite systems may be used as ‘logic programs’ (Kowalski, 1974), in
addition to their straightforward use for computation by rewriting,
illustrated in the previous section. The programming paradigm described
below allows for the advantageous combination of both computing
modes. The result is a ProLoc-like programming language, the main
difference being that rewrite rules are conditional equivalences, rather
than implications in Horn-clause form. Any (pure) ProLOG statement
may be directly translated into a rewrite rule: the clause

l:—pr
corresponds to the identical rule. A rule of the form
l:~-p—>r

is stronger than the above Horn clause and means that p > (I =r). A rule
like -

l->p&r

is even stronger; it has ! true if, and only if, p and r both hold.

The next example given is a program div(a, b, Q, R) to compute the
quotient Q and remainder R of non-negative integer a and positive
integer b.

Integer division

dv(X,Y,0+1,R):—X=Y " ->dv(X-Y,Y,0Q,R)
dv(X,Y,0,X) :—Y>X
div(X,Y,0,R) :—X=Y —> false

I>J :— number(l, J) — greater(l,J)
I=J :— number(l,J) — not(less(J, I))
I-J :— number(l,J) — diff({, J)

The first rule is the recursive case; the second is the base case; the third

covers false cases; the remainder apply built-in functions to numbers.
The resolution procedure (Robinson, 1963) derives consequences of

logical formulas written in ‘clausal’ form. Resolving a clause of the form

pvq
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with another clause
“rvs, ‘

when p and r are unifiable by o, results in the new clause
qo Vv so. '

The completion procedure (Knuth and Bendix, 1970) was introduced as a
means of deriving canonical term-rewriting systems to serve as decision
procedures for given unconditional equational theories. More recently, it
has been applied to other aspects of equational reasoning (see, for
example, Dershowitz, 1982), and in Dershowitz and Josephson (1984),
Durand (1984), and Réty et al. (1985) it has been applied to logic
programming, as well. Completion is, in a-sense, an extension of
resolution in that it allows unification at subterms. That is, a rule

l—>r _
may be overlapped on a rule of the form
uls]—¢,

whose left-hand side u contains a subterm s that is unifiable with [ via
substitution o (the variables in the two rules are treated as disjoint). The
result is one of the two rules:

ulrlo — to
or |
to — ufrlo

where u[r]o is u with its subterm s replaced by r and o applied. Which
orientation is chosen depends on a well-founded ordering > supplied to
the procedure. If u[r]o >to in that ordering, the former is chosen; if
to > u(r]o, the latter is. (If the ordering is partial, it may be that neither
orientation works.) Narrowing (Slagle, 1974) is a ‘linear’ restriction on
completion, analogous to ‘linear input resolution’. That is, program rules
! — r are only overlapped on goal rules, not program rules on program
rules, nor goal rules on goal rules. The onentatlon of subgoal rules is
fixed, so no ordering is needed.
Formally, a rewrite program is a set of rewrite rules of the form

I[X] :- p[X, Y] - r[X, Y],
where the condition may contain variables ¥ not also on the left-hand
side. To execute a rewrite program, we must adapt the narrowing
process to rules with conditions; we call this adaptation conditional

narrowing. In the next few paragraphs, we describe the details of rewrite
program interpretation.
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To begin a computation with a rewrite program, a goal rule is added to
the system. Goal rules are of the form

gl%, Z] — answer(2),

where g is the calling term containing input values (i.e. irreducible
variable-free terms) % and output variables Z, and answer is the predicate
symbol that will store the result. PRoLoG goals of the form

—-q,r
correspond to goal rules
true :— g, r — answer(Z),

where Z are the variables in g and r. At each point in the computation,
the current subgoal is of the general form

h :— qi, ..., g, — answer(5),

meaning that the answer is § if the subgoals qq,...,¢,, and h are
achieved (in that order). Given such a subgoal, and a rule

l:~-p—>r

whose left-hand side ! can be unified with’ a non-variable subterm of g,
via most general unifier o, i.e. g,0 which contains /o when the goal and
rule variables are treated as disjoint, the subgoal is conditionally
narrowed to

ho :— po, q,0[ra}, 920, . . ., 4,0 — answer(50).

At each such step, all possible simplifications (as in the previous
section) are applied throughout. That is, if a left-hand side matches any
subterm of a subgoal, that subterm is reduced. (Recall that for a
conditional rule to apply, the condition must reduce to true. If the
condition reduces to anything else, the rule is not applied. If it reduces to
a term containing variables, rather than to true or false, then the
potential simplification needs to be considered as a possible narrowing,
since the reduced condition must first be narrowed to true.) Simplifying
gives a new subgoal

h' :=p',q1, 43 -+ - Gn —> answer(3).

where k', p’, q1, etc. are all irreducible. If any of these is reduced to
the term false, then the whole subgoal should be abandoned. (If, as can
conceivably happen, the simplified condition p’ is just a Boolean
variable X, then true needs to be substituted for X throughout.) Only
when all the conditions become true, and the subgoal is of the
unconditional form

h' — answer(5),
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are narrowing unifications attempted within 4’, thereby possibly intro-
ducing new conditions. Computation ends when a solution rule

true — answer(it)
is generated, giving an answer i such that

gl%, @]
holds. Since in general, there may be many ways to achieve a subgoal,
alternative narrowing computations must be attempted, either in parallel
(until one succeeds) or sequentially (by backtracking upon failure).

Conditions, when separated by commas, are executed from left to

right, and must all be true before the left-hand side is replaced by the
right-hand side. Conditions separated by the symbol &, on the other

hand, may be executed in any order. Such commas are just ‘syntactic
sugar’ in that a rule

l:i=p,g—>r

can always be replaced by a rule
li=p—if(gr),

along with the general rule
if(Q,R) := Q= R,

each having only one condition.
To compute, for example, the quotient and remainder of two non-
negative numbers a and b with the above program, the rule

div(a, b, Q, R) — answer(Q, R)

is added, meaning that Q and R are the answer if and only if they are the
quotient and remainder, respectively, of a and b. The mterpreter then
generates a rule

true — answer(c, d),

containing the answer values ¢ and d for Q and R. For example, to
compute the quotient and remainder of 7 and 3, the rule

div(7, 3, @, R) = answer(Q, R)
" is added. Narrowing generates
div(7-3,3, U, R) —> answer(U+1, R),
by applying the first program rule, which simplifies to
‘ div(4, 3, U, R) — answer(U + 1, R),
applying the last rule for built-in subtraction. Using the first rule again

30



DERSHOWITZ AND PLAISTED

gives

div(1, 3, V, R) = answer(V +1+ 1, R).
Now the second rule yields the answer

true — answer(0+1+1, 1).

Note that this program can test whether or not two numbers have the
given quotient and remainder. It is not, however, in a form that would
allow computing the first argument, say, from the other three, unless the
built-in number(Z, J) generates all instances of I and J that are numbers.
A goal like

div(X, 3, 2, 1) = answer(X)
generates the subgoal
div(X-3,3,2,1) :- X=3—> answer(X),

but we gave no rules for reducing X — 3 or solviné X =3 when Xis not a
number satisfying number(X, 3). See Section 6.1.

4. FEATURES

The two paradigms of computation illustrated in the preceding sections,
viz. simplification and narrowing, can be combined in a single rewrite
program. Every narrowing step is followed by as much simplification as
possible. Simplification steps employ pattern matching, while narrowing
involves unification. Simplifications are irrevocable, while narrowing
steps are subject to backtracking.

As an example of the utility of applying simplifications at more than
one level of a goal, consider the list generator situation.

List generator
listp(nil)
listp(A-Y) — listp(Y)
length (nil) ' -0
length(A - Y) — length(Y) +1
length(Y) <0 —> false

1<J :— number(l, J) — less(, J)
I+1<J :— number(J) — I<subl(J)
P & false — false
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A subgoal listp(Z) can, by repeating the second rule, generate arbitrarily
large lists Z=A,+A,* -+ A, nil. But when combined with a test for
length, as in ' '

listp(Z) & length(Z) <10,
it will reduce to false after 10 narrowings (because at that point the

second subgoal becomes false), thereby pruning an otherw1se potentially
infinite computation path.

4.1. Solving equations

The functional union program in Section 2 can be used, for example, in a
logic program to find a list Z and element A such that

{13uZ={4,1}U{2,3}.
That goal can be expressed as
union(1 - nil, Z) = union(A - 1 - nil, 2 -3 - nil) & not(A =1) —
answer(A, Z),

where the condition not(A =1) is needed to ensure that the list A - 1 - nil
is a proper encoding of a set. To solve equations, we will also need an
additional assertion

u=U.
The computation could then proceed as follows: béginning with the goal
union(1 - mil, Z) = union(A - 1-nil, 2 - 3 - nil) & not(A =1) —
| answer(A, Z),
the third rule for union is applied, giving
union(1-nil, Z)=1-2-3 -nil & not(A=1) :—
_member(A, 2-3 - nil) — answer(A, Z).

(The first rule for union cannot be used, since nil does not unify with
1-nil; the second rule makes Z =nil, but then the equality fails; the
fourth rule leads to other solutions.) Now the condition
member(A, 2 - 3 - nil) needs to be solved before anything else. One way
to solve it is by letting A =2, yielding

union(1-nil, Z)=1-2-3 - nil > answer(2, Z)

after simplification. Using the third rule again, gives
Z=1-2-3-nil :~ member(1, Z) — answer(2, Z).

If Z=1"-Y, the condition is satisfied and it remains to solve
1:-Y=1:2-3-nil > answer(2,1-7). '
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Urifying the two sides of the equality, using the assertion U = U, solves
the original goal:
true — answer(2,1-2-3-nil).

This computation yields as an answer, A=2 and Z=1:2-3-nil, one
solution out of many. ,
The union program can also be extended with rules like

member(A, union(X, Y)) = member(A, X) v member(A,rY)

to help find, say, an X such that A is (or is not) a member of
union(X, Y), given A and Y.

4.2. Assignment

The conditional part can be used for generalized assignment (subsuming
setq in Lisp and is in PROLOG) as in the insertion sort program.

Insertion sort

sort(nil) - nil
sort(A - nil) | -~ = A-nil
sort(A-Y) :— Z =sort(Y) — insert(A, Z)
insert(A, nil) — A il

insert(A, B - Z) :— not(greater(A, B)) > A-B-Z
insert(A, B - Z) :— not(less(A, B)) — B -insert(A, Z)

nil = nil

A-Z=A-Z
nil=A-.-Z ' _— false
A-Z=nil - > false

The purpose of the condition Z = sort(Y) is to assign the sorted list to Z.
Only when sort(Y) is partially evaluated to a list of the form A - Y can
the rules for = be applied; the term sort(Y) itself cannot be assigned to
Z, as would be the case were = used. This has an effect similar to that of
the ‘read-only’ function in Concurrent ProLoG (Shapiro, 1983). In
general, one would want to have built-in assignment rules of this form for
each built-in data type.

4.3. Functionality

The two main uses of ‘cuts’ in PROLOG are to avoid backtracking in the
presence of ‘functional dependencies’ and to handle negation (see
Clocksin and Mellish, 1984). With rewrite rules, functions can be handled
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directly by simplification which does not allow for backtracking. Thus, a
goal of the form :

p(f(), Z) > answer(Z),

for sdxﬁe term ¢, will first have f (t) simpliﬁed before continuing with the
subgoal p. If p then fails, no attempt is made to undo the computation of
f. In particular, a goal of the form

Z =f(t) - answer(Z)

makes the functional dependency explicit, and leaves no room for
backtracking. After evaluating f(f), only the equality axiom

u=U
applies.

4.4. Negation

The second use of ‘cuts’, negation, can be handled by evaluating false
cases as well as true ones. For example, the program shown below
computes the first prime numbers up to (but not including) N.

Prime number generator

prime(N) ' — sift(integers(2, N))
integers(K, N) :— less(K, N) — K - integers(K + 1, N)
integers(K, N) :— not(less(K, N)) — nil

sift(N - L) : — N -sift(filter(N, L))

sift(nil) — nil
filter(M, nil) — nil

filter(M, N - L) :— divides(M, N) — filter(M, L)
filter(M, N - L) :— not(divides(M, N)) — N - filter(M, L)
divides(M, N) :— div(N, M, Q, 0)

Here div is the division program given earlier. Since divides(M, N)
returns false when M does not divide N, the program can test for
not(divides(M, N)) without recourse to a new predicate ‘not-divides’, an
additional argument to divides, or to ‘negation by failure’. :

Any ‘closed-world’ assumption can be made explicit, using the
‘if-and-only-if’ meaning of — , as in the next example.
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Adam and Eve

female(X) :— person(X) — “male(X)
male(X) :— person(X) — X =adam
person(adam)
person(eve)
X =Y :— person(X) & person(Y) — eq(X, Y)
“true — false
—false

Here, =1 is not the built-in negation function and eq works for people,
too. The goal female(Y) results in the following computation:

female(Y) — answer(Y)
—male(Y) :— person(Y) — answer(Y)
true — answer(eve)

This works since it is explicitly given that a person is female if and only if
she is non-male, and that adam is the only male in the (primeval) world.
The first step replaces female(Y) with —male(Y). Then the condition
person(Y) is solved. Letting Y = adam fails, since “"male(adam) reduces
to false; letting Y = eve succeeds.

It is this ability to express negation, and say that some goal is false,
which allows for the pruning of fruitless paths. The slow sort example
illustrates this. .

Slow sort -
sort(nil) - nil
sort(Y) :— perm(Y, Z), ordered(Z)— Z
ordered(nil)
ordered(A - nil)
ordered(A - B - Z) :— not(less(B, A)) — ordered(B - Z)
ordered(A- B - Z) :— less(B, A) — false

perm(Y,B-Z) :— append(U,B-V)=Y —
perm(append(U, V),Z)

A Y=B-Z - A=B&Y=Z
A-Y =nil — false
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It uses the previous program for append. Any permutation being
generated by perm is pruned by ordered as soon as it contains two
inverted elements. The definition for = prunes impossibly long instances
of append(U, B - V).

A more general logical facility than negation that works for all Boolean
combinations of predicates is provided by the rewrite system given below.

Propositional calculus

=U — U=false

UvV—- (U&V)=U=V
UsV - (U&V)=U

U& true—> U '

U & false — false
U&U—->U

U=true—> U
U=U

U=V)&W- (U&W)=(V&W)) =W

Using these rules requires associative-commutative unification (Stickel,
1981; Fages, 1984) for & and = (equivalence). The advantage is that any
propositional formula has a unique irreducible form. Propositionally
valid formulae reduce to true; propositionally unsatlsﬁable ones reduce to
false (Hsiang and Dershowitz, 1983).
Note that negation, combined with simplification, makes the ordering

of subgoals less crucial, since pruning can be used to guarantee
termination (Fribourg, 1985).

4.5. Streams
The use of ‘streams’ is illustrated in the modification of the prime number
program shown on the next page. Invoking

prefix(Z, sift(integers(2))) — answer(Z)

generates arbitrarily long sequences of prime numbers. Notice how new
(primed) function names (e.g. integers’) are used for otherwise infinite
‘streams’; a ‘call-by-need’ effect is obtained with the last set of rules for
reinstating the original (unprimed) function names (cf. Tamaki and Sato,
1983). Other potentially non-terminating function definitions of the form
f(s) = g(f(¢)) can always be systematically replaced by clauses of the
form f(s, g(u), N+1) :— f(t, u, N) in which an additional (artificial)
argument bounds recursion depth (and may be solved for by narrowing).
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Prime number stream

prefix(N-K,N-L) — prefix(K, L)
prefix(nil, L) :
integers(K) — K -integers'(K + 1)
sift(N - L) — N -sift'(filter(N, L))

filter(M, N - L) :— divides(M, N) — filter(M, L)
filter(M, N - L) :— not(divides(M, N)) — N - filter'(M, L)
divides(M, N) :— div(N, M, Q, 0)

filter(M, integers'(K)) — filter(M, integers(K))
sift(filter' (N, L)) — sift(filter(N, L))
filter(M, filter'(N, L)) — filter(M, filter(N, L))
prefix(Z, sift'(L)) — prefix(Z, sift(L))

In this way, simplification will always terminate for correct programs; any
possible non-termination has been confined to the narrowing process.

5. CORRECTNESS

In this section we look at what it means for rewrite programs to be
correct. Some related issues are considered in Zhang and Rémy (1985),
Bergstra and Klop (1986), and Kaplan (1987).

5.1. Termination

As mentioned earlier, a correct rewrite system should not allow an
infinite sequence of simplifications. Formally, we require that for some
well-founded ordering > on terms and for each rule / :— p — r we have
uflo]>po and po implies u[lo]>u[ro] for all contexts u and substitu-
tions o for variables in /. In particular, if a partial ordering > on terms
satisfies the conditions u[t]>¢ and s>t implies u[so]>u[to] (for all
terms s and ¢, all contexts u, and all substitutions o), and if for each rule
l:—p-—>rwehavel>p,r, '

then termination is guaranteed. See Dershowitz (1987) for a survey of
orderings used for proving termination of unconditional term-rewriting
systems. An example of a non-terminating system is

a:—(a=b)— b;

it does not terminate, since the left-hand side a also appears in the
condition.
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This termination requirement does not, however, preclude there being
an infinite narrowing sequence. For example, the rules

listp(nil)
listp(A-Y) :— listp(Y),

though terminating whenever used to simplify, go on generating solutions
for the goal listp(Z) forever.

For programs that mix simplification and narrowing by allowing
variables in the condition p that do not appear in the left-hand side /, we
need to modify the termination requirements so that only substitutions
that can result from narrowing are considered. Suppose the condition p
contains variables X that do appear in / and variables Y that do not. Then
we require, for some well-founded ordering >, that

ul[lo)>po
pot implies u[lo]>pot
‘poat implies u[lo]> u[rot],

for all rules [:— p—>r, contexts u, and substitutions o for X and 7 for Y.
The first requirement guarantees that simplifying the condition will
terminate;- the second, that simplifying a solution to the condition
terminates; the third, that for any solution, rewriting results in a smaller
term. These conditions may be weakened further by considering only
irreducible 7.

5.2. Confluence : ‘

A rewrite system is said to be confluent if, whenever a term ¢ reduces to

two terms u and v, both u and v reduce to the same term s. Note that if a-
system is terminating and confluent, then every term reduces to a unique

irreducible term. Terminating Lisp-like programs (with mutually ex-

clusive conditions that do not introduce free variables) are confluent, as

are ProLoG-like programs (with only the term true for right-hand sides).

An example of a non-confluent system is -

X+0- X

0+s(Y) = s(Y)
X+5(Y) = s(X+7).

The term 0+ s(Y) reduces to both s(Y) and s(0+ Y) neither of which
are reducible.

For the purpose of computation, a system need not be confluent. As
we will see shortly it is usually enough if it is ground confluent, i.e. if for
every ground (variable-free) term ¢ (constructed from a given set of
function symbols and individual constants) that reduces to two terms u
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and v, both u and v reduce to the same term s. If a system is ground
confluent and terminates for all (ground) terms, then every ground term
reduces to a unique irreducible term. (We assume throughout that the set
of ground terms is non-empty.) The above system is ground confluent,
since all terms constructed from constant symbols 0, unary function
symbols s, and at least one binary symbol + are reducible, while those of
the form s(s(...s(0)...)), containing no +, are irreducible. Interpret-
ing 0 as zero, s as successor, and + as addition, each rule preserves
equality. Hence, a term can reduce to only one of those irreducible
terms. For ‘syntactic’ methods of demonstrating confluence of conditional
systems, see Dershowitz et al. (1987) and Kaplan (1988); for ‘semantic’
methods, see Plaisted (1985).

5.3. Completeness

An interpreter is said to be complete for a logic-programming language, if
for every logically satisfiable goal there is a successful computation path.
The question we need to address now is under what conditions is
conditional narrowing complete.

The answer to this question will be given in parts, for which we need to
define a number of possible relations between terms for any given
conditional rewrite system R.

(a) When we write R F (s =¢), we mean that the equation s = ¢ follows
logically (i.e. by first-order predicate calculus with equality) from the
rules in R interpreted as conditional equations. By R F p, we mean that
the formula p (i.e. p =true) is provable from the rules in R. By the
completeness of first-order predicate calculus with equahty, provability
and validity coincide.

(b) When we write

st

we mean that, assuming ¢, the equation s =t follows condmonally from
the rules in R. That is, there are n (n >O) instances /;:—p;—r; of
rules’in R such that R F (c o p}) forall i (1= z = n) and ¢ can be obtained
from s by replacing occurrences of I; with r or vice versa. By s & ¢ we
mean s €=>t.

true
(c) When we write
st
we mean that the equation s = t follows by cases from the rules in R. That

is, there are n(n=1) formulae cy,...,c, such that RF(c,v -+ vc,)
ands & tforalli (1=<i=n).

(d) When we write

*
set
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we mean that the equation s = ¢ follows equationally from the rules in R.

That is, there are n (n =0) instances l; :— p;— r] of rules in R such that

pl & true for all i (1 <t<n) and ¢ can be obtamed from s by replacing

occurrences of I with r] or vice versa (and < is the least such relation).
(e) When we write

2
s>t

we mean that, assuming c, the term s reduces to ¢ using the rules in R.
That is, there are n (n =0) instances /; :— p;—>r; of rules in R such that
RF(copi) foralli (1=i=n) and ¢ can be obtained from s by replacing
occurrences of [; with r;. By s-3t we mean s 2> 1.

(f) When we write

s5¢

we mean that s reduces to t using the rules in R. That is, there are n
(n =0) instances /; :—p;—r; of rules in R such that p; - true for all i
(I1=i=n) and ¢ can be obtained from s by replacing occurrences
of I with r; (and % is the least such relation). The condition p; may
contain variables not in /;; we only insist that the particular 1nstance Di
reduce to true. Note that for any two (ground) terms s and ¢, if s <>¢ and
R is (ground) confluent, then there is a term u such that s% u and -5 u.
If ¢ is irreducible, then it must be that s 3¢
(g) When we write

sa>t

we mean that s narrows (in a single step) to ¢ via o. That is, s contains a
non-variable subterm u that unifies with the left-hand side I/ of a rule
l:—p-—rin R via a most general unifier u (the variables of / and s are
considered disjoint), pyﬂ'f»tme, and o is the composition of the two

substltutxons u and p. By s ~vw~> > ¢ we mean that s narrows to ¢ via
Py P in n =0 steps, i.e.
Sogre A;:t

In the unconditional case (see Dershowitz, 1985; Réty et al., 1985) one
can show that narrowing with simplification is complete for any terminat-
ing ground confluent system (provided the term true is irreducible). For
conditional systems the analogous result is that (under the same
assumptions) any equationally satisfiable goal will be solved by condi-
tional narrowing with simplification.

Firstly, with no assumptions regarding R, we can show that whenever
so reduces to t for some irreducible substitution ¢ and terms s and ¢, it is
the case that s narrows to a term u via some substitution v such that ¢ is
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an instance of u and v is at least as general as o. More precisely, if so-*¢
and the terms that o substitutes for the variables in s are irreducible, as
are the substitutions o makes for any new variables introduced by
conditions in the reduction sequence (as pointed out in Giovanetti and
Moiso, 1987), then snﬁ»u, ut=t, and vr=o0, for some term u and
substitutions v and 7. This can be shown by induction on the size of
the derivation so-®t (that is, the number of rule applications in
conditions as well as in terms): trivially, if the derivation is empty, then
so =t, and an empty narrowing via an empty (identity) substitution gives
the desired result. (Note that if s is just a variable, then the derivation
must be empty, since o is irreducible.) Suppose then that so is first
reduced using some rule /:—p—rin R. Since o is irreducible, it must be
that s has a non-variable subterm u such that uo is an instance /0 of /, i.e.
so[uo] = so[l8]— so[r6]*t and pO - true for some substitution 6 of
terms for the variables in / and p. Let u be the most general unifier of u
and /. Then, for some substitution 7, o is ur and 6 is yr when u is
restricted to variables in /. Note that 7 is irreducible because o is. Since
p6 = put- true, by induction pu~3 ~ true and 7 = pv for some irreducible
substitution v. (If pu narrows to some Boolean variable X, then p needs
to be composed with the substitution of true for X.) By the definition
of a single narrowing step, s[u]msup[ryp] Since so[rf]=
supv[rupv]-t, by induction. sup[rup]mu, v-—¢1p, and t=uy for
some substitution 1. Together we have s[u] ~ e u, 0=pupdy, and
t = uy, as desired.

If R is terminating and ground confluent, then whenever there is any
(not necessarily irreducible) ground substitution o such that so-*¢ and ¢
is irreducible, then there is also an irreducible substitution p such that
s's’;'f»u where ¢ is an instance of u and p is at least as general as a
substitution o’ to which o reduces. The followmg system is not ground
confluent:

r(a)
q(b)
a - —=b
p(X) :— q(X) = r(X).
Note that despite the fact that p(a) => r(a) = true, since q(a) => q(b).
p(X) narrows only to r(b) and not beyond.

The straightforward simplification relation => - - - => is a special case of
-5 in which new variables introduced by conditions are not substituted for
(since that would require narrowing). A sequence of conditional narrow-
ing steps from one unconditional goal to another corresponds to a single

~ step, except that our operational semantics insists on fully simplifying
terms and conditions before conditionally narrowing any further. For
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ground confluent R, this does not matter, since it can easily be shown
that if s u and s~%t, where ¢ is an irreducible ground term, and o' is a
ground instance of o, then u~»v for some substitution g and term v such
that ¢ is an instance of v and u is at least as general as o’. For
programming purposes, ¢ is always the irreducible ground term true.

It follows from the above argument that for terminating and ground
confluent R and given goal g, if go can be shown equationally to be equal
to true, for some ground substitution o, then from the goal rule

g — answer(5)
conditional narrowing will generate an answer
true — answer(Su),

where p is a substitution that is at least as general as one to which o
reduces. For a similar result, see Kaplan (1988).

Next, we show that if conditions are restricted so that equations appear
only as un-negated conjuncts, then whenever an equation s =¢ follows
logically from a satisfiable system R, it also follows by cases. This
restriction is not adhered to by the system

ci—a=b—a
c:—(a=b)—b

which has a negated equality in a conditional part. Though the equation
b =c is a logical consequence of the two conditional equations, it is not
the case that b & c. ' ‘

For Boolean equations s = ¢, this result does not hold. We will discuss
Boolean equations later. To prove this for non-Boolean equations, we
assume that the syntax does not allow for non-Boolean operators to take
Boolean operands and that standard Boolean simplifications for eliminat-
ing the truth constants true and false from Boolean terms (a small part of
the propositional calculus system) are provided. Also, we assume that in
an equation u =v, u is Boolean if and only if v is. (This proof does not,
however, require that R be confluent or terminating.)

Suppose that R s =t for non-Boolean s and ¢. Consider any variables
in s and ¢ to be Skolem constants. By Herbrand’s theorem, for some finite
conjunction H of ground instances e; A p; o I; = r; of conditional equations
in R, the formula H 55 =t is valid. Here e¢; is a conjunction of equations
and p; is a Boolean expression. Consider the set of all ground predicates
appearing in the p;, I;, and r,. Let D be a conjunction of each such
predicate, or its negation, such that R A D is satisfiable. Note that R
logically implies the disjunction of all such D. Also, since R is satisfiable,
there is at least one such D. For any such D, the formula (H A D)>s=t¢
must also be valid. Let H' be the finite conjunction of conditional
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equations ¢; o /; = r; for which D implies p;, where /; and r; are /; and r,,
respectively, unless the latter are Boolean, in which case /; (r;) is true if
D ol; (D or;), and false otherwise. We have that H’ A D is equivalent to
H A D and, hence, that (H' A D) os =t. However, since non-Boolean
operators may not have Boolean arguments, D (which is satisfiable) does
not influence the rest of this formula, so H'>s=t Also, H' is
satisfiable, since H A D must be. Let C be the conjunction of equations
l{ =r; such that H' implies ¢; and D implies p;; let C’' be the conjunction
of (disjunctions of) inequations —(e;) such that H' does not imply e; and
D does imply p;. (In C, if I] and r; are Boolean then /] =r; is interpreted
as l;=r;.) Now, H' is a Horn set, since equations do not appear negated
in conditions. Thus H' (together with the equality axioms) has a minimal
model, in which C A C’ is true. In addition, C A C’' implies H’, so
(CAC)os=t But C' contains only inequations and so does not
contribute to this formula (since C A C’ is satisfiable). Thus, Cos=t.
Also, if I; and r; are Boolean then the equation /; =r; cannot contribute
to the proof of s =¢, since non-Boolean operators may not have Boolean
arguments. Therefore, by the completeness of equational reasoning, s =¢
is provable from non-Boolean equations in C by replacement of equals by
equals. Let E be the conjunction of formulae e; A p; such that H' implies
e; and D implies p;. Then D A H implies E (since D A H implies H').
Also, s 4% t since E implies the condition for each equation of C. Now,
H implies the disjunction of all such D, hence of all such E. Therefore,
st

It remains to determine under what conditions any logically satisfiable
goal is also equationally satisfiable. The crux of the problem is the
inability to express equationally the fact that Boolean terms only take on
the values true and false. We say that a theory is disjunctively complete
for a rewrite system R if for all true disjunctions ¢, v - - « v ¢, of ground
instances of conditions appearing in rules, at least one of the ¢; is itself
true, i.e. if RF(c,v+-+vc,), then R F ¢, for some i (1=<i=n). In par-
ticular, this condition holds if the theory has an initial model and all
conditions are non-negated literals. It also holds if all ground instances of
conditions are provably true or provably false. If R is disjunctively
complete, then whenever a ground equation s =¢ follows by cases from
R, it also follows conditionally. An example of a disjunctively incomplete
system is

a:-p—b
a:—p—b

Though the equation a = b is a logical consequence of the two conditional
equations, it cannot be derived by replacement of equals for equals.
To see that s <>t implies s & ¢ for disjunctively complete systems,
consider the definitions. If s <> ¢, then for some ¢;such that R V c;we have
L
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s & ¢t for all i. Let pj; be the instances of the conditions needed to sho;v
s & t, in which case R | (¢; > /;\ pi)- Hence, R+ \/ /i\ Di;» which can be
re-expressed as R I /\ \/ q;: for instances g; of the conditions. It follows
thatR F V q;; for eaclll j and, by disjunctive completeness, that R F gy, for
some k. In other words, there are k such that R |- /\ qji and thus s & ¢.

Note that if R Fs =1 implies R s & ¢and R is deJunctwely complete,

then R ks =t implies s & ¢, for - ground terms s and t. We would like to
show that R Fs=t implies s <>¢. For this we consider a number of
restrictions on R. We say that a system R is conditionally confluent if for
all ground terms s and ¢, whenever s & ¢, there exists a term u such that

s3u and t-3 u. An atom is a non-equality predicate which is not a truth
constant; a literal is an atom or its negation. We say that R is weakly
complete for Booleans if Rt p implies p < true and R F—p implies

J/ (—»false, and that it is strongly complete for Booleans if R I p implies
D <->true and R I-'1p implies p <> false, both for all ground instances p of
atoms appearing in R. Note that both forms of Boolean completeness are
true of Horn-clause programs and also if all atoms are reducible (as in
Lisp-like programs) and R is terminating.

Conditional confluence and weak Boolean completeness suffice for our
overall completeness result. We say a Boolean equation ! =r is simple if
is an atom and r is a truth constant, and that a formula is standard if it is
a conjunction of non-Boolean equations and Boolean literals. If for some
terminating, conditionally confluent, and weakly Boolean-complete R
having standard conditions, it is the case that R |5 = ¢ implies s & ¢ for all .
ground terms s and ¢ such that s is non-Boolean or s =t is simple, then it
must also be the case that R Fs =t implies s <> ¢ for all such s and ¢. This
can be shown by induction. (The restriction that conditions be conjunc-
tion of equations and literals is not severe, since a rule /:—c vd—r can
be re-expressed as two rules, /:—c—r and /: —d—>r. Also, a non-simple
Boolean rule p:—c—> e may be transformed into the rules p:—c Ae—>
true and p : —c A Te— false, and then disjunctions in e can be eliminated
as above.) On the other hand, for the terminating non-confluent program

q
q:=p —p
g:=p-—p

we have p S true, but not p Strue, Similarly, for the non-terminating
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confluent system
p:—p
p:="p

- we have p & true, but not p & true.

Note that conditional confluence implies ground confluence for ter-
minating systems R such that R l-s =t implies s & t. As noted above, if
R is ground confluent, then s < true implies s true, for any ground
term s, since true is irreducible (it may not appear alone on the left-hand
of any rule).

To recapitulate, we have shown that if R is satisfiable, terminating,
conditionally confluent, disjunctively complete, weakly complete for
Booleans, and has standard conditions, then our interpreter is complete
for any logically satisfiable standard goal. These conditions are satisfied
by correct Lisp-like and PrRoLOG-like programs.

We can also show that if R l-s =t implies s & ¢ for all ground terms s
and ¢, then R Fs =t implies s <>¢ for all such s and ¢, provided that R
possesses the stronger form of Boolean completeness, is ground confluent
(but not necessarily terminating), conditions are standard, and Boolean
rules are sunple Without disjunctions in \_conditions, this means that
equality reasoning suffices for establishing conditions, and by the
completeness of positive-unit resolution for equational Horn clauses, the
result follows. Under these conditions, for any non-Boolean ground
equations s = ¢ which follows logically from a sausﬁable and dls]unctwely
complete R, there is some term u such that s=>u and t>u. (If
confluence, disjunctive completeness, and Boolean completeness hold for
non-ground terms, then these results may be extended to non-ground s
and ¢.)

6. IMPLEMENTATION

Currently, we have an experimental implementation in Franz Lisp
(Foderaro et al., 1984), named RiTE. See Josephson and Dershowitz
(1986) for details. In this section, we briefly touch on some of the
engineering issues that are addressed.

6.1. Built-in functions

With full functional notation, one can make full use of built-in functions

(cf. Futatsugi et al., 1985). An example is the binary-search program.
Given a goal bin(Z, x,a, n) and a non-decreasing function f, this

program searches for a Z among the positions a, a+1,...,a+n-1,

such that f(Z)=X<f(Z+1). To use this program, a system for

computing f must also be provided; it presumes that f(a) =x <f(a +n).
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Binary search

bin(Z, X, Z, 1)
bin(P, X, Z, Y) :— less(X, f(mid(Z, Y)))
. = bin(P, X, Z, half(Y))
bin(P, X, Z, Y) :— even(Y), not(less(X, f (mid(Z, Y)))
— bin(P, X, mid(Z, Y), half (Y)) -
bin(P, X, Z, Y) :— odd(Y), not(less(X, f(mid(Z, Y))))
= bin(P, X, mid(Z, Y), half (Y) + 1)
mid(l,J) :— number(l, J) '
— plus(Z, half (J))
half(J) :— number(J)
' — quotient(J, 2)
I+1 :— number(])
— add1(l)

Built-in functions are not narrowable, i.e. they only work when given
constructor arguments. Note that one can mix the use of built-in
functions (when the arguments are fully evaluated) and defined functions
(that can be applied even to nonground terms) as in:

I1+0 |
I+J :— numbex(l,J) — plus(Z,J)
I+J =K :— number(l, K) — J=diff(K, I).

6.2. Destructive assignment

Since there is no backtracking over simplifications, arrays can be handled

cheaply by destructive assignments. Consider the array increment
program.

Array increment

incr(A, I, N) :— less(I, N) — incr(assign(A, I, A[I} + 1), add1(]), N)
incr(A, N, N) - — assign(A4, N, A[N]+1)

In applying it to a goal containing the subterm

incr(array, 0, 9),
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there is no need to preserve old values of array. If, say, array[i] = i,'then
incr(array, 0, 9) = « + - => incr(assign(array, 0, 1), 1, 9)
= - - - = incr(assign(assign(array, 0, 1), 1,2),2,9) => - -+

As long as the array A only appears within the built-in array assignment
function, its intermediate values may be overwritten.

6.3. Queuing

The effect of a single rule application on future applications is localized:
the only new possibilities for applications are within the new subterm
introduced by the right-hand side of a rule and at nearby, enclosing
function symbols. Thus, in most cases only an area bounded by the size
of the rules in the program needs to be examined at each step. This
suggests maintaining a queue of positions at which rules can be applied,
rather than searching through the whole term again and again.
Congruence-closure algorithms (Nelson and Oppen, 1980), which work
on ground terms, go a step further and speed things up by remembering
partial matches, obviating the need to re-examine enclosing function
symbols. Our implementation (Josephson and Dershowitz, 1986) avoids
searching through terms by preprocessing._the program and setting up
demons that let partial matches progress.

There is a space—-time tradeoff in deciding whether an implementation
should save the results of previous simplifications. Oz (Futatsugi et al.,
1985), for example, maintains a hash-table of terms and their fully
simplified forms.

6.4. Parallelism

Confluence guarantees that the order in which simplifications are applied
is immaterial, making simplification of non-overlapping subterms a
natural candidate for concurrent execution. No communication between
processes or storage overhead would be required. Alternative narrow-
ings, on the other hand, can lead to success or failure; to guarantee that
an existing answer will be found (see Section 5.3) requires that no
possible narrowing be ‘starved’. Ensuring this by breadth-first search,
however, would, in general, make heavy storage demands.

There are cases when certain potential narrowings are sure to be
redundant and can be eliminated. Particularly with parallel execution, it
would be desirable to prune such unproductive paths. By including rules
for false cases, as outlined above, unsatisfiable goals will not be pursued
(cf. Fribourg, 1985). By not just narrowing goals, but also comparing one
with another, duplicate goals can be pruned. In particular, glven two
rules for some subgoal g, one of the unconditional form

g — answer(5),
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and the other of the more restrictive form
go :— p — answer(t),

where o is any substitution, the latter rule can be ignored—assuming any
one solution suffices (cf. Réty et al., 1985). Similarly, using program rules
to overlap assertions, as well as goals, provides a ‘forward reasoning’
capability, generating new facts from old ones (cf. Dershowitz, 1985).

7. DISCUSSION

The approach outlined here is an attempt to combine :features of
functional and logic programming in a unified way. Functional notation
and an evaluation mechanism are borrowed from functional program-
ming; free variables and narrowing are added so that solutions to a given
goal can be sought. Pattern-directed invocation and assignment by
unification are borrowed from logic programming; unification within
literals and replacement of subterms are added so that equations can be
handled.

For a programming language to be justxﬁably called ‘logical’, it ought
to aspire to have a declarative and sound semantics, and a complete and
efficient interpreter. That is, each statement should have a local
declarative meaning and each procedural step should follow logically
from the meaning of the statements. Any logically satisfiable goal should
be solvable by an interpreter with predictable (and reasonable) time and
space requirements for executing a single statement. We believe that the
language proposed in this paper comes reasonably close to meeting these
criteria.

. Various proposals have been made over the past few years for .
combining features of functional programming and logic (relational)
programming. Two surveys are Bellia and Levi (1986) and Reddy (1986)
See also the collection in DeGroot and Lindstrom (1986).

In some cases, the proposed language provides a convenient mterface
between resolution-based goal reduction and rewrite-based term evalua-
tion, without fully integrating the two. A few examples are QoG
(Komorowski, 1982), LocLisp (Robinson and Sibert, 1982), the original
Qute (Sato and Sakurai, 1983), and Funlog (Subrahmanyam and You,
1984). In these languages, terms are rewritten to normal forms before
unification is attempted. Function definitions do not, however, cause free
variables to be instantiated during goal reduction. Consequently, such
languages are incomplete, in the sense that a solution to a goal will not
necessarily be found whenever one provably exists. Prolog-with-Equality
(Kornfeld, 1983) allows the programmer to explicitly include additional
facts about functions—to be used in solving goals—but i is not inherently
complete.
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Paramodulation (unifying one side of an equation with a non-variable
subterm of a clause and replacing with the other side) is the natural and
customary way of handling equality in resolution-based theorem provers,
and—for some proof strategies, at least—is a (refutationally) complete
theorem-proving method. Uniform (Kahn, 1981) is an early combination
of Lisp and PrROLOG, incorporating such an equality rule. Paramodulation
can be simulated by resolution when functions are represented by
predicates and terms are decomposed (Brand, 1975; see also Plaisted and
Greenbaum, 1984); an approach like this to solving goals with equalities
is taken in Cox and Pietrzykowski (1985).

Though completeness is achievable (in the first-order case, at least) by
harnessing a full-fledged theorem prover to the search for solutions, that
would not constitute a programming language. In our opinion, an
interpreter for a language—as contrasted with a theorem prover—should
not be required to deduce new facts from comparisons between program
statements, nor draw conclusions from alternative subgoals generated by
a non-deterministic computation. (A compiler, on the other hand, may
do some such things for reasons of efficiency.) In the purely relational
case (Kowalski, 1974), the need for any kind of forward reasoning is
avoided by insisting that program statements be Horn clauses; then, a
‘linear’ resolution strategy suffices for comipleteness. A similar sort of
linear operational semantics is desirable in the presence of function
definitions. The proposals for handling functions and equality in Der-
showitz (1982), Durand (1984), and Fribourg (1984) require non-linear
reasoning (see also Bandes, 1984).

Whereas paramodulation uses both sides of an equation in the same
way, narrowing is more directed, allowing unification just with left-hand
sides. Narrowing, too, can be simulated (in ProLog) by decomposing
terms, as done by Deransart (1983). A programming language with
narrowing-like operational semantics was first suggested by Dershowitz
(1983, 1984); its implementation is described in Dershowitz and Joseph-
son (1984). There, both Horn clauses and function definitions were
expressed as unconditional rules and ‘linear completion’ (a slight general-
ization of narrowing which helps handle conditions) was used to solve
goals. Independent suggestions of narrowing, or close variants thereof,
for languages incorporating functions and goal reduction include: the use
of ‘clausal superposition’ for Horn clauses with equality in Sec (Fribourg,
1984); the interleaving in Eqlog (Goguen and Meseguer, 1984, 1986) of
narrowing for solving equations with linear resolution for Horn clauses;
the use of an ‘equality rule’ within TaBLoG (Malachi et al., 1984);
unification with conditional expressions in (the newer) Qute (Sato and
Sakurai, 1984); the use of oriented, decomposed equations within
ProLoc by Tamaki (1984); the use of ‘logical variables’ in the determin-
istic functional language FoL+Lv (Lindstrom, 1985); and the
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constructor-based ‘object refinement’ method used in EqL (Jayaraman
and Silbermann, 1986). Some related proposals are Dershowitz and
Plaisted (1985), Kanamori (1985), McCabe (1985), Reddy (1985),
Smolka (1985), Barbuti et al. (1986), Darlington et al. (1986), You and
Subrahmanyam (1986), and Robinson (1987).

Using conditional (if-then-else) terms, one can always express condi-
tional equations (or equivalences) unconditionally. For completeness of
narrowing, (ground) confluence of the system of oriented equations is
required. With confluence, any irreducible solution-to a goal can be
found by narrowing. (Without confluence, one could only say that
narrowing must come up with a solution if there is anirreducible
substitution which, applied to the goal, gives an instance that simplifies to
‘true’. See Section 5.3.) Happily, there are syntactic means of ensuring
(full) confluence for unconditional systems of rules, by restricting
overlaps of left-hand sides and allowing, on the left, only one occurrence
of each variable. Pragmatically, these relatively severe restrictions also
make it easier to determine which rules are applicable at each stage of
the computation. Proposals imposing such restrictions include Reddy
(1985), Jayaraman and Silbermann (1986), and You and Subrahmanyam
(1986).

The problem with using conditional terms to encode conditional
equations is that the resultant unconditional equations are not, in
general, terminating rewrite rules—even when the corresponding condi-
tional rules would be. Without termination, solutions having no ir-
reducible normal form may be lost (but see You and Subrahmanyam,
1986). More importantly, it cannot be said that rewriting ‘simplifies’
anything, and uninhibited rewriting need not lead to an irreducible term.
(Rewriting is the special case of narrowing in which no free variables
appearing in the goal are instantiated.) Thus, alternative rewrite paths
must be explored, even if one is satisfied just with irreducible solutions.
(Actually, given confluence, rewriting of goals need never be undone,
and it suffices to try all narrowing paths after any finite amount of
rewriting.)

Using conditional equations, on the other hand, allows one to program
with rules that can never lead to infinite sequences of rewrites. For
conditional rules, appropriate notions of rewriting, narrowing, termina-
tion, and confluence have been developed (see Section 5). With
termination and confluence, full advantage can be taken of the evaluation
mechanism - available to functional languages, restricting narrowmg to

irreducible terms, without jeopardizing completeness.

We contend that predicating completeness on the programmer’s
defining only terminating functions is justified, since any potentially
infinite computations may be coded so as to be handled by the narrowing
mechanism (as we illustrated in Section 4.5). Instead of demanding full
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confluence, we prefer to make the guarantee of completeness subject to
the programmer’s supplying a ground confluent system of rules. Ground
confluence is essentially a consistency requirement; it means that
different ways of evaluating the same ground term can not result in
distinct values (ground normal forms). Methods for establishing ground
confluence are given by Plaisted (1985), Zhang and Rémy (1985), and
others. Syntactic methods for full confluence are also available (Der-
showitz et al., 1987; Kaplan, 1988).

Distinguishing between narrowing (by unification) and rewriting (by
pattern matching), provides us with a clean, run-time distinction between
‘don’t know’ and ‘don’t care’ non-determinism. Rewriting may proceed in
any fashion and no immediate results need be remembered (the don’t
care part); narrowing is used to explore alternative routes when the right
path to a solution is unknown (the don’t know part) and need only be
resorted to when further rewriting is no longer possible. In this way,
unneeded backtracking is avoided and many narrowing paths share the
results of one rewrite path (see Josephson and Dershowitz, 1986).

Simplification, that is rewriting via terminating rules, is a very
powerful feature, particularly when—as in our language—defined func-
tion symbols are allowed to be arbitrarily nested in left-hand sides. It is,
of course, important not to incur heavy costs in searching for applicable
rewrites. We believe that it is possible to minimize the overhead involved
in various ways, including taking advantage of the fact that rewrites that
fail only because of a mismatch with a free variable signify a potential
narrowing (see Josephson and Dershowitz, 1986). Exactly how much
simplification is performed before each narrowing step is a matter of
taste, since completeness is not affected by this decision. Narrowing only
fully simplified goals has been advocated, in the unconditional case, by
Dershowitz (1983) and Réty et al. (1985), and in the conditional case, by
Dershowitz and Plaisted (1985) and Fribourg (1985). In our current
implementation, we do not solve (i.e. narrow) conditions containing new
variables when looking for applicable rewrites; Fribourg (1984, 1985) had
simplification by unconditional rules only; at most one rewrite step
precedes narrowing in the implementation described by Fribourg (1986).

Questions of efficiency and control are paramount in the design of a
practical programming language. The avoidance of ‘occur checks’ when
attempting to unify terms, as in FoL+Lv (Lindstrom, 1985), ‘surface
deduction’ (Cox and Pietrzykowski, 1985), LEAr (Barbuti et al., 1986),
and Equ (Jayaraman and Silbermann, 1986), trades off logical soundness
(in the traditional sense) for efficiency and can cause spurious (and
unprintable) solutions to be found. TABLoG (Malachi et al., 1984), on the
other hand, employs true unification, with ‘occur check’. We recommend
avoiding the expensive check only when soundness is maintained; see
Plaisted (1984).
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Even if a program is confluent and terminating, alternative narrowing
derivations must be explored if completeness is to be assured. Narrowing-
based languages, such as FGL + Lv (Lindstrom, 1985), which deterministi-
cally choose one possible narrowing over others, cannot guarantee that
solutions will be found. Restrictions and variations of narrowing which do
preserve completeness are described in Hullot (1980) and Martelli et al.
(1986). Some superfluous narrowing paths can be avoided by making a -
distinction between constructor symbols and defined ones (assuming that
terms built entirely from constructors are irreducible). Two terms headed
by different constructors can never be equal; when headed by the same
constructor, they are equal if, and only if, their respective arguments are
equal. This distinction can be programmed in with appropriate ‘eager’
simplification rules as illustrated in Dershowitz and Plaisted (1985) and

_described in Fribourg (1985); generated automatically, as in Josephson
and Dershowitz (1986); or built in—usually with a ‘lazy’ narrowing
strategy—as in Reddy (1985), Kanamori (1985), Jayaraman and Silber-
mann (1986), and Barbuti et al. (1986).

To force conditions to be evaluated (or solved) before the branches of
a conditional expression, some authors impose a leftmost strategy (e.g.
Reddy, 1985; You and Subrahmanyam, 1986). Our approach is based,
instead, on conditional rules, which give the programmer a measure of
local control over the computation by letting a rewrite or narrowing go
through only when the condition holds. SLoc (Fribourg, 1985) and Eqlog
(Goguen and Meseguer, 1986) are similar in this regard. Deransart
(1983) showed how to effect conditional narrowing within Prolog;
Dershowitz and Plaisted (1985) and Fribourg (1985) combine conditional
narrowing with eager rewriting.

With terminating rules, there is no need for an outermost (or lazy)
evaluation strategy to ensure that a value for a term will be reached.
Assuming ground confluence and termination, any strategy can be used
for simplification. For narrowing, TaBLoG (Malachi et al., 1984), for
example, adopted an innermost-first search strategy. We believe ‘that
avoiding a declared - strategy will encourage more logical logic-
programming, by preventing the programmer from presuming anything
about the global context in which a rewrite or narrowing is performed.
Instead, our language provides an order-independent notion of simplifi-
cation, over and above narrowing. SLoc (Fribourg, 1985) also incorpor-
ates eager simplification, but always chooses the leftmost-innermost

“narrowing path, and hence is complete only in certain situations.

Some narrowing languages, e.g. Fresh (Smolka, 1985), implement
negation ‘by failure’. We prefer (as does Fribourg, 1985) to handle
negation by incorporating negative information in the form of rewrite
rules, which are then used to simplify subgoals to ‘false’. Combined with
eager simplification, this approach has the advantage of allowing unsatis-

52



DERSHOWITZ AND PLAISTED

fiable goals to be pruned, thereby avoiding some potentially infinite
narrowing paths (and should allow for finite representation of solution sets
in more cases than would be possible without simplification). An
equational approach to negation is also taken in Goguen and Meseguer
(1984). In the purely equational Horn-clause case, ground confluence and
termination are necessary and sufficient for completeness of conditional
narrowing (with or without simplification); in this paper, we have also
investigated completeness in more general situations. ,

Narrowing-based languages with extensions for handling set constructs
include: Goguen and Meseguer (1984), Darlington et al. (1986), and
Jayaraman and Silbermann (1986). Two languages that incorporate
‘higher-order’ functions are Fresh (Smolka, 1985) and IDEAL (Bosco and
Giovannetti, 1986). An ‘order-sorted’ logic underlies Eqlog (Goguen and
Meseguer, 1984, 1986). Preprocessing and compilation techniques for
rewriting and narrowing are explored in Fribourg (1987), Josephson and
Dershowitz (1987), and Kaplan (1987).

Acknowledgements
We thank Alan Josephson for his suggestions and for his implementation, RITE, Uday
Reddy and Jean-Luc Rémy for stimulating discussions, and Joe Goguen, Naomi

Lindenstrauss, Eric Muller, and Jia You for their comments. This research was supported in
part by the National Science Foundation under Grants DCR 85-13417 and DCR 85-16243.

REFERENCES

Bandes, R. G. (1984) Constraining-unification and the programming language Unicorn..
Proc. Eleventh ACM Symp. on Principles of Programming Languages, Salt Lake City,
Utah, pp. 106-10. Also (1986) in Logic programming (eds. D. DeGroot and G.
Lindstrom) pp. 397-410. Prentice-Hall, Englewood Cliffs, N.J.

Barbuti, R., Bellia, M., Levi, G., and Martelli, M. (1986) LEAF: a language which
integrates logic, equations and functions. In Logic programming (eds D. DeGroot and G.
Lindstrom) pp. 201-38. Prentice-Hall, Englewood Cliffs, N.J.

Bellia, M. and Levi, G. (1986) The relation between logic and functional languages: a
survey. J. Logic Programming 3(3), 217-36. '

Bergstra, J. A. and Klop, J. W. (1986) Conditional rewrite rules: confluence and
termination. J. Computer Syst. Sci. 32, 323-62.

Bosco, P. G. and Giovannetti, E. (1986) IDEAL: an ideal deductive applicative language.
Proc. IEEE Symp. on Logic Programming, Salt Lake City, Utah, pp. 89-94.

Brand, D. (1975) Proving theorems with the modification method. SIAM J. Computing 4,
412-30.

Burstall, R. M., MacQueen, D. B., and Sannella, D. T. (1980) HOPE: an experimental
applicative language. Conference Record of the 1980 LISP Conference, Stanford, Calif.
pp- 136-43.

Clark, K. L. (1978) Negation as failure. In Logic in data bases (eds H. Gallaire and J.
Minker) pp. 292-322. Plenum Press, New York.

Clocksin, W. F. and Mellish, C. S. (1984) Programming in Prolog, 2nd edn. Springer-
Verlag, New York.

Darlington, J., Field, A. J., and Pull, H. (1986) The unification of functional and logic
languages. In Logic programming: functions, relations, and equations (eds D. DeGroot
and G. Lindstrom) pp. 37-70. Prentice-Hall, Englewood Cliffs, N.J.

33



EQUATIONAL PROGRAMMING

. DeGroot, D. and Lindstrom, G., eds. (1986) Logic programming: functions, relations, and
equations, Prentice-Hall, Englewood Cliffs, N.J.

Dershowitz, N. (1982) Applications of the Knuth-Bendix completion procedure. Proc.
seminaire d’informatique theorique, Paris, pp. 95-111.

Dershowitz, N. (1983) Computing with rewrite systems. Proc. NSF Workshop on the
Review Rule Laboratory, Schenectady, N.Y., pp. 269-98. Revised version (1985) in'
Information and Control 64 (2/3), 122-57.

Dershowitz, N. (1984) Equations as programming language. Proc. Fourth Jerusalem
Conference on Information Technology, Yerusalem, pp. 114-24.

Dershowitz, N. (1987) Termination of rewriting. J. Symbolic Computatzon 3(1/2), 69-115.

Dershowitz N. and Josephson, N. A. (1984) Logic programming by completion. Proc
. Second Int. Logic Programming Conf., Uppsala, pp. 313-20.

Dershothz N., Okada, M., and Sivakumar, G. (1987) Confluence of condmonal rewrite
systems. Proc. First Int. Workshop on Conditional Term Rewriting Systems, Orsay. In
press.

Dershowitz, N. and Plaisted, D. A. (1985) Logic programming cum applicative program-
ming. Proc. IEEE Symp. on Logic Programming, Boston, Mass., pp. 54-66.

Durand, J. (1984) Une stratégie de réécriture pour les programmes logiques. Rapport -
84-R-029, Centre de Recherche en Informatique de Nancy, Nancy.

Fages, F. (1984). Associative~commutative unification. Proc. Seventh Int. Conf. on
Automated Deduction, Napa, Calif., pp. 194-208.

Foderaro, J. K., Sklower, K. L., and Layer, K. (1984) The FRANz Lisp manual. In Unix
programmer’s manual: supplementary documents (eds M. J. Karels and S. J. Leffler).
University of California, Berkeley, Calif.

Fribourg, L. (1984) Oriented equational clauses as a programmlng language Proc. Eleventh
EATCS Colloquium on Automata, Languages, and Programming, Antwerp, pp. 162-73.
Revised version in J. Logic Programming 1 (2) 179-210. ,

Fribourg, L. (1985) SLOG: a logic programming language interpreter based on clausal
superposition and rewriting. Proc. 1985 Symp. on Logic Programming, Boston, Mass.,
pp- 172~-184. Earlier version in Proc. First Int. Conf. on Rewrmng Techniques and
Applications, Dijon, pp. 325-44.

Fribourg, L. (1986) Prolog with simplification. Report 86-41, LITP, Paris.

Futatsugi, K., Goguen, J. A., Jouannaud, J.-P., and Meseguer, J. (1985) Principles of
OBJ2. Conference Record of the Twelfth ACM Symp. on Principles of Programming
Languages, New Orleans, La., pp. 52-66.

Giovannetti, E. and Moiso, C. (1987) A completeness result for conditional narrowing. -
proc. First Int. Workshop on Conditional Term Rewriting Systems, Orsay. In press.

Goguen, J. A. and Meseguer, J. (1984) Equality, types, modules and generics for logic
programming. Proc. Second Int. Logic Programming Conf., Uppsala, pp. 115-25.
Revised version in J. Logic Programming 1(2), 179-210.

Goguen, J. A. and Meseguer, J. (1986) EQLOG: equality, types, and generic modules for
logic programming. In Logic programming (eds D. DeGroot and G. Lindstrom) pp.
295-363. Prentice-Hall, Englewood Cliffs, N.J.

Gordon, M., Milner, R., and Wadsworth, C. (1979) Edinburgh LCF. Lecture notes in
computer science, Vol. 78 Springer-Verlag, Berlin.

Hewitt, C. (1971) Description and theoretical analysis (using schemata) of PLANNER: a
language for providing theorems and manipulating models in a robot. Ph.D. thesis,
Massachusetts Institute of Technology, Cambridge, Mass.

Hsiang, J. and Dershowitz, N. (1983) Rewrite methods for clausal and non-clausal theorem
proving. Proc. Tenth EARCS Int. Collogquium on Automata, Languages, and
Programming, Barcelona, pp. 331-46.

Huet, G. and Oppen, D. C. (1980) Equations and rewrite rules: a survey. In Formal

54



DERSHOWITZ AND PLAISTED

language theory: perspectives and open problems (ed. R. Book) pp. 349-405. Academic
Press, New York.

Hullot, J.-M. (1980) Canonical forms and unification. Proc. Fifth Conf. on Automated
Deduction, Les Arcs, pp. 318-34.

Jayaraman, B. and Silbermann, F. S. K. (1986) Equations, sets, and reduction semantics
for functional and logic programming. Proc. ACM Conf. on LISP and Functional
Programming, Cambridge, Mass., pp. 320-31.

Josephson, N. A. and Dershowitz, N. (1986) An efficient implementation of narrowing:
The RITE way. Proc. IEEE Symp. on Logic Programming, Salt Lake City, Utah, pp.
187-97. Revised version to appear in J. Logic Programming.

Kahn, K. N. (1981) Uniform—a language based upon unification which unifies much of
Lisp, Prolog and Act 1. Proc. Seventh Int. Joint Conf. on Artificial Intelligence,
Vancouver, B. C., pp. 933-9. Revised version (1986) in Logic programming (eds. D.
DeGroot and G. Lindstrom) pp. 411-38. Prentice-Hall, Englewood Cliffs, N.J.

Kanamori, T. (1985) Computation by meta-unification with constructors. Report TR-152,
Institute for New Generation Computer Technology, Tokyo.

Kaplan, S. (1987) Simplifying conditional term rewriting systems. J. Symbolic Computation.
In press.

Kaplan, S. (1987) A compiler for conditional term rewriting systems. Proc. Second Int.
Conf. on Rewriting Techniques and Applications, Bordeaux, pp. 25-41.

Kapur, D., Sivakumar, G., and Zhang, H. (1986) RRL: a rewrite rule laboratory. Proc.
Eighth Int. Conf. on Automated Deduction, Oxford, pp. 691-692.

Knuth, D. E. and Bendix, P. B. (1970) Simple word problems in universal algebras. In
Computational problems in abstract algebra (ed. J. Leech) pp. 263-97. Pergamon Press,
Oxford. -

Kornfeld, W. (1983) Equality for PROLOG. Proc. Eighth Int. Joint Conf. on Artificial
Intelligence, Karlsruhe, pp. 514-9. Revised version (1986) in Logic Programming (eds D.
DeGroot and G. Lindstrom) pp. 279-93. Prentice-Hall, Englewood Cliffs, N.J.

Kowalski, R. A. (1974) Predicate logic as programming language. Proc. IFIP Congress,
Amsterdam, pp. 569-74.

Lindstrom, G. (1985) Functional programming and the logical variable. Proc. Twelfth ACM
Symp. on Principles of Programming Languages, New Orleans, La., pp. 266-80.

Malachi, Y., Manna, Z., and Waldinger, R. J. (1984) TABLOG: the deductive tableau
programming language. Proc. ACM Lisp and Functional Programming Conf. Austin,
Texas, pp. 323-30. Revised version (1986) in Logic Programming (eds D. DeGroot and
G. Lindstrom) pp. 365-94. Prentice-Hall, Englewood Cliffs, N.J.

McCabe, F. G. (1985) Lambda PROLOG. Report, Department of Computing, Imperial
College, London. '

McCarthy, J., Abrahams, P. W., Edwards, D. J., Hart, T. P., and Levin, M. I. (1965) Lisp
1.5 programmer’s manual. MIT, Cambridge, Mass.

Nelson, C. G. and Oppen, D. C. (1980) Fast decision procedures based on congruence
closure. J. Association for Computing Machinery 27(2), 356-64.

O’Donnell, M. J. (1985) Equational logic as a programming language. MIT Press,
Cambridge, Mass.

Plaisted, D. A. (1984) The occur-check problem in Prolog. New Generation Computing
2(4), 309-322.

Plaisted, D. A. (1985) Semantic confluence tests and completion methods. Information and
Control 65(2/3), 182-215.

Plaisted, D. A. and Greenbaum, S. (1984) Problem representations for backchaining and
equality in resolution theorem proving. Proc. First Annual Al Applications Conference,
Denver, Colo., pp. 417-23.

Reddy, U. (1985) Narrowing as the operational semantics of functional languages. Proc.

55



EQUATIONAL PROGRAMMING

1985 Symp. on Logic Programming, Boston, Mass., pp. 138-51.

Reddy, U. S. (1986) On the relationship between logic and functional languages. In Logic
programming (eds D. DeGroot and G. Lindstrom) pp. 3-36. Prentice-Hall, Englewood
Cliffs, N.J.

Réty, P., Kirchner, C., Kirchner, H., and Lescanne, P. (1985) NARROWER: a new algorithm
for unification and its application to logic programming, Proc. First Int. Conf. on
Rewriting Techniques and Applications, Dijon, pp. 141-57.

Robinson, J. A. (1963) Theorem proving on the computer. J. Association for Computing
Machinery 10(2), 163-74.

Robinson, J. A. (1987) Beyond LOGLISP: combining functlonal programmmg In Machine
intelligence 11 (eds J. E. Hayes, D. Michie, and J. Richards) pp. 57-67. This volume.

Sato, M. and Sakurai, T. (1984) QUTE: a functional language based on unification. Proc.
Int. Conf. on Fifth Generation Computer Systems, Tokyo, pp. 157-65. Revised version
(1986) in Logic programming (eds D. DeGroot and G. Lindstrom) pp. 131-55.
Prentice-Hall, Englewood Cliffs, N.J.

Shapiro, E. Y. (1983) A subset of Concurrent Prolog and its interpreter. Techmcal Report
TR-003, Institute for New Generation Computer Technology, Tokyo.

Slagle, J. R. (1974) Automated theorem-proving for theories with simplifiers, com-
mutativity, and associativity. J. Association for Computing Machinery 21(4), 622-42.

Smolka, G. (1985) FresH: a higher-order language with unification and multiple results. In
Logic programming: functions, relations and equations (eds D. DeGroot and G.
Lindstrom) pp. 469-524. Prentice-Hall, Englewood Cliffs, N.J.

Stickel, M. E. (1981) A unification algorithm for associative-commutative functions. J.
Association for Computing Machinery 28(3), 423-34.

Subrahmanyam, P. A. and You, J.-H. (1984) FUNLOG = functions + logic: a computational
model integrating functional and logic programming. Proc. IEEE Symp. on Logic
Programming, Atlantic City, N.J., pp. 144-53. Revised version (1986) in Logic
Programming (eds D. de Groot and G. Lindstrom), pp. 157-98. Prentice-Hall,
Englewood Cliffs, N.J.

Tamaki, H. (1984) Semantics of a logic programming language with a reducibility predicate.
Proc. IEEE Symp. on Logic Programming, Atlantic City, N.J., pp. 259-64.

Turner, D. A. (1979) SasL language manual. Report CS/79/3, Department of Computa- -
tional Science, University of St. Andrews, St. Andrews, .

Zhang, H. and Rémy, J.-L. (1985) Contextual rewriting. Proc. First Int. Conf. on Rewriting
Techniques and Applications, Dijon, pp. 46-62. ’

56



3

Beyond LOGLISP: combining
functional and relational
programming in a reduction setting
J. A. Robinson

School of Computer and Information Science, Syracuse University, USA

The initial plan for LocLisp [1] was simply that it would offer, within Lisp,
a Horn-clause relational programming facility akin to Proroc. This it
does, but with some differences from PRrRoLOG, notably the use of a
breadth-first, rather than depth-first, elaboration of the underlying tree of
alternative linear proofs, and the consequent avoidance of explicit
backtracking as a control mechanism. It was because of these differences
that the facility was called Locic rather than ProLoG, which would have
been misleading. The name LocLisp then refers to the combined system:
Loaic + Lisp.

It soon became apparent, however, that the main interest of LoGLisp
lay rather in its (relatively crude, but genuine) attempt to merge the
functional programming style of Lisp with the relational programming
style of Logic and ProLoG. This was done by introducing the notion of
‘Lisp-transforms’ into Logic.

The Lisp-transform of a simple expressmn (atomlc sentence or term) E
of Locic is an expression which in many cases is the same as that
obtained by applying Lisp’s EVAL function to E,

Thus, the Lisp-transform of (pLus 3 (TiMES 2 6)) is 15. However, the
Lisp-transform of (pLus x (TIMES 2 6)) is (pLUS x 12), assuming that x is not
defined (‘has no value’).

It is as though the Lisp EvAL function had been modified to be more
tolerant of undefined identifiers and to return the symbol or function call
itself as its ‘value’ if it has no value in the usual sense.

Before seeking to unify a goal statement with the heads of appropriate
Horn clauses, Locic first replaces it by its Lisp-transform. This cor-
responds to PRoLOG’s concept of first executing the goal statement (if it is
executable) but with the difference that it is then sent forward to the
unifier for attempted resolutions, rather than being discarded as in
ProLog. Indeed, since real Lisp has constructs whose evaluation causes
side-effects, these can occur when LocLisp computes a Lisp-transform.

This step of replacing each selected goal by its Lisp-transform and then
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attempting to resolve away the transformed goal has far-reaching
consequences.

An obvious and immediate consequence is to provide ‘built-in’
functions and predicates for Locic: any identifier with a Lisp definition
(whether a system or a user definition) will ‘feel’ that definition during
the Lisp-transformation process. In particular a Lisp-defined goal sen-
tence such as (LEssp 3 4) would be transformed, in this case to T(RUE), the
goal sentence which in Logic is always unconditionally provable.

A less obvious consequence is that a goal sentence can contain calls on
the Loaic system itself (since they are Logic expressions as well as Lisp
expressions) such as calls on SETOF Or ASSERT. These calls can be nested,
so that one can compute, for example, the set of all Jim’s cousins who
have no sons by Lisp-transforming the expression

(sETOF ALL x (CousIN x 1) and (NULL (SETOF ALL Y (SONy x)))
so as to get (say)

(MARY BILL GEORGE).

This rather serendipitous feature of LocLisp led to the realization that the
SETOF construct is quite central in relational programming. Sets (repre-
sented in LocLisp as lists) and relations (sets of tuples) are data objects
constructed by deductively evaluating set descriptions and relation
descriptions, using sets and relations defined by Horn clauses.

In constructing such sets and relations it is natural in LocLisp to invoke
functions defined in the usual Lisp manner and to engineer the overall
transaction as a mixture of Lisp and Logic steps, but there is nothing in
the constructions themselves which demands this distinction.

This suggests seeking a more complete merger of the relational and
functional paradigms than LocLisp provides. LocLisp maintains ‘separate
but equal’ environment management facilities, one for Logic variables,
which deals with bindings made by unification, and another for Lisp
variables, which deals with bindings made by assignments and by function
calls. The Lisp-transformation process is distinguished from the Logic
process of proving goals by resolution—indeed, these two processes are
alternated in a two-phase cycle. The net overall effect is to implement, in
this awkward way, a ‘LocLisp-reduction’ process, but as a kind of
antiphonal duet. It seems clear that there really ought to be only one
process, rather than two. Definitions of functions and definitions of
relations are not essentially different, and should be invoked in the same
way. Variables are variables—there should be just one kind. There is
nothing special about ‘logical’ variables, nor about unification. As will be
seen, unification can be viewed as a kind of reduction process, and its
steps can be treated in the same way as steps of reduction in general are
treated. ‘ - .- S
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1. ‘L|SP VIEWED AS A REDUCTION SYSTEM

The simplest view one can usefully take of Lisp is that it offers the user
two facilities: (a) a definition facility; and (b) a deduction facility.

The first of these allows one to define functions by, in effect, asserting
new axioms. Each definition is essentially an equation

F=lambda X B

which associates with a symbol F a function described in the notation of
the lambda calculus. Here, X is a list of distinct formal variables, while B
is the ‘body’ of the description of the function. Thus one might assert the
definition

!=1]ambda (n) (if n=0then 1 else n * (! (n — 1))

of the factorial function by introducing the symbol ! on the left-hand side
and describing the function on the right-hand side by means of an
expression in which ! occurs. Such recursive definitions are the very stuff
of functional programs.

The second facility allows one, in effect, to pose certain kinds of
deduction problem and have them solved.-One might express these as:

find the expression V in normal form for
which the equation

E=V |
is deducible from the (current set of) axioms.

In Lisp one usually thinks of V as the result of applying EvaL to E, and
calls it the ‘value’ of E. Thus if E is (! 6) one would expect that V would
be 720.

Not all expressions are in normal form. The general idea is that if an
expression contains one or more subexpressions which can be rewritten in
accordance with some definition then it is not yet in normal form and can
be further ‘reduced’ by rewriting one of those subexpressions, or
‘redexes’, as Curry called them. This ‘reduction’ process can be kept up
for as long as the expression contains such redexes, and in general the
replacement of some redexes may well create new redexes, and so on. To
be in normal form is, precisely, to contain no redexes.

This view of computation is the reduction point of view which comes
with the classical lambda calculus. It automatically entails a ‘no error
stops’ treatment of computatlon—an expression E always can be trans-
formed, if it is not already in normal form. The point is that, for
example, (x+4) is not an error if x is undefined. Instead, it is
irreducible, and hence is in normal form. Thus, being in normal form is a
relative notion. It depends on the set of definitions which is currently in
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force. For example, if the definition
x=35

is added then the expression (x + 4) is no longer irreducible and reduces
to the expression 9.

2. LoGic VIEWED AS A REDUCTION SYSTEM

The simplest view one can take of Logic (or indeed of ‘pure’ PROLOG) is
very similar to the above view of Lisp. Again, two facilities are offered:
(a) a definition facility; and (b) a deduction facility.

The first of these allows one to define relations by asserting axioms,
called ‘positive Horn clauses’. To define R one asserts, in effect, a single
equation with a right-hand side which describes a relation by means of a
disjunction of simple sentences each corresponding to such a clause:

R =lambda X (or (for some Y; :-(X =T, and B)))
(for some Y,: (.3( =T, and B,)))

where X is a list of distinct formal variables, T; is the equally long list of
terms which is the argument of R in the ith clause, Y, is the (possibly
empty) list of ‘local’ variables of the ith clause, and B, is a conjunction of
atomic sentences comprising the body of the ith clause.

In LOGIC and PROLOG one asserts the clauses separately for each i
in the form

for all Y;:R T;if B,.

‘Provided (as Clark [2] argues and as is surely the case) one intends R to
hold of a tuple ONLY IF one of these clauses applies, then it is
straightforward to see that the conjunction of the separate clauses is
equivalent to the single equation.

Another way of thinking about the definition of a relation R by a single
equation is that it describes R as a union of relations, namely as

(UNION lambda X (for some Y;: (X T, and B)))

lambda X (for some Y (X T, and B .)))-

Although it is not the usual custom to do so, one can read ‘lambda X’
here as ‘the set of all X such that’, bearing in mind that, after all, a
relation is usually construed as a set of tuples.

For example, one can define the APPEND relation in this manner as the
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union of two relations:

APPEND = (UNION lambda (a, b, c) (for some x:a =[] and
b=x and
¢ =x))

lambda (a, b, ¢) (for some x, y, z, w:

a=[x.y]and
b=z and
c=[x.w]and
(APPEND y Z W)))

the second of which refers recursively to the APPEND relation itself.
The deduction facility of PrRoLoG or Logic is best viewed as one for
solving problems of the form:

find the expression V in normal form such that
the equation

lambda X (for some Y: A)=V
is provable from the (current set of) axioms.

In other words, find the (normal form description of) the set of all X
such that A holds for some Y. It is assumed here that the normal form of
a set description is one which lists the set’s elements, as for example:
{2,4,6}. One might note that this customary notation is insignificantly
different from ‘

lambda (x) (x=2orx=4o0rx=6)
or from its description as the union of the singletons
(union (lambda (x) x =2) (lambda (x) x = 4) (lambda (x) x = 6)).

Logic tries to provide such a ‘set description’ deduction facility with its
setoF function. Different versions of PrRoLoG vary on this point, but the
practice is becoming more and more common to provide such a deductive
construct in addition to the basic one, which in effect solves the problem:

find a term T such that the sentence
(lambda X (for some Y:A) T)
is provable from the (current set of) axioms.

The solutions T to this problem are in general not uniquely determined
by the condition A, and so one speaks of the non-determinacy of the
process of finding such a T. In fact, however, successive posings of the
same problem are not independent, and run through the elements of the
set:

lambda X (for some Y: A)
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in some order. Thus, PRoLOGs do find the set, but they do it one element
at a time; and they do not always offer the service of representing the set
by a single expression (or what is the same, as a data object).

So it can be seen that both Lisp and Logic are essentially in the same
business: of accepting definitions in the form of equations and of solving
deduction problems by reduction of a given expression to its normal
form. Why, then, should they be kept separate from each other? I
believe that they need not and should not be.

A system being developed at Syracuse University will now be discussed
in which both functional and relational programming merge into a single
definition-deduction paradigm. The system is called Super (for Syracuse
Umversuy Parallel Expression Reducer). :

SUPER is a reduction system with a repertory of rewrite rules including
all those one would expect in a (pure) Lisp-like lambda calculus. In
particular it will have the usual rule of beta reduction, which calls for the
replacement of a redex of the form

(lambda X B) A

by the expression resulting from substltutmg A for (free) X throughout
B. The constants :

EVERY, SOME

are added to the language so as to provide the logical quantifiers via the
constructions

for all X: A = (EVERY (lambda X A))
for some X: A = (soME (lambda X A))

which go back to Church’s language [3] for the simple theory of types.
Super will be based on that system (which has been studied by Henkin [4]
who gave a completeness result for it, and which recently was used by
Andrews [5] as the formalism for a higher-order theorem proving
system). Thus Super has only two syntactic constructs: application (of
one expression as function, to another expression as argument) and
abstraction. Its expressive power comes from a suitable collection of
constants: TRUE, FALSE, NOT, AND, OR, IF, IFF, for the Boolean combina-
tions of elementary logic; CAR, CDR, CONS, ATOM, EQ, COND, NIL, €tc., for
the Lisp-like symbolic apparatus; pLUS, TIMES, etc., together with suitable
numerals, for arithmetic. All of these constants will require appropriate
reduction rules to give them operational meaning, and all of them are
familiar and straightforward with the exception perhaps of those dealing
with the SupER version of unification. These will be discussed next.

Let us follow a few of the transformations necessary to compute the

62



ROBINSON

normal form of the following set description:

lambda (p, q) (aPPEND p g [123]) 1

which we can see, intuitively, is

{({],[123])
(11, [23))

([12}, (3D
([123], D}

Here and henceforth the convention for list notation whereby, for
example, the list [1.[2.[3.[]]]] is written more readably as [123] is
used.

The expansion rule takes the definition of ApPEND as the union of two
simple relations and rewrites (1) as the union of two relations

1)

(union lambda (p, q) (for some x: p =[] and

g=x and
[123]=x)
lambda (p, q) (for some x,y,z,w: p =[x. y] and )
q=z and

[123]=[x.w] and
(APPEND y z w)))

(In applying the expansion rule it is necessary to pay attention to the
question of clashes of bound variables and to take precautions of the
usual kind, namely, to change the local variables of the set descriptions,
if necessary, before replacing the formal variables by actual terms of the
redex.) -

In the second component of the union expression there is an expansion
redex, but there are now two redexes of another kind, one in the first and
one in the second component of the union. These call for applications of
the contraction rule. According to this rule a local variable can be
dropped from the quantifier prefix of the body of a simple relation
expression provided that one of the conjuncts in the body is an equation
between that variable and some term which does not contain it. In the
first component above the variable is x and the term is [123]. In the
second component the variable is z and the term is ¢. In addition to
dropping the variable from the prefix all of its occurrences in the body
must be replaced by the term. So in the above x is replaced throughout
the body of the first component by [123], and z throughout the body of
the second component by g. Finally, the trivial equation thus created is
dropped. In the first component this is the equation [123]=[123]. In
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the second component it is ¢ = g. The resulting expression is

(untoN lambda (p, q) (p =[] and ¢ =[123])

lambda (p, q) (for some x, y, w:p =[x.y] and
[123] =[x.w] and 3)

(APPEND y g W)))).

It should be noted that the contraction rule applies only to redexes of the
particular kind described. The form in general is :

lambda A (for some B: C; and - -+ and C,, and (V =E) and D; and
- and D,) '

where the list B of local variables contains the variable V and E is a term
not containing V. (The equatlon can also be E=V.) The redex is
replaced by

lambda A (for some B’: (C; and - and C,, and D, and -+ and
D,){E/V})

where B’ is the list B with V omitted. That is, we replace V by E
throughout the conjunction, and drop the trivial equation E = E thus
created. _

Notice that in this example contraction is applied simultaneously to two
different redexes. This is a small example of the way in which reduction
can be done in parallel.

The next step illustrates the decomposmon rule. This states that a
redex of the form : :

lambda A (for some B: (C and [P. Q] =[R. §] and D))

where C and D are both simple conjunctions (possible empty), may be
replaced by

lambda A (for some B: (C and P =R and Q =S and D)).

All that this rule is saying is that an equation between two dotted pairs is
equivalent to two equations between their respective heads and tails.

Applying decomposition to (3) yields

(unioN lambda (p, q) (p =[] and g =[123))
' lambda (p, q) (for some x,y,w: p =[x. y]

1=x )
[23]=w and
(apPEND y g W)))

thus creating two new equations which permit contraction to be applied
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twice more, after which we have
(unioN lambda (p, ) (p =[] and g =[123])
lambda (p, q) (for some y:p=[1.y] )
(aprEND y q [23])))

and we must take stock of what has been happening to the original set
description (1) as it is step-by-step being transformed into the description
().

In (5) already a singleton set containing the first couple has emerged.
The other three elements have yet to emerge from the description of the
rest of the set. However, this description has been partially developed,
and now intuitively reads ‘the set of all couples of lists, the first of which
starts with 1 and has a tail which, when appended to the second, yields
the list [23]’. We can intuitively see that this is the set

{((1), (23D, (1 2], 3D ((123], (D}

Further applications of the three rules expansion (using the definition of
APPEND), contraction and decomposition will carry (5) step-by-step nearer
to the union of singleton sets which is the required normal form
representing (1'). Only one further rule is required to complete the
overall transformation. This is the failure rule which states that a redex of
the form '

(uNION S, + + - S, (lambda A (for some B: C)) T, -+ T,)

where C is a conjunction of simple sentences one of which is obviously
false, may be replaced by the expression

(UNION Sy - S, Ty - -+ T)).

The intuitive justification of the rule is that the deleted component
describes the empty set.
Some examples of ‘obviously false’ simple sentences are:

FALSE, [|=[x.y], 2=3.
The failure rule is so named because it corresponds to the occasions in
the unification process when an attempt to unify two expressions fails.
Let us skip forward to the point where the failure rule comes into play

in our example. The following description is reached after applying an
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expansion:

(untoN lambda (p, q) p =[] and g =[123]
lambda (p, q) p =[1] and ¢ =[23]
lambda (p, q) p =[12] and g =[3]
lambda (p, ¢) p=[123] and ¢ =[]
lambda (p, q) (for some x, y, z, w:

p=[123.y] and
y=[x.z] and
[=[x.w] and
(APPEND y g W)))

whose final component contains the impossible equation N=kx.w] It
also contains a further recursive call on the APPEND definition, and hence
is an expansion redex. In addition, by virtue of containing the equation
for the local variable y it is a contraction redex. However, the rewriting
of the entire UNION expression by the failure rule simply drops these
redexes and thus would be the most advantageous choice.

The final expression is then (ensugaring the singletons):

(uwton {([], [123D)}
{([1], (23D}
{12, [3D}
{@235,H

which can be further ensugared to the form of (1') if desired. , ‘

The overall computation sketched in this example corresponds, in a
reduction setting, to the complete exploration of the tree of alternative
Horn-clause resolution deductions which ProLoG or Locic would per-
form in response to a request to find the set of all (p, q) such that
(appEND p g [123]). The expansions correspond to the invocations of the
two clauses of the AppEND definition; the contractions to the successive
bindings made by the unification process in attempting to unify a selected
goal with a clause head; the decompositions to the recursive calls to the
unification algorithm when two dotted pairs are to be unified; and the
failures to the moments when the unification algorithm encounters an
impossible combination. :

3. SCOPE OF SuPER

Although the underlying language of SupERr is the simple theory of types,
sometimes also called the predicate calculus of order omega, at present
the experiment has not gone far enough to know whether the repertory
of rules can be usefully extended to cover higher-order unification. Huet
[6] and Pietrzykowski and Jensen [7] have given unification algorithms for
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the typed lambda calculus, but the computational problems are much
more complex than in the first order case.

The objectives so far have been limited to reorganizing the present
stock of ideas about first-order relational programming so that at least the
same capability one has in Locic can be reproduced in the reduction
setting. The next goal is to investigate the feasibility of implementing
SUPER, as it presently exists, in a parallel reduction architecture. Klaus
Berkling is currently designing a second version of his well-known GMD
Reduction Machine [8] which will embody the expansion, contraction,
- decomposition and failure rules as well as a full set of rules suitable for a
Lise-like functional language. This machine will have a multiprocessor
architecture and its design is at present under way.

4. FUTURE WORK

It would, of course, be very interesting to extend these rules beyond the
first-order unification level. Another line of investigation is to see how
far, if at all, one can push the combinator approach which in recent years
has been so well exploited by Turner [9]. The main problem seems to be
that transformation of a lambda abstraction to pure combinator form
disarranges the syntactic structure of the original so much that the
unification analysis cannot be carried out. In the present system this
comes out in the contraction rule: in order to apply the rule one has to
identify the term which will be substituted for the variable being
eliminated. This is easy enough in the original expression, but after
transformation into pure combinator form there are no longer any
variables and in particular no equations between variables and terms.
There seems therefore to be no way to identify the term. So the question
is: what corresponds to the unification process after all variables have
been transformed away?

It would be useful to know more about the role played by the typing of
expressions in the SuPER language. Huet’s higher-order unification
algorithm makes crucial use of the types of expressions at certain stages,
but none of the rules considered in this discussion do, as witnessed by the
fact that types have scarcely been mentioned.

Finally, it should be said that aspirations do not presently extend to
building a complete proof procedure for Super, although this is not, in
view of Henkin’s result cited earlier [4], out of the question. Rather
something like a higher-order Horn clause resolution theorem prover is
sought in which it will be possible to do logic computations 4 la Kowalski
[10] but without the restriction to first order. Related work is in progress
at Imperial College by Darlington and his group [11] and at Cambridge
University by Paulson [12]. The point is to retain, if possible, the directed
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purposefulness of a computatlon process, and not to slide back into the
world of mere searching.
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1. INTRODUCTION

There is considerable and growing interest in the development and
application of logic programming languages such as ProLoG and LoGLisp.
At the same time it is increasingly clear that conventional computers are
ill-adapted to the execution of logic programs. The advent of Lisp
machines inspired by the mir caApr has improved the situation for
LocLisp, but considerable further improvement should be possible. All
logic programming systems are based on unification. This is a process for
calculating the most general way in which a given environment of
variable bindings can be extended (by adding further bindings if
necessary) to one in which two given symbolic expressions are identical,
or for detecting the impossibility of doing so (as the case may be). In the
first case, the extended environment is retained. Otherwise the extension
must be removed.

Since unification accounts for a great proportion of the activity of logic
programming systems, present-day systems such as LoGLisp incorporate
sophisticated techniques based on hash-coding and stack structures to
speed-up the process. The advent of Lisp machines such as the Lmi
Lambda and Symbolics 3600 has improved the situation considerably
over implementations on conventional computers such as pec KL-10, but
none of the hardware is designed specifically to carry out the unification
processes efficiently. Application of logic programming techniques in
potentially significant areas such as large-scale expert systems is presently
limited by the speed of available computers, and so it is appropriate to
look for further improvement by special purpose computer hardware.

Several years ago, Lien (1981) published a design for a unification chip
as part of an M.Sc. thesis. Although the chip was never fabricated this
work showed that a special-purpose unification processor was feasible.
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The design was a direct implementation of an early published algorithm
for unification (Robinson, 1971). More recently developed algorithms
(Morris, 1978) are much more efficient and are in wide use. Before
describing the unification process, some definitions are appropriate.

An expression is either a wvariable, or a constant, or a (‘dotted’) pair
(C.D.) of expressions in which C is its head and D is its tail. An
environment is a collection of pairs each of which has a distinct variable
as its head. An environment E’ is an extension of an env1ronment E if
every pair in E is also in E'.

The realization of an expression X in an environment Y is:
® X, if X is a constant:

e the realization of Z in Y, if X is a variable and the pair (X.Z) isin Y,
® X, if X is a variable and there is no pair in Y whose head is X;

e the pair whose head is the realization of C in Y and whose tail is the
realization of D in Y, if X is the pair (C.D).

The unification task can be described as follows. We are given two
expressions A and B together with an environment E. We are to find (if
one exists) a most general extension E’ of E such that the realizations of
A'and of B in E are identical; or to show that none exists, as the case
may be.

The following algorithm solves thls problem.

Let (UNIFY A BE) be:

® ‘impossible’, if E is :impossible’;

o E,if A=B;

o (uNIFY A’ BE), if A is a variable and (A.A') isin E;

e (uNIFY A B' E), if B is a variable and (B B")isin E;

) (UNIFY Al Bl (uniry A2 B2 E)) if A is the pair (A1.A2) and B is the
pair (B1.B2); ,
e E plus the palr (A.B), if A is a variable and no pair in E has A as head;
e E plus the pair (B.A), if B is a variable and no pair in E has B as head;

® ‘impossible’, otherwise.

In 1982 we began a preliminary study for a computer system which
wonld incorporate the latest thinking on unification algorithms, along
wit.: concurrent computer operation and the incorporation of custom vist
chips where appropriate. This led to an overall architectural scheme
(Greene, personal communication) which will now be described.

2 THE SYRACUSE UNIFICATION MACHINE ‘

The Syracuse Umﬁcation Machme (Sum) is desxgned as an experimental

co-processor for an existing host machine running LoGLisP. SUM assists
the host in performing unifications and keeping track of the variable-to-
expression bindings which are built up durmg the executlon of a logic
program.’ ~
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2.1. Scope of operation

Many unifications are required in the course of running a typical logic
program. Some of these unifications are of a degenerate nature in that
they will fail immediately. These are the cases where two objects of
incompatible structure (e.g. a pair and an atom) are to be unified. These
are the types of unifications that can often be ‘compiled away’ in typical
logic program compilers. Another simple case occurs when two constants
are the objects to be unified. A unification of this type will succeed if the
constants are identical and fail otherwise. Both of these types of
unification require only the simple bitwise comparison of words in
memory and thus are judged to be best handled by the host machine
because of the communication overhead involved in passing them to a
CO-processor.

The great majority of unifications required in the execution of a logic
program fall into one of the two remaining categories: the unification of a
pair with a pair, and the unification of any expression with a variable. In
order to unify a pair with another pair, it is necessary to unify the heads
of the pairs and, recursively, the tails of the pairs. Since SuM is currently
designed to deal with pointers to pairs, but not have direct access to their
heads and tails, the host machine must look these up and pass them to
Sum when appropriate. Future versions of SuM might make use of direct
memory access techniques to allow the co-processor to follow the
pointers to the heads and tails.

Thus it is only when at least one of the two expressions to be unified is
a variable that Sum becomes involved. When the execution of a logic
program requires that a variable be unified with some expression, the
host passes the task directly to Sum. This case is potentially the most
complicated, and the one where special-purpose hardware is most likely
to improve performance.

2.2. Principles of operation

SuM consists of four major types of units: the Communication Agent, the
Binding Controller, the Binding Agent, and the Analysis Agent. Each of
these units is designed to operate concurrently to increase efﬁcnency The
proposed conﬁguratxon of SuM is depicted in Figure 1.

When operation is initiated, the host machine loads an environment of
bindings (possibly empty) into Sum. Sum maintains and extends this
environment as required while performing unification operations. The
extended environment may be reported by Sum at the request of the host
machine. During its operation SuM receives as input from the host
machine a stream of tasks of the form,

(unrFy V X)
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Figure 1. The Syracuse Unification Machine (Sum).

where V is a variable and X may be a variable, a pointer to a pair, or an
atom. : '

2.2.1. The Communication Agent

The Communication Agent provides a two-way communication interface
between Sum and the host machine. Items from the host are transferred
to the Binding Controller while items which originate in SuM are passed
to the host.

2.2.2. The Binding Controller '

The Binding controller places unification tasks of the above form on a
Firo stack. The Binding Controller has the job of assigning each task to
the appropriate Binding Agent. In the current design, there are two
Binding Agents (there may be one, two or many). Part of each variable
identifier from the host is an index which identifies the variable’s location
in the search tree. If X and V are both variables, the Binding Controller
will order V and X so that the variable with higher index comes first. This
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is to ensure that bindings are never cyclic. With two Binding Agents, the
Binding Controller simply assigns the task whose left side has even index
to one Binding Agent while those with odd index are sent to the other.

2.2.3. The Binding Agent

The Binding Agent is the heart of Suwm; its design is discussed in Section
3. A flowchart describing the operation of the Binding Agent is shown in
Figure 2. The Binding Agent contains a stack of variable-to-expression

(UNIFY V X)
( Binding
Controtller)

is
V already
bound ?

Yes

Y Y

retrieve Xg - make a binding
(the binding of V) between Vand X
———————— —_————
l optional path _V—

compression

any current
extension bindings
toV?

is Xo
variable ?

|
|
|
|
|
|
|
|
|
I
| compression)
|

Yes
- change all such |
VX bindings o X | operation
( path I complete
|
|

is X
a variable? L e e e e e
[
operation

VX complete
X~Xg

to Analysis

Agent for

further
processing

Figure 2. Flowchart of binding operations.
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bindings which are made in the course of executing unification tasks.
When a new task of the form (uniFY V X) comes in, the Binding Agent
checks to see if the variable V has already been bound to something. If a
search of the stack of bindings shows no entry for variable V, the new
binding of V to X is pushed onto the stack, and the unification step is
completed.

If there is already an entry for the variable V in the stack of bindings,
the only way that the operation (UNIFY V X) can succeed is if the
expression X can be unified with the expression to which the variable
was already bound (say XO0). Thus the Binding Agent retrieves the
binding of V which is X0 and produces a task which has the form,

(unrFy X X0)

which is passed on to the Analysis Agent. The existing binding of V to
X0 is left in place.

2.2.4 The Analysis Agent

The design of the Analysis Agent is described in Section 4. The Analysis
Agent performs a case analysis of the unification tasks it receives from
the Binding Agent. If one of the expressions is a variable, the task is
passed to the Binding Controller. If the expressions are of incompatible
structure the Analysis Agent signals failure of unification. If the
expressions are both simple atoms, the Analysis Agent comparcs them
and signals failure if they are not identical.

If the expressions are pairs or if they are pointers to complex atoms the
Analysis Agent passes the unification task to the Communication Agent
and thus back to the host machine. In the case of pairs, the host machine
will return unification tasks for the heads and tails of these pairs.

2.2.5 Success or failure

Unification can fail in the Analysis Agent or in the host machine. When a
failure is signalled, all the units can flush the work they are currently
doing. In addition, the current extension to the environment (all the
bindings that were added as a result of performing that unification) are
thrown away. In this way the machine can operate in the familiar
‘backtracking’ mode used in PROLOG systems.

The success of a unification task may result in bindings being added to
the environment, but there is no need to signal other units or the host of
each success. When ultimately there are no more unifications to be
performed, and no failures have been signalled, the Binding Agents can
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be said to contain the ‘answer’ to the query given the logic program. The
‘answer’ consists of substitutions for the variables in the query which
make it a true statement. These substitutions may be passed back to the
host (at the request of the host) for reporting to the user, or for further
processing.

3. THE BINDING AGENT

The Binding Agent holds the binding environment in a specially designed
memory with content addressable features. At present we envisage a
total of two Binding Agents, with the work divided on the basis of index
parity, but more (or fewer) may be necessary. Unifications are carried
out as part of a higher level resolution process, and at each successful
unification the binding environment will be extended. Conversely, if
unification fails, the environment must be contracted to correspond to the
last successful step. In consequence, we have organized the Binding
Agent memory as a stack.

When presented with a binding task, the Binding Agent must
determine if the variable is already bound to an expression. We have
developed a custom vLsi chip which allows simultaneous look-up on 128
rows of 17-bit-wide variable identifiers in 100-150 ns. A full-scale Binding
Agent will employ 32 such chips and so hold a maximum of 4096 entries.
The chip uses a nine-transistor static cam cell which is derived from the
well known six-transistor static Ram cell plus three transistors for
comparison between the cell contents and the search bit. A novel feature
is the use of a mask register which avoids the space taken by an address
decoder and which serves to indicate the extent of the current stack and
also the next free location. A prototype version, with eight rows of three
bits but otherwise complete, was designed by S.-H. Kuang and success-
fully tested after fabrication by the mosis Fast Turnaround Fabrication
Facility.

If the variable presented is not already bound, the corresponding
expression is written to the RaM memory of the Binding Agent. The
organization is conventional and uses fast static RAM chips in 4K X 4
format. If, however, the variable is already bound, the stored expression
must be unified with the newly arrived expression. This requires a read
cycle in the rRaM followed by transmission to the Analysis Agent.

Figure 3 shows the general organization of the Binding Agent. Each
Binding Agent has its own controller, which maintains a stack of
environment extensions pointers. In the event of unification failure, the
controller works out the number of shifts to be applied to the mask
register and so remove recent extensions from the stack. We have found
that shifting may take place at up to 15 MHz, and so this housekeeping
operation is executed very quickly.
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Figure 3. Structure of the Binding Agent.

4. THE ANALYSIS AGENT

A preliminary design for the Analysis Agent was carried out by V.
Venkataraman in 1984 (Figure 4). Because of pin-out limitations and the
wide data paths required, it is necessary to break down data into
sequences of bytes. These are passed in pairs through a front end
comparator which reports if bytes match or not. By careful ordering we
can determine if unification is feasible and route the data to either the
Binding Agents or to the Communication Agent. The design uses
dynamic shift registers to hold the data prior to dispatch, and a
programmable logic array serves as a controller.

6. STATUS OF THE Sum PROJECT

At present work is proceeding on a simulation of Sum using the Occam
language. OccaMm allows the direct modelling of concurrent processes
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through the use of parallel and aLternate constructors (Hoare, 1984).
When complete, this simulation will provide information with regard to
the level of performance achievable with SuM, and assist us in evaluating
the design. We are considering implementing SuM using the Inmos
transputer, which executes Occam (Barron, 1978). In that case, the
simulation program would be the basis for the actual Sum system
configuration.

Our implementation plans include interfacing a single transputer to a
host machine running LocLise (candidate machines include the Lm1
Lambda, the Symbolics 3600, and the 18M pc AT). This would enable us to
run our OccaMm model of SuM in connection with a working LogLisp
system. As the hardware Binding Agents and Analysis Agents are
completed, they can be interfaced to this transputer system for testing.
Eventually, the entire SuM processor will be constructed with the original
transputer system performing the functions of the Communication Agent.

Our preliminary research indicates that Sum will provide approximately
100:1 average performance improvement for binding operations over
typical software methods. The overall logic programming system
performance increase will be much more modest however. The purpose
of the Sum project is. to - investigate the feasibility and utility of
special-purpose unification hardware using modern integrated circuit
technology. With advances in vLsi technologies, it should be possible to
implement an entire Unification Machine on a single chip. This will make
it practical to have several complete LoGLisP or ProLoG machines
operating concurrently on different parts of the logic program search
tree.

The attraction of the Unification co-processor in this arrangement is
that it is a general-purpose processing element which makes no assump-
tions about the execution order of logic programs. Therefore, it can be
used in a pure depth-first scheme with backtracking on a unit processor
(as in PrOLOG), in a heuristic search scheme (as in LogLisp currently on
unit processors), and in any number of multi-processing schemes. In
addition, the data structures used in Sum are quite generic which means
that the SuMm architecture should be applicable to almost any logic
programming system, not just PRoLoG and LogcLisp. This last fact is of
special interest to us, since work on new logic and functional program-
ming systems is also going on here at Syracuse University (Greene,
personal communication).
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Abstract

We discuss the problem of incorporating into a heuristic theorem prover
a decision procedure for a fragment of the logic. An obvious goal when
incorporating such a procedure is to reduce the search space explored by
the heuristic component of the system, as would be achieved by
eliminating from the system’s data base some explicitly stated axioms.
* For example, if a decision procedure for linear inequalities is added, one
would hope to eliminate the explicit consideration of the transitivity
axioms. However, the decision procedure must then be used in all the
ways the eliminated axioms might have been. The difficulty of achieving
this degree of integration is more dependent upon the complexity of the
heuristic component than upon that of the decision procedure. The view
of the decision procedure as a ‘black box’ is frequently destroyed by the
need to pass large amounts of search strategic information back and forth
between the two components. Finally, the efficiency of the decision
procedure may be virtually irrelevant; the efficiency of the final system
may depend most heavily on how easy it is to communicate between the
two components. This paper is a case study of how we integrated a linear
arithmetic procedure into a heuristic theorem prover. By linear arithmetic
here we mean the decidable subset of number theory dealing with
universally quantified formulas composed of the logical connectives, the
identity relation, the Peano ‘less than’ relation, the Peano addition and
subtraction functions, Peano constants, and variables taking on natural
values. We describe our system as it originally stood, and then describe
chronologically the evolution of our linear arithmetic procedure and its
interface to the heuristic theorem prover. We also provide a detailed
description of our final linear arithmetic procedure and the use we make
of it. This description graphically illustrates the difference between a
stand-alone decision procedure and one that is of use to a more powerful
theorem prover.
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1. INTRODUCTION

Decision procedures, alone or in co-operation with other decision
procedures, are fast and predictable but often too limited to be of general
use. On the other hand, today’s heuristic theorem provers are capable of
producing proofs of fairly deep theorems, but are generally so slow and
unpredictable that few users have the patience and knowledge to use
them effectively. It is generally agreed that when practical theorem
provers are finally available they will contain both heuristic components
and many decision procedures.

This paper is a case study of how we mtegrated into a heuristic
theorem prover a linear arithmetic procedure for the natural numbers
based on a decision procedure for the rationals. By linear arithmetic here
we mean the decidable subset of number theory dealing with universally
quantified formulas composed of the logical connectives, the identity
relation, the Peano ‘less than’ relation, the Peano addition and subtrac-
tion functions, Peano constants, and variables taking on natural values.
We built in linear‘arithmetic primarily to eliminate from the heuristic
theorem provers search space the huge number of often irrelevant
deductions arising from such theorems as the trans1t1v1ty of the ‘less than
relation.

This paper can be divided up into three distinct phases. The first,
represented by Sections 2-4, argues that it is necessary to combine
decision procedures and heuristic theorem provers. During the first phase
we also give some necessary background material on our heuristic
theorem prover and what we mean by ‘linear arithmetic procedures’. The
second phase, Sections 5-7, describes Chronologically our attempts to
incorporate linear arithmetic into our theorem prover. In this phase we
cite examples from program verification applications that show the
inadequacy of our early integration strategies and that illustrate and
motivate our final scheme. The third phase of the paper, Section 8, gives
a precise and detailed description of the current linear arithmetic
procedure and how it is used by the rest of the theorem prover. The final
scheme is so elaborate that reading it in isolation would prompt many
readers to ask such questions as ‘why is it necessary to know which
literals contributed to the deduction?’ or ‘why didn’t the authors use this
simpler scheme?’. Despite the tedium of this description we regard
Section 8 as the high point of the paper because it makes clear the
distinction between a stand-alone decision procedure and one that is
useful to a larger system. The last two sections of the paper give some
statistics supportmg our contention that the efficiency of the stand-alone
decision procedure is often irrelevant and a summary of our conclusions.

- We believe this report will be useful to those designing decision
procedures intended for eventual integration into larger systems. We
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identify many requirements for such procedures that are not obvious
when the procedures are considered in isolation.

For example, much work on linear arithmetic procedures (e.g. that of
Nelson and Oppen, 1979, and Shostak, 1979) focuses on universally
quantified formulas either with no function symbols (other than sum and
difference) or with only uninterpreted function symbols. But interpreted
function symbols play a key role in many theorem-proving applications.
In particular, they are crucial in what is perhaps the most active
application of mechanical theorem provers today: the verification of
properties of computer programs. The mathematical specification of new
programs frequently involves ‘new’ mathematical functions (e.g. ‘the
number of non-0 elements among the first N elements of A’).
Furthermore, these functions very frequently have important numeric
relations to one another (e.g. if N<M then the number of non-0
elements among the first N elements of A is less than or equal to the
number among the first M elements). Unless provision is made for one’s
arithmetic procedure to take into consideration the numeric properties of
interpreted symbols, the heuristic theorem prover must deal explicitly
with such explosive theorems as the transitivity of ‘less than’ and the
primary advantage in having an arithmetic_decision procedure is lost.

The work reported here deals with interpreted function symbols: our
linear arithmetic procedure contains heuristics for instantiating and using
axioms or lemmas about arbitrary function symbols. For example, by
appealing to the lemma that the minimum element, MIN(A), of a
sequence is less than or equal to the maximum element, MAX(A), our
linear arithmetic procedure proves:

L=MN(A) A0<K— L<Max(A) + K.

The use of universally quantified axioms or theorems in the linear
procedure is very similar to the admission of universally quantified
hypotheses in the formulas being proved. Thus, our work is similar in
spirit to the work of Bledsoe and Hines (1980) in which arbitrary
quantification is permitted. However, we make no completeness claims
about our heuristics.

2. BACKGROUND

Our theorem prover deals with a quantifier-free, first-order logic. In
addition to modus ponens, instantiation, and substitution of equals for
equals, the logic provides for the axiomatic introduction of new ‘types’ of
inductively constructed objects (e.g. the natural numbers, sequences,
graphs), the user definition of new mathematical functions (e.g. prime,
permutation, path), and proof by induction on well-founded relations.
The logic is described precisely in Chap. III of Boyer and Moore (1979).
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Our theorem prover as it stood before we incorporated any linear
arithmetic is described in Chaps V-XV of Boyer and Moore (1979). The
‘theorem prover - consists of an ad hoc collection of heuristic proof
techniques. The two most important ones are simplification and the
invention of ‘appropriate’ induction arguments. The system also contains
heuristics for eliminating ‘undesirable’ expressions, the use of equality,
generalization, and the elimination of irrelevance.

Because our linear arithmetic procedure interacts with our smphﬁer
.and term ‘rewriter’, it is necessary to explain these procedures in more
detail.

To prove a formula our system first applies the sxmphﬁer to it. The
simplifier is a procedure that takes a formula as input and returns a set of
supposedly simpler formulas as output. Under the assumption that the
input formula is false, it is equivalent to the conjunction of the output
formulas. Since we are trying to prove the formula, it is permitted to
assume its negation. If the simplifier returns the empty set of formulas we
‘have succeeded in proving the input formula. If the simplifier returns a
singleton set containing the input formula, it has failed to reduce the
‘problem and we try some other proof technique, e.g. induction.
Otherwise we try to prove, recursively, each output formula.

"A formula is represented as a clause consisting of an implicitly
disjoined set of literals. Literals are in fact terms of our logic. The term p,
when used as a literal, can be thought of as the formula p # F, where Fis
a distinguished constant in our logic.

The simplifier works by successively ‘rewriting’ the literals of the goal
clause while assuming the complements of the remaining literals. The
object is to rewrite at least one literal to T (or any other non-F value).

The rewriter is a procedure that takes a term, a substitution and a
‘context’ and returns a term. Among other things the context specifies a
set of assumptions. The term returned by the rewriter is equal (in a
certain sense determined by the context) to the result of instantiating the
input term with the input substitution, under the assumptions in the
context. The context contains a variety of other information which we
will explain when necessary.

The rewriter applies conditional rewrite rules derived from axioms,
recursive definitions, and previously proved theorems tagged ‘rewrite
rule’ by the user. Roughly speaking, a prevxously proved lemma of the
form:

hiAhyA-+-Ah,—Ilhs=rhs

causes the rewriter to replace all instances of Ihs by the corresponding
instance of rhs provided each of the instantiated k; can be established. To
establish the hypotheses the rewriter attempts recursively to rewrite them
to non-F—a form of backwards chaining. The system contains fairly
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sophisticated search strategic heuristics for controlling the expansion of
definitions, stopping unproductive backwards chaining, using permutative
rewrites, etc.

Among the theorems proved by the theorem prover described in Boyer
and Moore (1979) are: the totality, soundness, and completeness of a
decision procedure for propositional calculus; the correctness of a ‘toy’
expression compiler; the correctness of the fastest known string-searching
algorithm; and the existence and uniqueness of prime factorizations.
Other proofs discovered before the linear algorithm was implemented
include the correctness of a recursive descent parser (Gloess, 1980), the
correctness of an arithmetic simplifier now in routine use in the system
(Boyer and Moore, 1981a), and the correctness of several FORTRAN
programs (Boyer and Moore, 1981b).

3. LINEAR ARITHMETIC

The theorem prover described above can easily prove by mathematical
induction such simple theorems as:

X=YANY=Z->X=Z 1)
X-1sX - 3]
0=Y->X=X+7Y, 3)

but because of search strategic heuristics the system cannot always
employ such lemmas intelligently after they have been proved. For
example, while the system would easily recognize:

A=sBAB=C—-A=C
as an instance of the transitivity of =, (1), it would not so easily prove:
A-1=<A+B

where B is non-negative. But A —1=<A + B can be derived from (2) and
(3) using (1). The theorem prover described in Boyer and Moore (1979)
tries to derive A —1=<A + B from (1)-(3) by rewriting. In particular, it
observes that the result follows from (1) if one instantiates X with A — 1
and Z with A + B, chooses an appropriate instantiation of the intermedi-
ate variable Y, and backward chains to relieve the two hypotheses. If the
instance chosen for Y is A, then the two hypotheses are immediate from
(2) and (3) and the assumption that B is non-negative. But our system is
unable to guess that an appropriate choice for Y is A. After failing to find
a proof by simplification, the system in Boyer and Moore (1979) proves
the inequality by induction on A.

Now suppose that in a subsequent proof the rewrite routine is faced
with the task of relieving the hypothesis A —1=<A + B. Since it cannot
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derive this inequality from (1)-(3) by rewriting alone, and since we do
not try induction to relieve hypotheses, the inequality hypothesis can be
established only if A—1<A+ B (or some mild variation of it) is
available explicitly as a previously proved rewrite rule. There are two
undesirable aspects to this situation. First, the search space for rewrites
about = gets very large because it contains many derived facts involving
transitivity and addition. Second, the user is obliged to recognize when
the system is failing to find a proof because of its lack of knowledge of
such composite ‘linear’ facts and to state such ad hoc lemmas explicitly.

But the integers are probably the most important objects in the
mathematics of computer programming. Facts about the integers must be
second nature to any practical theorem prover for program analysis.
Therefore, after having convinced ourselves of the power of our
underlying heuristics, we decided to build-in a linear arithmetic
procedure. 4

The naturals, /¥, or Peano numbers are the most primitive inductively
constructed domain in our theory. Many other domains are constructed
on top of the naturals (e.g. the ‘atomic symbols’ or literal atoms, the
integers, the rationals). Thus, we decided to build-in a procedure for
deciding some linear inequalities over J, i.e. universally quantified
formulas involving the equality (=) and Peano ‘less than’ ( <) relations,
the natural constants (0,1,2,...), and the Peano addition (@) and
subtraction (=) functions. The syntax of our logic is actually the prefix
syntax of Lisp. We adopt infix here for the purposes of exposition. For
readers familiar with Boyer and Moore (1979) or our theorem prover,
x € N here denotes (NUMBERP x), x <y denotes the term (LESSP xy), x<y
denotes (NoT (LEssPyx)), x @y denotes (PLUSx y), and x =y denotes
(DIFFERENCEX ).

While our logic provides many different types of objects it does not -
have a typed syntax. Thus, T @3 is a well-formed term. Our definitions
of <, <, @, and = ‘coerce’ non-natural arguments to 0. Thus,
T®3=-1®3=3and T <4 is true but —3 <0 is false. In addition, the
Peano subtraction function returns 0 if the minuend is smaller than the
subtrahend, i.e. x =~y =0if x <y, so 5+-8=0.

In this paper we use the more familiar signs, <, +, —, and * to denote
less than, sum, difference, and multiplication, respectively, over the
integers or rationals (according to context).

Linear integer arithmetic, and thus linear Peano arithmetic, is de-
cidable. However, integer decision procedures (e.g. Cooper, 1972) are
quite complicated compared to the many well-known decision procedures
for linear inequalities over the rationals (King, 1969; Hodes, 1971;
Bledsoe, 1975; Shostak, 1977, 1978). Therefore, following the tradition in
program verification, we adopted a rational-based procedure, exploiting
the observation that if a conjunction of inequalities is unsatisfiable over
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the rationals it is unsatisfiable over the integers. Such a procedure is
sound but incomplete. For example, 2*xX =3 is satisfiable over the
rationals but not over the integers. Thus, a rational procedure would not
prove 2*xN #3, where N is an integer. Of course, it is hoped such
theorems do not arise frequently in program verification (Nelson and
Oppen, 1979). Should they, we might prove them by more powerful
methods (e.g. induction).

For efficiency reasons, the rational method we eventually adopted was
based on that described in the literature by Hodes (1971). The algorithm
is just a formalization of the high school idea of ‘cross-multiplying and
adding’ equalities to eliminate variables.

In its simplest form the algorithm is used to detect unsatisfiability in a
conjunction of linear inequalities over the rationals. The first step is to
convert each inequality into a ‘normalized polynomial inequality’ (or
simply ‘polynomial’) by collecting like terms, cancelling when possible,
and making all coefficients integers. Thus, the expression:

2+ X—-(Y+Z2)=s(A-X)—-1
is ‘linearized’ to
3-1%xZ-1xY+2+xX—-1xA=<0.

Then, working one’s way down through some ordering on the
multiplicands, one eliminates one multiplicand at a time from the set of
polynomial inequalities by cross-multiplying coefficients and adding
inequations so as to cancel out the selected multiplicand in all possible
ways. Eventually one obtains a set of ground inequalities whose validity
may be determined by evaluation and which is satisfiable over the
rationals iff the initial set is.

To apply such a procedure to problems over the integers it is
convenient to adopt = as the main connective and to transform X <Y
into X +1=Y. By making explicit the information that distinct integers
are separated by at least 1, fewer valid integer inequalities ‘fall between
the cracks’ in the rationals. An equality, such as X =Y, is handled as
though it were the conjunction X <Y A Y < X; a negative equality, such
as X#Y, is handled as though it were the disjunction X<YvY<X
(i.e. the main conjunction must be split into two cases).

To apply the procedure to the naturals as they are axiomatized in our
logic, we must take precautions to ensure that all quantities involved in
arithmetic expressions are of type N and that the minuend of each -
expression is no smaller than the subtrahend. For example, we can
linearize X#Y to 1-Y+X=<0v1+4+Y~—-X=0 only if we know both
X e ¥ and Y € N. Failure to consider the non-numeric case would permit
the linear arithmetic procedure to prove the non-theorem X <Y A Y <
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X— X =Y.+ Similarly, it is permitted to linearize X<Y+~Zto Z-Y +
X =0 only when Z <Y. We call such additional conditions as X e & and
Z <Y ‘linearization hypotheses.” Roughly speaking, we assume the
linearization hypotheses necessary to obtain the normalized polynomials
for the main conjecture. If the linear arithmetic procedure is able to
prove the main conjecture under those hypotheses we set ourselves the
task of proving the main conjecture under the negation of each
linearization hypothesis. ‘ '

Readers troubled by our desire to handle the naturals instead of the
integers or by the lack of typing in our language should not be
discouraged from reading on. These aspects of the problem only
contribute in minor ways to the difficulty of using linear procedures.

Readers troubled by our selection of such a simple and old-fashioned
decision procedure are invited to reflect upon the fact that an instan-
taneous oracle for deciding linear arithmetic problems like those above
would increase the speed of our theorem prover on typical program
verification problems by less than 3%. Furthermore, as a cursory reading
of Section 8 reveals, our final linear arithmetic procedure is an im-
plementation of the above procedure in much the same sense that the
software for the Space Shuttle is an implementation of Newton’s laws.

4. ADEQUACY OF LINEAR ARITHMETIC PROCEDURES

Before we describe how we have combined the above decision procedure
with our more powerful heuristic techniques we address the question ‘is
linear arithmetic alone sufficient?’. Of course, one must ask ‘sufficient for
what?’. Since our major concern is the mechanization of the mathematics
underlying computer program analysis, we focus our attention on proofs
of program correctness. In this context linear arithmetic procedures, and
particularly those that are decision procedures only on the rationals, are
far from adequate. In this section we discuss three simple program
verification exercises that involve either valid integer inequalities that are
invalid over the rationals or that are non-linear.

A problem of the first type arose in the first program we tried to verify
after adding a linear procedure. The specification of the program was to
implement a simple table look-up scheme. The implementation of the
table was an array of positive even length, D, with keys and their
associated values stored in alternate locations. The access program
searched the array linearly, pushing the current index, /, up from 1 in
increments of 2, stopping when I> D. One of the verification conditions
established that when the winning key is found at I and the associated
value is fetched from I + 1 no array-bound violation occurs. That is, if the
current index, I, is a positive odd integer and /=D, then I+1=D. By

+ A counterexample to the conjecture is obtained by letting X be TandYbeF.
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letting D be 2* L and I be 2* K+1, where L and K are arbitrary
positive integers, we can cast the problem as a linear arithmetic problem:

O<KAO<LA2*K+1=2*xL—>2*K+2=<2%L,

This is a theorem over the naturals. However, it is not a theorem over
the rationals and so does not yield to a rational-based linear arithmetic
procedure. Our modified system proved it by induction.

More frequently we see arithmetic problems that do not fall into the
linear domain at all. The classic verification example, Euclid’s ged
algorithm, illustrates this. Consider the verification condition (v.c.) that
states that if X <Y then the largest number that divides X and Y is also
the largest number that divides X and Y —X. Some attempts to verify
Euclid’s algorithm assume this v.c. We wish to prove it. The key step in
the proof is that if X <Y and Z divides X then Z divides Y iff Z divides
Y — X. The definition of ‘I divides J’ is that (J mod I) =0, where mod is
defined recursively. This problem falls outside linear arithmetic.

A much more mundane example arises in the attempt to implement a
two-dimensional array access module on top of a linear storage scheme.
The element at position I,J in the two-dimensional array is mapped to
location I+ D *J in the linear array. One of the v.c.s establishes that
every pair of distinct points in the two-dimensional array maps to a pair
of distinct points in the one-dimensional array. Roughly speaking one
wishes to establish that | + D xJy=L+ D xJ, iff =1 and J,=J,.
Because of the multiplication by D, this problem falls outside of linear
arithmetic. One might assume this obvious fact. However, attempts to
prove it—by induction (on J; and J, simultaneously) or by appeals to
inductively proved facts about mod and quotient—reveal that as stated it
is not a theorem. One must hypothesize that 1, and I, are legal indices in
the two-dimensional array, i.e. that I, <D and L, < D.

Our point is not to say that linear arithmetic is useless. We have
invested several years in building it into our system and have seen it help
out in the verification of very many programs. Our point is that it is not
unusual to see programs—mundane, everyday programs—that require
the proof of arithmetic theorems beyond those of linear arithmetic. If a
verification system cannot establish such results then one is forced to
assume, rather than prove, many verification conditions.

5. SIMPLE INTEGRATION STRATEGIES

In this and the next section we sketch the evolution of our linear
arithmetic procedure and its use by the theorem prover described in
Boyer and Moore (1979). We then illustrate the procedure in use. Our
intention in these sections is to motivate some of the elaborate bells and
whistles described in Section 8.
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Our goal was simple: build in enough information about the naturals so
that is no longer necessary for the rewriter to consider explicitly those
rewrite rules expressing the truths of linear arithmetic. For example, if
some old proof required an explicit appeal to the transitivity of < and
some inspired ‘guess’ iristantiating the intermediate variable, then after
building in linear arithmetic we should be able to find that proof without
an explicit appeal to transitivity or a heuristic guess. Ideally, achieving
this goal should speed up the theorem prover because certain facts are
built-in and because the search space of lemmas is reduced by the
deletion of many derived truths of linear arithmetic. Furthermore,
achieving the goal frees the user from having to bring linear facts to the
system’s attention by proving them as rewrite rules.

Our first attempt at incorporating a linear arithmetic procedure was to
add it as a ‘black-box’ applied to every formula produced by the
simplifier. The procedure took as its input a clause to prove. If the
conjunction of the negations of the literals in the clause is unsatisfiable,
the clause is valid. The linear procedure extracted the inequalities in the
clause, negated them, introduced linearization hypotheses, formed the
set of normalized polynomials and tested the set for unsatisfiability as
described. If the set was not found unsatisfiable, the theorem prover tried
the next proof technique in its repertoire. If the set was found
unsatisfiable, the linear procedure produced as its output a set of clauses,
each obtained by adding the negation of a linearization hypothesis to the
input clause. The theorem prover then recursively set out to prove each
of those ‘pathological’ cases.

- When we applied the modified theorem prover to the 404 definitions
and theorems in Appendix A of Boyer and Moore (1979) the linear
arithmetic procedure contributed to almost no proof except those of
rewrite rules expressing linear facts. That is, when the theorem prover
was working on interesting theorems, the simplifier did not produce many
conjectures that yielded to linear arithmetic.

Here is an example. One of the uninteresting rewrite rules proved by
the linear procedure was named GT.sUB1 and stated that X ~1<X®Y.
The only reason this rewrite rule was in the list was because it was
needed in the proof of an interesting verification condition later in the
list, named rsTRPOS.vC7. The linear procedure in the modified theorem
prover established GT.suB1 immediately but the linear procedure did not
participate in the proof of FsTRPOs.vc7. In fact, the proof of FSTRPOs.vC?
still required the explicit use of GT.sUB1 as a lemma and if that lemma was
absent then the proof attempt failed—even though the ‘lemma was
built-in.

The problem was that while 6r.suB1 was built into the modified
theorem prover it was not built-in in the right place. The proof of
- FSTRPOS.VC7 used GT.SUB1 to relieve a hypothesis of another lemma, not to
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prove a simplified part of the main theorem. In our experience linear
arithmetic reasoning is most often required during term rewriting and is
not terribly useful if its only role is to establish simplified v.c.s.

How can we move the linear arithmetic procedure into the rewriter?
Recall that the rewriter operates in a context of assumptions. Suppose we
wish to establish an inequality—say a hypothesis of a rewrite rule we wish
to apply. We may do so as follows: negate the inequality, conjoin it to
the inequalities among our assumptions, linearize the inequalities to
obtain a set of polynomials, and then apply the cross-multiply and add
procedure to detect unsatisfiability. If the set is found unsatisfiable, the
inequality is valid under our assumptions. (Since assumptions of the form
x #y generate disjunctions of polynomials we will for the time being
simply discard any such assumptions.)

For efficiency, we implement this test incrementally. We store the
assumptions in a pre-processed internal form in which all polynomials
have been maximally ‘propagated’ in the sense that every admissible
cross-multiply and add has been performed. A cross-multiply and add is
admissible under our propagation rules only if it eliminates the ‘heaviest’
multiplicand in both inequalities. For example, because F(G(X)) has
greater - weight than G(X), a cross-multiply and add involving the
polynomial

8+ F(G(X)) - G(X)=0

is permissible only if it eliminates F(G(X)). Thus, if no inequality in the
incremental data base has F(G(X)) occurring negatively as the heaviest
multiplicand we do not propagate the above polynomial even if there are
other polynomials about G(X). Such propagation will occur as soon as
F(G(X)) is eliminated and G(X) is exposed as the heaviest multiplicand.
This reduces the amount of work the procedure does if irrelevant
polynomials are present.

The ‘heavier’ relation is a total ordering on terms. We say ¢, is heavier
than ¢, iff either the number of variables in ¢, is greater than that in ¢,, or
the number of variables in the two are equal but the ‘size’ of ¢, is greater
than that of ¢,, or the number of variables in and the sizes of the two are
equal and ¢, comes later than ¢, in the lexicographic ordering of terms. By
size we mean the number of open parentheses in the unabbreviated
presentation of the term.

When we introduce a new polynomial into a data base and perform all
admissible cross-multiplies and adds, we say we have ‘pushed’ the
polynomial into the data base. The result is a new data base representing
the conjunction of the old assumptions and the new inequality.

If pushing a polynomial destructively modifies the initial data base one
needs a ‘pop’ or ‘undo’ operation; otherwise the attempt to establish a
hypothesis by assuming its negation would permanently alter our
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assumptions. If pushing an inequality does not destructively modify the
data base, the initial data base may be recovered by the usual variable
binding mechanisms. This aspect of the problem detracts from the
efficiency and simplicity of linear algorithms that rely upon destructively
modified cyclic structures (e.g. Shostak, 1978) since the ‘pop’ algorithm is
usually messy. The simple procedure we chose allows the data base to be
an ordered alist (associating polynomials with the heaviest multiplicand in
them) and permits the implementation of a non-destructive push opera-
tion that constructs the new data base from the old using little new
structure.

Using such a scheme we programmed the rewrlter to use the linear
arithmetic procedure when trying to establish inequalities. We found that
while the new system was an improvement over the earlier one, our
goal—of eliminating the need for explicit lemmas expressmg linear
facts—was far from achieved.

The problem arises from the presence of mterpreted functlons Here is
a simple, artificially constructed example. Suppose one needs to prove:

L<MIN(A)A0<K—>L<MAX(A)®K o (4)

‘where MIN(A) and MAX(A) are defined as the minimum and maximum
elements of A. This theorem is not a consequence of linear arithmetic; in
particular, since MIN and MAX are treated as uninterpreted function
symbols (4) is treated as though it were:

L<MINAO<K— L<MAX®K. |
However, if one adds to (4) the additional hypothesis’that
MIN(A) < MAX(A) ' o 5)
the resulting linear arithmetic problem is equlvalent to
L<MINAO<K A MIN <MAX— L <MAX®K,

which is a theorem.

To use a linear arithmetic procedure to prove formulas like (4) it is
necessary to identify ‘interesting’ additional - hypotheses like (5) to
connect multiplicands in the linearization of the goal.

Many readers may object that we should not be trying to use linear
arithmetic to prove formulas like (4). But what is the alternative? If we
do not use our built-in linear arithmetic procedure we are forced to
derive (4) from (5) and explicit linear facts such as the transitivity of <.
But if linear arithmetic procedures are to be useful to larger systems they
should free the larger system from having to consider the truths of linear
arithmetic (such as transitivity). If we do not extend our handling of
linear arithmetic to take into account lemmas about ‘non-linear’ function
symbols then the only way we will prove many arithmetic facts is to
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ignore the work on linear procedures altogether and return to the
heuristic instantiation and chaining methods rejected earlier.

How shall we take into account facts about defined functions? We
decided that if after a polynomial has been pushed into the data base no
contradiction was found we would look at the multiplicands in the data
base and try to link them via additional inequalities obtained by
instantiating previously proved lemmas. We call this ‘augmenting’ the
data base. For example, if we have previously proved that:

MIN(S) < Max(S)

and construct a linear data base containing the multiplicand MIN(A) or
Max(A) we might push the polynomial obtained from MIN(A) <MaX(A).

Of course, as Herbrand knew, the problem of which instances of which
lemmas to consider is the heart of the theorem-proving problem. We
therefore implemented heuristics to control the instantiation of pre-
viously proved inequalities and their addition to the polynomial data
base. For example, a lemma such as X < F(X) is a ‘pump’ that may cause
one to push, successively, N < F(N), F(N)<F(F(N)), etc. Just as with
backwards chaining, one has to decide when to stop trying to add new
multiplicands to the data base. Our heuristic is to use the same criteria
we use to limit backwards chaining, namely, add no multiplicand that is
‘worse than’ every multiplicand in the data base. For example, we might
go around the above loop five times if F?(N) was initially a multiplicand
in the data base. .

The problem is further complicated by the need to consider inequality
lemmas with hypotheses. For example, let MEMB(X, S) be the predicate
that X occurs in the sequence, S, LEN(S) be the length of S, and
DEL(X, §) be the result of deleting all occurrences of X from S. Then the
following lemma links the theory of lists to arithmetic.

MEMB(X, S)— LEN(DEL(X, S)) < LEN(S). )
Suppose we are asked to prove
MEMB(Z, A) A W @ LEN(A) < K— W @ LEN(DEL(Z, A)) <KD V.

The theorem is a consequence of linear arithmetic if we first add the
additional information that:

LEN(DEL(Z, A)) <LEN(A).

To obtain this inequality we must first instantiate (6), replacing X by Z
and S by A [so as to obtain a new inequality about the multiplicand
LEN(DEL(Z, A))], and then relieve the hypothesis MEMB(Z, A). Note that
to relieve the hypothesis we may have to engage in non-arithmetic
reasoning. Therefore, we relieve the hypotheses of ‘linear rules’ like (6)
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by the same methods we relieve the hypotheses of conditional rewrite
rules: we recursively rewrite them under our current assumption.

As a consequence, the rewrite mechanism and the linear arithmetic
procedure are mutually recursive. The rewrite mechanism calls the linear
arithmetic procedure to establish certain inequalities and the linear
arithmetic procedure calls the rewrite routine to establish the hypotheses
of lemmas providing additional information about the multiplicands m
the problem.

6. FURTHER REFINEMENTS

Thus far it has not been crucial to this discussion that we adopted the
simple propagation procedure based on Hodes’s algorithm. Indeed, at
this stage in our actual experimentation we had coded several different
linear arithmetic decision procedures and used them as ‘black boxes’.
However, the attempt to implement the use of ‘linear rules’ required
opening up the black box. In addition, other problems, not yet discussed
in detail, required signiﬁcant modifications to the procedure itself.

One obvious problem is that the heuristic component of the theorem
prover must be able to determine what the multiplicands in the current
data base are. Either the linear arithmetic procedure should construct the
set of multiplicands and make that available outside, or the heuristic
component should know the structure of the internal data base. We chose
the latter because it was most efficient. However, this choice blurs the line
between the heuristic component and the linear procedure.

A second problem arises from the restrictions on the order in which
inequalities are processed by the propagation procedure. Consider our
procedure. It eliminates the heaviest multiplicands first. Thus, it is a
waste of time for the heuristic component to obtain an inequality about
G(X) in response to a polynomial such as 8 + F(G(X)) — G(X) <0.

A related problem is the organization of previously proved inequalities
so that the system can rapidly determine relevant facts about the key
multiplicands in the data base. Suppose we want to pre-process and store
a lemma whose conclusion is an inequality. We store such a lemma so
that it may be accessed according to the function symbols of the terms
that “might, when the lemma is instantiated, become the heaviest
multiplicands in the linearized form of the concluding inequality. For
example, if a lemma concludes with F(X) ® G(Y) <H(G(Y)) DX, we
store it under the function symbols F and H. We further reqmre that each
such ‘key multiplicand’ contain enough of the variables in the lemma so
that if the key multiplicand is instantiated and the hypotheses are relieved
(possibly requiring the instantiation of additional variables) the conclud-
ing inequality is fully instantiated.

Note that the notion that the linear procedure is a black box has been
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destroyed. Once a particular linear procedure has been selected by the
implementor, an extremely large amount of work must be done to
interface to it efficiently. In our case, the time taken to program the
linear procedure was insignificant (one man-day) compared to the time
taken to interface to it (several man-months, not counting the several
man-months devoted to the empirical evaluation of each successive
implementation). It is certainly not possible to substitute one linear
procedure for another. But the worst is yet to come. Much to our dismay
we were eventually forced to modify both the linearization subroutine
and the propagation subroutine to complete the integration. Thus, the
notion that we could choose a linear procedure ‘off the shelf’ is also
destroyed.

It has been found useful by those who write verification systems for the
theorem prover to report which lemmas were used in a proof. Such
information is necessary if the verification system is to permit the user to
redefine or re-axiomatize concepts without having to rederive the proofs
of logically independent results. How can the heuristic theorem prover
determine whether a given linear rule was used? A ‘shotgun’ approach
can be used. That is, when linear arithmetic participates in a proof it can
report that it used every linear rule from which a polynomial was
generated and pushed. But the shotgun approach tends to make proofs
depend upon many irrelevant lemmas. The approach we finally took was
to modify the linearization and propagation subroutines so that every
polynomial in the data base carries with it a record of the linear rules
from which it was derived. This information is propagated in the obvious
way as new inequalities are formed from old ones. When a contradiction
is found it is possible to announce exactly which linear rules were used.

More seriously, the search for ‘interesting’ lemmas and the work
involved in relieving their hypotheses make it more expensive to set up
the data base for a clause initially. Our first approach was as follows. To
rewrite a literal in a clause we pushed into an initially empty data base
the polynomials derived from the negations of the remaining inequalities
in the clause initially. The data base was then closed under the operation
of pushing polynomials derived from heuristically chosen instances of
linear rules after relieving their hypotheses. An arbitrary amount of work
might be done in setting up the data base for the rewriting of a single
literal. Furthermore, the work done to set up the data base for one literal
is often very similar to that done for the adjacent literal. Thus, if there is
a set of ‘expensive’ literals in the clause the work they trigger is
duplicated each time an ‘inexpensive’ literal is set up. We found this
prohibitively expensive and abandoned the idea of setting up a different
data base for each literal.

While trying to prove p it is permitted to assume the negation of p.
Thus, we set up just one data base containing the negations of all the
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inequalities in the clause and closed under linear rules. That data base
was used during the rewriting of each literal.

Of course, while working on the literal p one must be very careful to
avoid using the assumption that p is false to rewrite p to F (This
phenomenon happens often to students learning proof by contradiction.
They assume the negation of what they wish to prove, engage in a long
sequence of steps, and then announce that the ‘theorem is false’.)
‘Accidentally’ replacing a literal by F is sound but risky: the rewritten
literal is dropped from the disjunction being proved and one is forced to
prove a stronger goal which may in fact be invalid and hence unprovable.
When this occurs we say the simplifier has ‘bitten its own tail’. If the
literal being rewritten is assumed false in the context of the rewriter then
special precautions must be taken.

Our first attempt to keep the simplifier from biting its own tail was to
prevent any attempt to push into the data base the literal we are trying to
simplify. This method failed to be effective because the inequality being
pushed might be different but linearly equivalent to the one being
simplified.

The presence of conditional rewrite rules also complicates the situa-
tion. For example, suppose the system knows the lemma:

X<Y>(X®1<Y)o(XD1#Y). | (7)

This permits (X @ 1<Y) to be rewritten to (X @ 1+#Y) under the
condition that X <Y. Suppose the current literal is (A ©1<B). We
assume its complement, A @ 1 < B, and begin simplifying (A © 1 <B).
The rewriter observes that it can use (7) to simplify (AD 1<B) to
(A ® 1+ B) if it can establish A < B. By appealing to linear arithmetic it
derives A < B from A @ 1< B. Therefore, it simplifies 7(A & 1<B) to
A ® 1= B, biting its own tail. We abandoned the hope that we could
easily avoid tail biting when we saw such examples. (Less pathological
examples can be constructed if one considers lemmas about user-defined
function symbols.)

The solution we finally adopted required the further elaboration of the
linear algorithm itself. We programmed the linearization subroutine to
attach to each polynomial the set of literals from which it was derived. In
most cases this is a singleton set containing the inequality literal itself, but
in some cases (as when the linearization depends upon another literal to
relieve linearization hypotheses) it contains multiple literals. We pro-
grammed the propagation subroutine to merge these sets as new
polynomials are formed. Thus, we know which literals are involved in the
derivation of each polynomial in the data base. Finally, we programmed
the propagation subroutine to avoid using any polynomial whose deriva-
tion involves the literal we are currently trying to rewrite or any literal
previously rewritten to F. (The latter restriction prevents another form of

98



BOYER AND MOORE

tail biting. Suppose p and p’ are two equivalent but non-identical
inequality literals. Consider simplifying the clause {pp'}. The polyno-
mial data base contains two equivalent polynomials one descending from
—ip and the other from —p’. While rewriting p, we use the polynomial
descending from —p’ to derive p=F. If we permit ourselves, while
rewriting p’, to use the old polynomial descending from —ip we will bite
our tail.) ‘

Another problem we faced is dealing with the linearization hypotheses.
These hypotheses are generated when inequalities are put into polyno-
mial form and must be relieved (i.e. either by proving them from other
hypotheses or by splitting on them and proving the entire conjecture
assuming each of them false).

For example, if the linear arithmetic procedure is applied to:

W<I=-KAJ<K->W®OI<I

theri, under the hypothesis K <I the formula is found valid. But an
additional case, obtained by assuming that / < K and I~ K =0, must be
proved:

I<KAW<OAJ<K—->WOJI<L

Our first attempt to handle this problem took the shotgun approach
again. That is, if the linear arithmetic procedure participated in the
simplification of a clause we added to the simplified clause(s) the
linearization hypotheses for each literal in the input clause. Furthermore,
we produced as new goals additional versions of the input clause in which
each of these added hypotheses is negated. Once again, the advantage to
the shotgun approach is that while we had to modify the subroutine for
putting literals into normal form we did not have to modify the
propagation subroutine itself.

But the difficulty with the shotgun approach was that it caused many
irrelevant splits. For example, suppose the theorem to be proved is:

X<YAIJ<SI-K->X<YODL

The contradiction found is actually derived from the first hypothesis and
the conclusion. The second hypothesis is irrelevant. But the I=-K
expression in it gives rise to the additional case:

X<YAI<KKAJ<0-X=<Y®DI.

This case will be proved exactly as before, but it need not have arisen in
the first place and, in general, reproducing the proof may be quite
expensive because of the need for lemmas. Furthermore, the number of
irrelevant splits grows exponentially with the number of irrelevant
difference or predecessor expressions in the clause. Unfortunately,
irrelevant hypotheses are common in mechanically generated formulas.
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For example, in our system’s first proof of the termination of the
Takeuchi function (Moore, 1979) the proof of one lemma involved 412
cases, many of which were irrelevant.

One solution to this problems is that adopted for the tail biting
problem. If the linear procedure keeps track of which literals are
involved in the derivation of each polynomial, it is possible to report
which literals are involved in the eventual contradiction found. Then one
can split on the hypotheses necessary to obtain the polynomlal for those
literals.

However, one can do better. Recall that an assumptlon such as
I+-J =K gives rise to two inequalities, ] ~J <K and K <I-+/J. If one is
asked to assume I =J <K it is permitted to assume —K —J +I =<0 even
if I<J. That is, the polynomial for the first inequality can be obtained
without any additional hypothesis. However, if one is asked to assume
K <I-J, the polynomial, K +J — I =0, may be obtained only under the
additional hypothesis that J <I. It is possible that only one of the two
polynomials will participate in a contradiction. Thus, in our implementa-
tion of the linearization subroutine we attach to each polynomial its
linearization hypotheses, we propagate that information in the obvious
way, and split on the hypotheses necessary for those polynomials used in
the eventual contradiction found. This eliminates many irrelevant case
splits when dealing with the naturals. For example, in the proof of the
above-mentioned lemma about Takeuchi’s function, 311 of the 412 cases
were eliminated.

There is one remaining aspect of our scheme If is often the case that
the linear arithmetic procedure derives two polynomials —y +x =0 and
y —x =0. That is, under the hypothesis that x and y are both naturals,

_they are equal. While the knowledge of this equality is available to the
linear arithmetic procedure it is not known to the rewriter. Therefore,
after we have set up the polynomial data base for a clause but before we
begin rewriting the literals of the clause, we search the data base for
‘mated’ pairs of polynomials as above and under certam circumstances
add equality hypotheses to the clause.

This concludes the casual description of how we integrated a linear
arithmetic procedure into our heuristic theorem prover. The objective of
these two sections has been to substantiate our assertion that integrating
such a procedure into a larger system is quite difficult and frequently
requires discarding the notion that the procedure is a black box: In
addition, we have attempted to motivate the rather elaborate data
structures and procedures described in Section 8.

7. TWO EXAMPLES

In this section we present two examples illustrating the co-operation
between our heuristic theorem prover and its linear arithmetic procedure.

100



BOYER AND MOORE

The first example comes from our system’s proof of the correctness of
the Boyer-Moore fast string-searching algorithm (Boyer and Moore,
1977). The algorithm searches for the first occurrence of a given pattern
in a given text. Both the pattern and text are strings of characters over a
finite alphabet. The algorithm uses an array that associates with each
character in the alphabet the distance between the last occurrence of that
character in the pattern and the end of the pattern. For those characters
in the alphabet that do not occur in the pattern the array contains the
length of the pattern. A previously verified subroutine initializes this
array. In particular, after the call of this subroutine the Cth element of
the array is known to be DELTA1(PAT, LP, C), where DELTAI1 is defined
recursively to be the distance specified above, PAT is the input pattern
and LP is the length of PAT. DELTAI1 is another example of an interpreted
function symbol needed to specify a program. An interesting inequality
involving DELTA1 is DELTA1.LESSEQP.PATLEN, which states that
DELTA1(PAT, LP, C) <LP. This result can be proved by induction on
LP.

Repeatedly during the execution of the string-searching algorithm the
current index into the text, I, is incremented by the Cth element of the
above array. One must prove that this addition does not cause an
arithmetic overflow. The input assertion of the program assures us that
the sum of the length of PAT, LP, and that of the text, LT, is less than
or equal to the maximum representable positive integer, MAXINT. Fur-
thermore, at the time of the increment we know that I is less than or
equal to LT. We must prove:

LPB®LT<MAXINTAI<LT

—_
I @ pELTA1(PAT, LP, C) < MAXINT.

This is not a consequence of linear arithmetic alone. However, after
pushing the above inequalities into the data base, DELTA1(PAT, LP, C) is
a heaviest multiplicand in an inequality in the data base. By appealing to
DELTA1.LESSEQP.PATLEN we obtain the additional information that
DELTAI(PAT, LP, C) < LP, from which the above conjecture follows by
linear arithmetic.

A second example comes from our program’s proof that a certain
tree-normalization algorithm terminates. The proof involves showing that
the measure Ms of the nested ordered pair ((a, b), ¢) is strictly greater
than ms of {(a, (b, c¢)), where Ms is defined by the user as follows:

ms(atm) = 1, if atm is not a pair, and
Ms{({x, y)) = Ms(x) X ms(x) D Mms(y)
where X is the Peano multiplication function.
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Note that by induction one can prove 0 <ms(X).
Consider our goal:

Ms({a, (b, €))) <ms({(a, b),¢)). , ®)

After simplifying by expanding the definition of Ms several times and
applying such previously proved arithmetic rewrite rules as the as-
sociativity and commutativity of addition and the distributivity of
multiplication over addition the goal becomes: :

ms(c) & Ms(a)2 &) Ms(b)2 < Ms(c) D ms(b)* D2 x Ms(a)2 } o
x Ms(b) D ms(a)t, (9)
where Ms(x)? is an abbreviation for Ms(x) X mMs(x) and Ms(x)”’“1 forn>1,
is an abbreviation for Ms(x) X ms(x)".

Upon trying to simplify the above inequality we push into an empty
data base the polynomial obtained from its negation:

ms(a)* + 2 * Ms(a)? X mMs(b) — Ms(a)* =<0
from which we hope to derive a contradiction. No linear contradiction is

found. Therefore we note that ms(a)* is the heaviest multlphcand and
search for linear rules about X. We find the linear rule

0<I-JI<IxJ
and instantiate it by replacing I with mMs(a) and J with Ms(a)® to produce:
0 < ms(a) — ms(a)® < ms(a)*.
The hypothesis is rewritten to T by appealing to 0 <ms(X). We then
heuristically decide whether we wish to push the polynomial produced
from the concluding inequality. Even though it contains ms(a)?, which is
a new multlplxcand we decide it is no worse than the existing ms(a)*

[indeed, it is a subterm of ms(a)*]. By pushing the concluding polynomial
into the data base and cancelling it against the negated goal we obtain:

2% Ms(a)?yx Ms(b) + ms(a)® — ms(a)* =< 0.

No contradiction is found so we again look for linear rules about the
heaviest multiplicands. Ms(a)2 X Ms(b) is the heaviest multlphcand in the
new polynomial [since it is the same size as Ms(a)* but b is lexicographi-
cally larger than a]. We appeal to the same lemma about X, relieve the
hypothesis in exactly the same way as before, once again approve the
new conclusion as being no worse than existing polynomials and push:

—Ms(a)? x Ms(b) + ms(a) X ms(b) <0.
Propagation produces the new polynomial:
ms(a)® + 2 * ms(a) X Ms(b) — ms(a)*=<0.
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Again no linear contradiction is found. This time the heaviest term is
ms(a)®. Appealing again to our lemma about multiplication we obtain and
push the polynomial:

—ms(a)® + ms(a)*=<0.
Cancelling again produces:
2 * Ms(a) X Ms(b) =0.

No contradiction is found. This time the largest multiplicand is ms(a) X
Ms(b). Appealing again to our X lemma we obtain and push:

—ms(a) X Ms(b) + ms(b) <0
which produces
2 xMms(b) =0.

Again no linear contradiction is found. But this time Ms(b) is the heaviest
multiplicand. We search for lemmas about Ms and obtain:

0<ms(b)
which, when linearized is

1-wms(b)=0.

Pushing this polynomial produces 2 =0, which is a contradiction. Thus
the goal has been proved.

It takes our system a total of 22.3 seconds to prove the goal, equation
(8). We can break the proof down into two phases: producing from (8)
the fourth-degree polynomial (9), and appealing to linear arithmetic
reasoning to prove (9). The first phase, which consists of expanding the
definition of Ms and applying previous proved rewrite rules, takes a total
of 16.5 seconds. However, five of those seconds are consumed by
attempts to prove the theorem by linear arithmetic before the normalized
polynomial (9) is produced. The second phase—in which the linear
arithmetic interface performs the iterated sequence of pushes and lemma
instantiations leading to the final contradiction—consumes 5.8 seconds.
The times measured are DEC KL-10 c.p.u. seconds consumed while
running compiled INTERLISP (not counting garbage collection times and
the time taken to output the proof). During the four year period this
research was conducted we converted our system from INTERLISP to the
Macuisp family. The MacLisp version of the system runs about twice as
fast as the INTERLISP version. However, all experimental statistics in this
paper are based on the INTERLISP version.

8. THE CURRENT IMPLEMENTATION

In this section we describe precisely the current (if not the final) version
of the linear arithmetic procedure.
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8.1. More background on the rewriter

Since the linear arithmetic procedure is mutually recursive with the new
rewriter, the description of the two are intertwined. We here explain in
greater detail aspects of the new rewriter that are mentioned as we
describe the linear arithmetic procedure.

The rewriter takes a term, a substitution, and a context and returns a
term, a set of linearization hypotheses, and the list of all rewrite and
linear rules used to derive the result. The context specifies, among other
things, some assumptlons and the sense of equality to be maintained by
the rewriter. The primary specification satisfied by the rewriter is that
under the assumptions in the context plus the returned linearization
hypotheses, the output term is equal (in the specified sense) to the
instantiation of the input term with the input substitution. Two senses of
equality are supported: propositional equivalence and identity. Two
terms, p and q, are propositionally equivalent iff either p=F and g =F
or p# F and q # F. Thus, 3 and T are propositionally equivalent. When
rewriting the literals of a clause, the hypotheses of lemmas, and the tests
of 1rs it is sufficient to maintain propositional equivalence only. At all
- other times we maintain identity.

Fundamental to the rewriter and to linearization is the notion of ‘type
sets’ and ‘type alists’.

A type alist is an association list pairing terms W1th ‘type sets’. If ris a
‘shell recognizer’ then we denote by r the set of all x such that (rx)=T;
we call r a fype. For example, TRUEP is the set {T'}, FALSEP is the set {F},
NUMBERP is the set of all natural numbers, and wListe is the set of all
ordered pairs constructed with cons. In addition, we define one addi-
tional type containing all the non-shell objects. A type set is a set of
types. If the term ¢ is associated with the type set {r, -+ - r,} on the type
alist then we are assuming that ¢ is an element of one of the r;’s.

Type alists are used in the rewriter to record the assumptlons
governing the term being rewritten. This mechanism is discussed at
length in Chap. V of Boyer and Moore (1979). When the simplifier
applies the rewriter to a literal it supplies as part of the context a type
alist encoding the assumptions that all the other literals of the clause are
false. ;

In addition to a type alist, the context contains a polynomlal data base,
set up by the simplifier by pushing the negations of all the inequalities of
the clause. The dependence on literals of each polynomial in this data
base is carefully tracked so that the rewriter can ignore polynomials
descending from the current literal and literals previously rewritten to F,
Because of the ubiquity of type sets the rewriter does not record which
type set assumptions were used by a rewrite. This makes it difficult to
" track the dependencies of polynomials derived from linear rules when
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setting up the initial data base and we will describe several kludges to
mitigate these difficulties.

The polynomial data base is used by the rewriter when it encounters an
inequality: if the negation of the inequality, when pushed into the data
base, produces a contradictory polynomial, we rewrite the inequality to
T. But we must note the hypotheses governing the contradictory
polynomial and report them with our final answer if the reduction of this
inequality to T is part of the derivation of that answer. It may not be: the
inequality just established might be the first of two hypotheses of a
rewrite rule. If we fail to establish the second one the work done on the
first is irrelevant.

To keep track of the hypotheses generated by a rewrite, we use a push
down stack called the hyps stack consisting of frames each of which
contains a set of hypotheses. It is assumed that when the rewriter is called
a frame has been pushed onto the hyps stack. The rewriter is imple-
mented so that it adds to the top frame of the stack all of the hypotheses
assumed during the derivation of the answer delivered. For example,
suppose we are rewriting some term ¢ and try to apply a rewrite rule with
hypotheses. Then we push an empty frame on the hyps stack and rewrite
the hypotheses of the rule, accumulating the linearization hypotheses in
the new frame. If all the hypotheses of the rule are relieved and our
heuristics permit us to apply the rule, we pop the new hyps frame off the
stack and union its contents into the frame below (which is accumulating
the linearization hypotheses actually used to rewrite ¢). If, on the other
hand, some hypothesis of the rule is not relieved, we pop the new frame
off the stack and throw its contents away.

A similar stack, called the lemma stack is used to keep track of the
axiom, definition, and lemma names used by a given rewrite.

The context in which a rewrite takes place thus contains:

TA: a type alist encoding the assumption that each literal of the current
clause is false (except the literal we are in the process of rewriting) and,
during recursive calls to the rewriter from within the rewriter, the
assumptions of the truth or falsity (as appropriate) of the tests of Ir’s
governing the occurrence of the term being rewritten.

DB: a polynomial data base encoding the assumption that every
arithmetic literal in the clause is false.

LITS-TO-BE-IGNORED-BY-LINEAR: a list containing the current literal and all
previous literals of the goal clause rewritten to F. Polynomials in pB that
descend from any literal on this list are ignored by the propagation
routine. '

LITS-THAT-MAY-BE-ASSUMED-FALSE: the clause being simplified, during the
initial construction of the linear arithmetic data base.

HEURISTIC-TA: a type alist used for heuristic purposes when setting up
the initial polynomial data base.
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OBIECTIVE: a flag that tells the rewriter whether it should try to rewrite
the input term to 7, to F, or to anything it can. If the rewriter is ‘trying’
to get to T it does not attempt to apply rewrite rules that would replace
the term by F. The flag is used to direct the rewriter’s efforts when trying
to establish the hypotheses of rewrite and linear rules.

ID/1FF: a flag specifying whether identity or propositional equlvalence is
to be maintained. ,

- hyps stack: a stack of frames containing linearization hypotheses.
When the rewriter returns, the assumed hypotheses will have been
unioned into the top-most frame.

lemma stack: a stack of frames contammg lemma names (and literals
from LITS-THAT-MAY-BE-ASSUMED-FALSE used to relieve hypotheses). When
the rewriter returns, the lemmas and literals used will have been unioned
into the top-most frame.

history: a record of the ancestry of the current clause and what proof
techniques were involved in producing each clause in the ancestry.

Other aspects to the context, not relevant to the current discussion,
include such search strategic information as the stack of lemmas through
which we are currently backwards chaining and a flag indicating whether
the term being rewritten is textually within the clause or is part of a
lemma or definition.

In addition, of course, the context 1mphc1tly contains a set of rewrite
rules and linear rules derived from axioms, definitions, and previously
proved theorems. This set of rules is here called the library.

This elaborate notion of ‘context’ is used implicitly not only by the
rewriter but also by the linearization and augmentation procedures.

8.2. Polynomials Co
A polynomial is a five-tuple, {c, alist, hyps, lits, supports). The first field,
¢, is an integer constant. The second, alist, is a list of pairs (¢, k;), where
each ¢ is a term, called a multiplicand, and each k; is an integer, called
the coefficient of the corresponding multiplicand. The pairs in alist are
ordered according to the multiplicands, with the heaviest first, and no
~ two distinct pairs have identical multiplicands. The multiplicand in the
first pair of the alist (the heaviest) is called the key multiplicand of the
polynomial and the sign of the polynomial is the sign of the key
multiplicand’s coefficient. The third field of a polynomial, hyps, contains
a set of terms. The fourth and fifth fields, lits and supports, contain sets
of Lisp objects. (Note: the last three fields all contain Lisp lists treated as
sets. However, we use EQUAL to compare elements in the hyps field but
EQ to compare elements in the other two fields.)

The formula represented by a polynomial with constant ¢, alist
(ty, k1)« ooy {tss kn)), and hyps hy, . . ., K, is

BiA- s Ahy=>ct+kyxty+--+k,*t,=<0.
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The lits field of a polynomial contains the literals linearized to produce
the polynomial or its ancestors. The hyps of a polynomial contain the
linearization hypotheses. The supports field contains a variety of things:
the names of the axioms, definitions, and lemmas used in the derivation
of the polynomial, the literals used to relieve linearization hypotheses or
the hypotheses of rewrite and linear rules contributing to the derivation
of the polynomial, and special marks explained in Section 8.7.

We say a polynomial is impossible iff its constant is greater than 0 and
no coefficient is negative. We say a polynomial is vacuous iff its constant
is less than or equal to 0 and no coefficient is positive. Observe that if a
polynomial is impossible the conclusion of the formula it represents is
contradictory. Similarly, if a polynomial is vacuous then the conclusion of
its formula is trivially true.

8.3. Converting terms to polynomials

The process of converting a literal into one or more polynomlals is called
‘linearization’. Linearization implicitly takes place in a context (as does
rewriting). The linearization of /it is either NIL or a set of sets of
polynomials. If the result is NIL, we draw no arithmetic conclusions from
assuming lit. Otherwise, the answer represents a formula, form, obtained
by disjoining (across the set) the result of conjoining (across each
element) the formulas represented by each polynomial. It is a theorem
that form is implied by the assumptions in the context.

Below we show some examples of literals linearized and the formulas
represented by the answers. In each of the cases below, the lits field of
the polynomials returned is {/it} and the support fields is {}

formula represented by
lit result of linearization
I<J=1I I<J->1+-1*J+2%I=<0
I=J-+1 I<J]->0+-1*J+2%I=<0
I1+J+1 O+1*xJ+-2%I=<0
ISIANTeN=>1+=1%xJ+2%1=<0

TeNS1+1%J+=2x1=0.

In order to describe the linearization process we need three auxiliary
concepts. The first is the notion of the zero polynomial depending on lit,
which is the polynomial with constant 0, empty alist, hyps, and supports
fields, and lits field {lit}.

The other two concepts we ‘mention mformally here and define
precisely after discussing linearization. One concept is that of ‘inserting a
hypothesis hyp into a polynomial p’, which, roughly speaking, is the
construction of a polynomial identical to p except that Ayp is included in
the hyps field. The third notion is that of ‘adding a term ¢ positively (or
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negatively) to a polynomial p’. Roughly speaking, this means construct-
ing a new polynomial by adding ¢ to (or subtracting ¢ from) p. However,
when we add a term to a polynomial we may also insert hypotheses.

Careful treatment of the hypotheses is essential to the utility of our
linear arithmetic procedure. Omitting a hypothesis that is not known to
be true can cause unsoundness. But failure to recognize that a hypothesis
is already known to be true or false can cause unnecessary case splitting
or infinite looping (as the system may case split repeatedly on the same
condition). Exactly how the linearization procedure handles the hypoth-
eses depends upon how the procedure is being used.

- It is useful to distinguish two different occasions on which we linearize
terms. The first, and simpler of the two, is during the process of rewriting
a literal after we have set up our polynomial data base. Linearization is
used both to relieve hypotheses of rewrite rules and to augment the data
base. But the data base produced by pushing the polynomials is not
saved—we are only looking for a contradiction. Hence we need not track
our dependency on literals and can use the type alist, TA, supplied by the
context of the rewriter, to check the truth or falsity of some linearization
hypotheses. If a hypothesis is true under TA we need not include it. If it is
false we should avoid producing a polynomial requiring its truth, -

The second occasion we use linearization is when we are setting up the
initial data base. In this case we must track our dependencies on literals
very carefully to avoid tail biting. During the initialization of the data
base we therefore use a context in which TA is empty—preventing the
unreported use of type set information—and use LITS-THAT-MAY-BE-
ASSUMED-FALSE and HEURISTIC-TA to determine the truth or falsity of
some linearization hypotheses. For example, if the complement of a
required linearization hypothesis is in LITS-THAT-MAY-BE-ASSUMED-FALSE
(which, recall, is the clause being proved), then we need not include it in
the hyps field of the polynomials but must include it in the supports field.

Looking for a hypothesis or its complement in LITS-THAT-MAY-BE-
ASSUMED-FALSE is not as powerful as computing its type set. For
example, the type set mechanism could deduce the truth of (NUMBERP ()
from the assumption ¢=A @ B. Nevertheless, we have adopted this
approach because we must know which literals in the clause are being
used when a required linearization hypothesis is omitted. However, recall
that if we believe a hypothesis is false we simply avoid producing a
polynomial requiring its truth. The soundness of the theorem prover is
unaffected by the validity of our belief that a hypothesis is false: at worst
we deny the system access to information it could have used. In this case
it is irrelevant to track dependencies, since no polynomial is produced.
Thus, we can afford to use a type alist as a heuristic device to avoid the
production of certain polynomials. This is the role of HEURISTIC-TA in the
context and it encodes the negations of all the literals of the clause. -
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Except where noted, all type set computations are done with respect to
TA.

We say a term ¢t is possibly numeric if the type set of ¢ under
HEURISTIC-TA (or, if HEURISTIC-TA iS NIL, under TA) is {NUMBERP}.

The positive (or negative) linearization of a literal lit is either NIL or a
set of sets of polynomials as described below. In the description below we
handle the positive case only. The negative case is identical to the
positive case for the complement of /it with one exception: the lits field of
all the polynomials constructed contain /it rather than its complement.

If any polynomial in any element of the answer contains F in its hyps
field we delete that polynomial from the element.

If lit is of the form (LEssp lhs rhs) the answer is {{poly}} where poly is
the result of adding the term (ADD1 lhs) positively to the result of adding
the term r.h.s. negatively to the zero polynomial for /it.

If lit is of the form (EQUAL ks rhs) and either Ihs or rhs is possibly
numeric, the answer is {{ poly; poly,}} where poly, is the result of adding
lhs positively to the result of adding r.h.s. negatively to the zero
polynomial for lit, and poly, is obtained by the symmetric procedure
(swapping the roles of /hs and rhs).

If lit is (Not (LESsP lhs rhs)) the answer is {{poly}} where poly is the
result of adding rhs positively to the result of adding lhs negatively to the
zero polynomial for lit.

If lit is (Not (EQUAL lhs rhs)) and either lhs or rhs is possibly numeric,
then let poly, be the result of inserting (NUMBERP /is) and (NUMBERP rhs)
hypotheses into the result of adding (app1 lhs) positively to the result of
adding rhs negatively to the zero polynomial for /it, and let poly, be
obtained by the symmetric procedure (swapping the roles of ks and rhs).
If poly, is impossible, the answer is {{poly;}} where poly; is obtained
from poly, by adding to its hyps field those of poly,; if poly, is impossible,
the answer is {{poly1}} where poly] is obtained from poly, by adding to
its hyps field those of poly,; otherwise the answer is {{ poly,}{poly,}}.

If none of the above four cases obtains, the answer is NIL.

This concludes the definition of linearization.

The result of adding a term to a polynomial involves manipulating the
alist of the polynomial (and possibly the hyps field). The following
subsidiary concept is used:

The result of inserting a term t with a coefficient of n into the alist field
of a polynomial poly is the polynomial that results from poly by
modifying its alist as follows. If the type set of ¢ does not include
NumBeRp, do not modify the alist (since our arithmetic functions coerce
non-NUMBERP arguments to 0); if there is a pair with multiplicant ¢ in the
alist, increment the coefficient of that pair by n; otherwise, add the pair
(t, n) to the alist (maintaining the previously noted ordering of entries).

The result of adding a term t with parity p to a polynomial poly is the
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polynomial obtained as follows:

If ¢ is a constant, then if ¢ is a natural number, increment (decrement)
the constant of poly by ¢ (according to whether p is positive or negative)
and return the result; otherwise return poly (since non-NUMBERPS are
coerced to 0).

If ¢ is (ADD1x), increment (decrement) the constant in poly by 1
(according to whether p is positive or negatxve) and add x with parity P to
the result.

If t is (suB1 x), then if p is positive: decrement the constant in poly by 1
and add x with parity p to the result; otherwise p is negative: insert the
hypothesis (NoT (LEsspx 1)) into poly, increment the constant in the
resulting polynomial by 1, and add x with parity p to the result.

If tis (pLUs x y), add y with parity p to the result of adding x with parity
p to poly ;

If ¢ is (DIFFERENCEX y), then if p is positive: add x posmvely to the
result of adding y negatively to poly; otherwise p is negative: insert the-
hypothesis (NoT (LEsspxy)) into poly and then to the result add x
negatwely to the result of adding y positively.

If t is (TIMEsnx), where n is a natural number, insert x with a-
coefficient of n (or —n) (according to whether p is positive or negatlve)
into the alist field of poly and return the result.

Otherwise, insert ¢ with a coefficient of 1 (or ~1) (according to whether
p is positive or negative) into the alist field of poly and return the result.

This completes the definition of how to add a term to a polynomial.

_The result of inserting the hypothesis hyp into a polynomlal poly is
obtained as follows.

If hyp is (Not (LEssPx 1)) and the type set of x is {NUMBERP} insert the
hypothesis (NoT (EQUAL x 0)) into poly instead and return the result.

If hyp is (NOT (Lessp x 1)) and the complement of (NUMBERP x) occurs as
some literal lit in LITS-THAT-MAY-BE-ASSUMED-FALSE, add lit to the supports
field of poly and return the result.

If hyp is (NOT (EQUAL (DIFFERENCE 4 v) 0)), insert the hypothems (uzssp
v u) into poly and return the result.

If hyp is (NoT (EQUAL (ADD1 x) 0)), return poly.

If hyp is (NoT (EQUAL n 0)) where n is any constant other than 0, return
poly.

If hyp is (NoT (EQUAL 0 0)), insert the hypothesis F into poly and return
the result.

If the type set of hyp is {TRUE}, return poly.

If the type set of hyp does not include TRUE, insert the hypothesis F
into poly and return the result.

If the type set of ¢ (computed with HEURISTIC-TA) does not include TRUE,
insert the hypothesis F into poly and return the result.

If the complement of hyp occurs as some member, lit, of LITS-THAT-MAY-
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BE-ASSUMED-FALSE, add /it to supports field of poly and return the result.
Otherwise, add hyp to the hypothesis field of poly and return the
result.

8.4. Combining polynomials

Suppose p; and p, are polynomials with the same key multiplicand, ¢, and
opposite signs. Let the coefficients of ¢ in p, and p, be k; and k;,
respectively. By cross-multiplying and adding p, and p, we can form a
new polynomial whose key multiplicand, if any, is smaller than ¢ The
polynomial obtained has as its constant k, * ¢, + k, * c;, where c; and ¢,
are the constants of p, and p,, respectively. The alist of the new
polynomial is obtained from the alists of p; and p, by multiplying each
coefficient in the first by k, and each coefficient in the second by k,, then
merging the two alists (adding together the coefficients of identical
multiplicands and deleting any pair with a 0 coefficient). The hyps, lits,
and supports fields of the new polynomial are the unions of the
corresponding fields of p,; and p, (comparing with EQUAL or EQ as
appropriate).

Observe that if the formulas represented by p, and p, are both true in
the context then so is the formula represented by the result of
cross-multiplying and adding.

For each term ¢ we define the non-negative assumption for t to be the
polynomial obtained by linearizing the theorem 0=¢, i.e. the polynomial
representing 0+ —1 *¢=0, with empty hyps, lits, and supports fields.
Any polynomial with a positive first coefficient can be cross-multiplied
and added to the appropriate non-negative assumption to obtain a true
polynomxal dlffermg from the initial polynomial only in that the first pair
in the alist is missing.

8.5. Pushing polynomials into the data base

Conceptually, our linear arithmetic data base is just a set of polynomials.
To make it easier to find all the polynomials with a given key
multiplicand and sign, we actually partition the data base into ‘pots’
according to their key multiplicands and further partition each pot
according to the sign of the polynomials. We then store the pots in order
according to the weight of the key multiplicands. However, for the
purposes of this paper we treat the data base simply as a set of
polynomials.

The fundamental operation on the data base is to add new polynomials
to it and deduce the consequences by cross-multiplying and adding.
However, recall that during the simplification of a given literal we wish
not to use polynomials that descend from LITS-TO-BE-IGNORED-BY-LINEAR.
We say a polynomial poly is available if no element of LITS-TO-BE-IGNORED-
BY-LINEAR is EQ to any element of the lits or supports fields of poly.
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The result of pushing a set of polynomials s into a data base db is the
closure of the union of db and s under the following two operations:

1. For any available member polynomial x with positive sign, include
the result of cross-multiplying and adding x to the non-negative assump-
tion for the key multiplicand of x, provided that result is non-vacuous.

2. For any two available member polynomials x and y with the same
key multiplicand and opposite signs, include the result of cross-
multiplying and adding x and y, provided that result is non-vacuous. -

The above description fails to describe our code in three respects.
First, because the initial data base is closed under the operations above,
it suffices to consider only the new polynomials and their consequences.
Second, the order in which we combine polynomials is not specified.
Third, since we are seeking to derive an impossible polynomial the code
that closes the data base halts when a cross multiply and add produces an
impossible polynomial. The hyps, lits, and supports fields of the
impossible polynomial found influence the subsequent proof attempt.
Thus, if more than one impossible polynomial can be derived from the
assumptions, the order in which polynomials are combined is relevant.

8.6. Augmenting the data base

In this subsection we explain how we use previously proved theorems to
augment the data base of polynomials.

A linear rule is a four-tuple (name, hyps, concl, max-term), where
name is the user-supplied name of a formula, hyps is a list of terms, concl
is a term of the form (LEssp x y) or (Nor (LEssP x y)), the positive
linearization of concl (under empty TA, LITS-THAT-MAY-BE-ASSUMED-FALSE,
and HEURISTIC-TA) is a singleton set containing a singleton set containing a
polynomial poly, and max-term is one of the multiplicands in the alist of
poly and has the following properties: (a) max-term is not a variable
symbol; (b) the set of variables occurring in concl is a subset of the union
of those occurring in max-term and those occurring in hyps; and (c) no
other multiplicand in the alist of poly has larger size and contains a
superset of the variables occurring in max-term.

Roughly speaking, linear rules are interpreted as follows. Whenever a
new key multiplicand is introduced into the polynomial data base we
search for applicable linear rules, finding each rule whose max-term can
be instantiated to yield the key multiplicand in question. When we find
such a rule we attempt to establish, by rewriting, the corresponding
instance of each of the hypotheses in the hyps of the rule. Provided we
succeed, we rewrite the appropriate instance of the concl of the rule and
linearize it to obtain a polynomial. We then modify the hyps and supports
fields of the polynomial to take into account the hypotheses assumed and
lemmas and literals used during the rewriting. Then, provided certain
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heuristic conditions are met, we push the resulting polynomial into the
data base.

The restrictions on max-term above are motivated by two considera-
tions. First, we want to ensure that once the variables in a maximal term
are instantiated (by the pattern match with a key multiplicand) and the
hypotheses are relieved (possibly instantiating variables occurring in hyps
but not in max-term), then every variable in concl is instantiated. Second,
since the polynomial produced from the instantiated conclusion can only
be used to cancel its heaviest multiplicand, we try to select as our
max-terms only those terms which might, under suitable instantiation,
become the largest.

Linear rules are added to the system’s library of rules whenever
certain user-supplied formulas are proved. Suppose the user submits
to the theorem prover a conjecture named name of the form
(ivpLIES hyp concl). Suppose further the conjecture was tagged as a
rewrite rule. Let hyps be the result of flattening the AND structure of hyp,
i.e. the conjunction over hyps is hyp. If the conjecture is proved, we
store in our library each four-tuple (name, hyps, concl, t) that is a linear
rule. Actually, the recognition of candidate theorems is more sophisti-
cated. For example, a simple (LEssP x y) or (NOT (LESSP x y)) theorem is
recognized as a candidate and hyp defaults to T. If concl is a conjunction,
we strip out the individual conjuncts and look for inequalities. These
details are unimportant in this paper.

Before linearizing the instantiated conclusion of a linear rule we
rewrite it to put the terms into normal form under the current set of
rewrite rules. However, rather than rewrite the entire conclusion, we
rewrite merely the two sides of the inequality to avoid applying linear
arithmetic to the conclusion before we have normalized the terms.

The rewritten form of term under substitution s, where term is a term of
the form (LEssP lhs rhs) or (NOT (LESSP lhs rhs)) is obtained as follows. Let
lhs' and rhs' be obtained by rewriting lhs and rhs, respectively, under the
substitution s. If concl is (LEssp lhs rhs), the rewritten form is (LEssP [hs’
rhs'), otherwise, it is (NOT (LEssP lhs' rhs')).

Pushing a linear rule (name, hyps, concl, max-term) for multiplicand t
into a data base db produces a data base as follows. If db contains an
impossible polynomial, return db. If there is no substitution s on the
variables of max-term such that s applied to max-term is t, return db.
Otherwise, push new frames onto both the lemma stack and the hyps
stack, and, using db as DB, attempt to relieve the hypotheses Ayps. This
either fails or succeeds and delivers an extension s’ of s and modifies the
top frames of the two stacks. If the attempt fails, pop and discard the two
frames added and return db. Otherwise, pop the lemma stack and let
lemmas be the resulting set of items. Pop the hyps stack and let hyps be
the resulting set of terms. Let {{poly}} be the positive linearization of
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the rewritten form of concl under s'. If for any reason the linearization
does not produce such a structure or if there is a multiplicand in the alist
of poly that is distinct from, as large as, and ‘worse than’ every key
multiplicand in db, then return db. (We use the same sense of ‘worse
than’ defined on p. 110 of Boyer and Moore, 1979.) Otherwise, let poly’
be obtained from poly by setting the hyps field to the union of the hyps of
poly and hyps, and setting the supports field to the union of {name} and
lemmas. Return the result of pushing poly into db. :

The result of augmenting a data base db with linear rules for a set of
multiplicands s is a polynomial data base constructed as follows. If db
contains an impossible polynomial, return db. If s is empty, return db.
Otherwise, let db’ be the result of iteratively expanding db by pushing
into it each linear rule about any multiplicand in s. Return the result of
augmentmg db' with linear rules for every non- vanable key multlpllcand
in db’ that is not a key multiplicand in db.

The resulting of pushing a set of polynomials s into a data base db and
augmenting with linear rules is the data base constructed as follows. Let
db' be the result of pushing s into db. Return the result of augmenting
db' with linear rules for all non-variable key multiplicands in db that are
not key multlplxcands in db

8.7. The interface between linear arithmetic and rewriting

In this subsection we describe the operation of pushing terms (as opposed
to polynomials) into a data base and augmenting with lemmas. This
operation is the entry to the linear arithmetic procedure from the rest of
the simplifier. It is used both to construct the initial data base and to
rewrite inequalities by showing they contradict our previous assumptions. -

Given a data base encoding our current linear assumptions and a list of
terms to assume true (or false) we desire to construct a new data base
containing the conjunction of the old and new assumptions. If each term
linearized into a conjunction of polynomials the task would be simple:
linearize each term, push each polynomial produced and then augment
the data base with linear rules. However, some terms, e.g. I#/J,
linearize to a disjunction of polynomials: either I <J or J <I. A single
data base cannot, in general, represent the assumption / #J. However, if
I <J contradicts other assumptions, we can push J <1/, and vice versa.
Our initial implementation simply ignored disjoined polynomials, but we
found several cases where that prevented proofs. We dismissed as too
expensive (without even implementing it) the much stronger approach of
producing a data base for each combination of alternatives and carrying
out the desired simplifications in each of them.

The result of pushing the list of terms s positively (or negatively) into
the data base db and augmenting with linear rules is the data base
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obtained as follows: linearize each term in s (positively or negatively, as
indicated). Each answer can be classified into one of three categories: it is
a singleton list containing a list of polynomials, in which case we say the
polynomials are conjuncts; it is a doubleton list containing two lists of
polynomials, in which case the doubleton is said to be a pair of
alternatives; or it is neither of the above, in which case the linearized
term was not recognized as an arithmetic equality or inequality. Let db’
be the result of pushing all of the conjunct polynomials into db and
augmenting with linear rules. Then, iteratively expand db’ by considering
each pair of alternatives {poly-Ist; poly-Ist,} and doing the following: if
the result of pushing poly-Ist, into db’ and augmenting with linear rules
contains an impossible polynomial, modify the hyps and supports fields of
the polynomials in poly-Ist, by unioning into them the hyps and supports
fields (respectively) of the impossible polynomial found, and then replace
db' by the result of pushing the modified poly-Ist, into db’ and
augmenting with linear rules; otherwise (if pushing poly-ist; produced no
contradiction), perform the symmetric test with poly-Ist, and modify and
push poly-Ist, if a contradiction is found; otherwise, do not expand db’
on this iteration. When all alternatives have been considered, return the
final db’. ,

As described above the consideration of the alternatives is needlessly
expensive: if pushing poly-Ist; into db’ does not lead to a contradiction
but pushing poly-Ist, does, we push poly-Ist; into db’ again after
modifying its hyps and supports. Of course, the data base produced by
pushing the modified poly-Ist; is exactly the same as that produced by
pushing poly-Ist, except that the consequences derived from the modified
poly-Ist; have additional hyps and supports. But pushing and augmenting
can be quite expensive since it causes conditional rewriting and back-
wards chaining. Our implementation avoids the near-duplicated pushes
by putting a unique mark in the supports field of poly-ist, before it is
pushed the first time. Because of the way the supports field is propagated
by cross-multiplication and adding, every consequence deduced from
members of poly-Ist; is marked in the resulting data base, db;. If db;
does not contain a contradiction but pushing poly-ist, into db' does, we
visit every marked polynomial in db; and update the hyps and supports
fields with those from the contradiction found with poly-Ist,.

8.8. Rewriting terms and relieving hypotheses

We now complete our description of how the rewriter has been modified
to use linear arithmetic.

At the point in rewriting where we used to ‘rewrite with lemmas’ (p.
122 of Boyer and Moore, 1979) we now try linear arithmetic first,
provided the atom of the term being rewritten is a LESSP Or EQUAL
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expression and the objective of rewriting is either to show the term T or
to show it r. If the objective is to show the term T, we push the term
negatively into pB and augment with linear rules. If the resulting data
base contains an impossible polynomial, poly, we add to the top frame of
the hyps stack the terms in the hyps field of poly, add to the top frame of
the lemma stack the items in the supports field of poly, and return T as
the value of the rewritten term. If, on the other hand, the objective is to
show the term F, we do the symmetric operatlon

In an earlier implementation we tried using linear anthmetlc to

- simplify LESSP or EQUAL terms even when the objective was not T or F. In
particular, we first tried pushing the term positively and if that produced
no contradiction, we tried pushing it negatively. To our surprise, this
increased the total number of conses used during the proofs of the
theorems in Appendix A of Boyer and Moore (1979) from roughly 6
million to roughly 10 million without significantly shortening the proofs
produced. We therefore abandoned the idea of using linear arithmetic
except when we had a clear objective to establish.

The remaining changes to the rewriter are motivated by the need to
track accurately which literals are being used when we augment the initial
data base with linear rules. To prevent surreptitious use of type
information, we set TA to NIL dunng the construction of the data base.
This cripples the rewriter described in Boyer and Moore (1979) since it
has no assumptions with which to work while trying to relieve the
hypotheses of linear rules. We use LITS-THAT-MAY-BE-ASSUMED-FALSE tO
encode assumptions in a way that permits us to track dependencies.

As noted on p. 124 of Boyer and Moore (1979), just before the
rewriter returns its answer, ans, it asks whether ans has typeset (TRUEP}
or {FALsEP} under TA and, if so, returns T or F, as appropriate, instead.
Now we ask, in addition, whether ans is EQUAL to some member, lit, of
LITS-THAT-MAY-BE-ASSUMED-FALSE. If 50, we return F instead, but we add LIt
to the top frame of the lemma stack. That literal will ultimately be
deposited in the supports field of any polynomial depending on this
rewrite. Similarly, if the complement of ans occurs in LITS-THAT-MAY-BE-
ASSUMED-FALSE we return T instead and store the corresponding
lit in the lemma stack, provided that ans is Boolean valued or that
the sense of equahty to be preserved by thls rewrite is proposmonal
equivalence.

As noted on p. 122 of Boyer and Moore (1979), when we are trying to
-relieve a hypothesis hyp under some substitution s and s does not
instantiate every variable of hyp we use Ta to try to extend s to make the
instantiation of hyp true. We now use LITS-THAT-MAY-BE-ASSUMED-FALSE in
an analogous way, recording on the lemma stack the literals used. In
addition, if any hypothesis to be established is on LITS-THAT-MAY-BE-
ASSUMED-FALSE we abandon the attempt to relieve the hypotheses.
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8.9. Deriving equalities from the data base

In this subsection we define the concepts necessary to describe how we
generate from the polynomial data base equality literals to add to the
clause being proved.

We say a polynomial p isolates t; positively (or negatively) iff ¢; is a
multiplicand in the alist of p, the coefficient, k;, of ¢ is positive
(negative), the constant of p and all coefficients other than that of ¢ are
negative (positive) and multiples of k;, and the lits field of p is not a
singleton set containing a negated equality.

Note that if a polynomial with constant ¢ and alist
({t1, k1)« . ., (tas kn)) isolates ¢ positively then the concluding in-
equality in the formula represented by the polynomial can be put into the
form:

‘tisc’+ki*t1+"'+k,{-1*t,'_1+k,!+1*ti+1+"'+k,’,*tn,

where ¢’ and the k;’s are all natural numbers. We call ¢ the isolated term
of the polynomial and

(PLUS ¢’
(TIMES kity) -+ -
(TIMES k!_, £;_y)
(TIMES ki1 ti41) . .
(TIMES £, t,))

the conglomerated term corresponding to t.

The result of multiplying (or dividing) a polynomial poly by an integer n
is a five-tuple <c, alist, hyps, lits, support >, where c is the constant of
poly multiplied (or divided) by n, alist is obtained from the alist of poly
by multiplying (or dividing) each coefficient by n, and the remaining
fields are those of the same name in poly. Multiplying a polynomlal by n
produces a polynomial. Dividing a polynomial by n produces a polyno-
mial only if # divides the constant and each coefficient.

We say a polynomial poly, is a complementary multiple of a polynomial
poly, iff there is a negative integer n such that the result of multiplying
poly, by n is poly,.

We say two polynomials, poly, and poly, are mates on a term t iff poly,
isolates ¢ (positively or negatively) and poly, is a complementary multiple
of the result of dividing poly, by the coefficient of ¢ in poly;.

If a data base contains two mates, poly, and poly,, on a term ¢ then,
under the conjunction over the union of the hypotheses in the two
polynomials, we can derive an equation between ¢ and its corresponding
conglomerated term. In the next subsection we describe how we process
mated polynomials.
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8.10. Simplifying clauses

Roughly speaking, to simplify a clause we first set up a polynomial data
base derived by assuming all the literals of the clause false. If the data
base contains an impossible polynomial we are done. Otherwise, we look
for mated polynomials and process them. If we find no mates, we sweep
the clause from left to right rewriting each literal in turn, using the
polynomial data base previously set up but ignoring certain polynomials
in it. At each stage we must deal with the linearization hypotheses arising
from polynomials we have used.

The polynomial data base for the clause cl is constructed as follows.
First, we bind LITS-THAT-MAY-BE-ASSUMED-FALSE tO ¢/, HEURISTIC-TA to the
type alist encoding the falsity of every term in ¢/, TA to NiL, and
LITS-TO-BE-IGNORED-BY-LINEAR to NIL. Then we push ¢! negatively into the
empty data base and augment it with linear rules and return the result.

If a clause is a consequence of simple linear arithmetic, the polynomial
data base will contain an impossible polynomial. However, because TA is
NIL during the augmentation of the polynomial data base we sometimes
fail to find contradictions (involving linear rules) that would be found if
TA contained the negations of all the literals. Therefore, when we simplify
a clause we take time out to augment the data base under the stronger
TA, hoping to generate an impossible polynomial. If no contradiction is
found we discard the resulting data base since it contains ‘hidden’
dependencies.

The control structure of clause simplification exploits the fact that
clauses are represented by sequences, not sets. In addition, we must
agree upon a way to mark the ‘current literal’ in a clause. We will
continue to use set brackets to denote clauses but will consider the
objects described to be sequences and will attach importance to the order
of the literals. When we use the ‘union’ operator, U, in connection with
clauses, we mean concatenation. The ‘current literal’ of a clause will be
enclosed in square brackets. Thus, {p [g] r} is a clause whose first literal
is 7p and whose current literal is ¢. :

“The result of splitting the clause {...p[q]r...} on hy, ..., h,is the
set consisting exactly of each clause of the form {... p h; q [r] ...},
where 1=<i=n. If there is no literal r to the right of the selected literal g
in the input, the clauses in the output set have no selected literal.

The result of adding the hypotheses hy, . . ., h, to the clause {.. . p [q] r
...}istheclause {...p"h;... "k, [q]r...}. ,

The result of splicing the clause segments seg,, . . ., seg, in place of the
selected literal in {... p [q] r ...} is the set consisting exactly of the
clauses {...p}Useg,U{[r]...}, where 1=i=n. If there is no literal r to
the right of the selected literal g in the mput the clauses in the output set
have no selected literal.
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We now define the heuristic for controlling the introduction of derived
equalities and the way we handle the hypotheses generated by the
derivation.

The heuristics for equality introduction for two terms ¢ and ¢’ is the
condition that the type set of both ¢ and ¢’ contains NUMBERP and that no
clause in the ancestry of the clause being simplified is a ‘result of adding
the equation of ¢ and ¢” as defined below. (Every clause processed by the
theorem prover comes with a complete history of its derivation, including
its parent and the operations that produced it.)

The result of introducing into a clause cl the equality between t and t'
derived from two polynomials poly, and poly, is the union of §; and S,
defined below. Let hyps be the result of unioning together the hyps fields
of the two polynomials and then adding the term (NUMBERP #) (unless the
type set of ¢ is {NuMBERP}) and the term (NUMBERP ¢') (unless the type set
of t’ is {NUMBERP}). S, is the singleton set containing the result of adding
the hypothesis ¢ = ¢’ to the result of adding the hypotheses hyps to cl. S; is
the result of splitting ¢/ on hyps. We say every clause in §; and S, is a
result of adding the equation of t and t'.

To sweep a clause cl, {... p [q] r ...}, construct a set of clauses as
follows. If there is no selected literal, return {c/}. Otherwise, let TA be
the type alist obtained by assuming false every literal in ¢/ except the
selected literal, q. Let LITS-THAT-MAY-BE-ASSUMED-FALSE and HEURISTIC-TA
be NiL. Let LITS-TO-BE-IGNORED-BY-LINEAR be the list containing g and every
literal to its left in cL, that ‘rewrote to F as defined below. Push empty
frames onto both the hyps stack and the lemma stack. Let g’ be the result
of rewriting g. If ¢' is ¥, we say q rewrote to ¥. Pop and discard the top
frame of the lemma stack. (Actually, the names in that frame are
accumulated and eventually printed as part of a description of the proof.
In addition, they are used to build a dependency graph when the system’s
library is updated at the end of successful proofs.) Pop the top frame of
the hyps stack and let hyps be the set of terms in that frame.

Let segs be the set of clause segments obtained by normalizing the 1Fs
in ¢’ and splitting out each branch, as shown on page 124 of Boyer and
Moore (1979). For example, if ¢’ is (G (i a b c)) then we obtain two
clause segments {7a (Gb)} and {a (Gc¢)}. The final answer is obtained by
recursively sweeping each clause in the union of S, and S, (defined below)
and unioning together the results. S, is the result of splicing segs in place
of the selected literal in the clause obtained by adding hyps to cl. S, is the
result of splitting ¢/ on hyps.

To simplify a clause, cl, construct a set of clauses as follows. Select the
first literal of cl as the current literal. Let pB be the polynomial data base
for cl. If there is an impossible polynomial, poly, in DB, return the result
of splitting ¢/ on the hypotheses of poly. Otherwise, let TA be the type
alist obtained by assuming all literals of ¢! false. If there is an impossible
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polynomial, poly, in the result of augmenting pB with linear rules for
every key multiplicand in DB, return the result of splitting c/ on the
hypotheses of poly. If there are two polynomials in DB that are mates on
some term ¢t with conglomerated term ¢’ and the heuristics for equality
introduction are satisfied, return the result of introducing into ¢l the
equality between ¢ and ¢' derived from the two polynomials. Otherwise,
sweep cl and return the result.

9. EFFICIENCY

The incorporation of the linear procedure sketched above has dramati-
cally improved the performance of our theorem prover on arithmetic
problems. For example, compared to the theorem prover described in
Boyer and Moore (1979) the system spends 40% less time processing the
theorems and definitions in Appendix A of Boyer and Moore (1979).

Furthermore, we have been able to eliminate the need for the user to
state explicitly linear facts. Thus, our original objective was achieved.
Among the theorems proved by the latest version of the theorem prover
are the invertibility of the Rivest, Shamir, and Adleman public key

“encryption algorithm (Boyer .and Moore, 1984), Wilson’s theorem

(Rusinoff, 1983), Gauss’s law of quadratic reciprocity (David M. Rusinoff

‘led the theorem prover to Gauss’s law) and the Church-Rosser theorem

(Shankar, 1985). All of these proofs involved a substantial amount of
linear arithmetic reasoning.
We now turn to our observation that theoretical efficiency is not a good

- measure of the utility of a linear procedure in a larger system. Let us

reconsider our decision to use the simple ‘cross-multiply and add’
algorithm instead of more efficient ones. Might our handling of arithmetic
be sped up by the use of another propagatxon algorithm? The answer is
no; an insignificant portion of the time is devoted to the problem of
propagating polynomials through the data base. Consider what else must
be done. Terms must be linearized, the key multiplicands in the data base
determined, interesting lemmas must be selected and instantiated (and
their hypotheses must be relieved by nonarithmetic reasoning) with due
caution for avoiding traps like ‘pumps’, the lemmas, literals, and
hypotheses supporting the derivation of each inequality must be recorded
and maintained, one must avoid biting one’s own tail, one must be able
to ‘pop’ or ‘undo’ the effect of pushing an inequality and all of the linear
rules it introduced, and when a linear contradiction is found one must
handle the additional cases raised by the particular contradiction found.
Consider the wms proof sketched above. Of the total time spent in
arithmetic reasoning in the second phase of the proof (5.8 seconds) only
1.8% (0.119 seconds) is spent propagating polynomials. The rest is spent
taking care of the issues listed above. Thus, the availability of an
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instantaneous oracle for linear arithmetic problems would speed up the
Ms proof by an insignificant amount.

Perhaps more realistic data is that obtained during the proof of the
verification conditions for the FORTRAN version of our fast string
searching algorithm. We regard this set of 53 lemmas and verification
conditions to be quite representative of the verification of practical
programs. The verification conditions establish that the preprocessor
correctly sets up a global comMon array and that the search algorithm
correctly computes the location of the first occurrence of the pattern in
the text, if there is an occurrence, or else correctly announces that no
occurrence exists. Furthermore, the v.c.s establish that there are no array
bounds violations, arithmetic overflows, or other run time errors, and
that both subroutines terminate. To prove these v.c.s the system must
first establish several important lemmas about strings and string search-
ing. These lemmas are proved inductively from the definitions of such
concepts as ‘a string over a finite alphabet’, ‘leftmost occurrence’ and our
peLTA1 function. The definitions themselves are proved satisfiable by the
system before they are admitted. The admission of the definitions, proofs
of the lemmas, and proofs of the v.c.s all require both arithmetic and
non-arithmetic reasoning, as is common in the verification of programs
that compute non-arithmetic functions on arrays and tables (e.g. search-
ing, sorting, hashing).

The total time taken is 1417 c.p.u. seconds (23.6 c.p.u. minutes). We
push terms into the polynomial data base 2637 times. Relatively few
linear rules are available for instantiation. Only once in every six calls
does the augmentation procedure find a lemma that is judged to be
relevant to the data base. (Thus, one can infer that not an inordinate
amount of time is spent pursuing instantiations.) The total time con-
sumed while pushing terms into the data base is 357 c.p.u. seconds, 25%
of the total proof time. But only 38.5 seconds is spent pushing
polynomials. That is, in this fairly representative verification problem, an
instantaneous oracle for linear inequalities would reduce the time in
arithmetic reasoning by 10.7% and would reduce the time for the overall
proof by only 2.7%.

One should not get the idea that the linear procedure is not doing
anything for us. As we have already said, the presence of built-in
arithmetic speeds up the theorem prover dramatically and makes the
system far more rugged when applied to arithmetic problems. But the
timing difference between the simple algorithm and theoretically more
efficient ones is insignificant. Furthermore, it is not necessarily the case
that a more efficient propagation algorithm would make the interface run
faster. In particular, if the faster algorithm used a more complicated data
structure for the data base and required a destructive push operation, it is
probably the case that the interface would spend more time than it does
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now in such activities as popping the data base and exploring it for the
key multiplicands. ‘

10. CONCLUSION

We have made and documented three observations: linear arithmetic is
inadequate for the arithmetic needs of program verification; integrating a
linear arithmetic procedure into a theorem prover for a richer theory is
surprisingly difficult; and the theoretical efficiency of a linear arithmetic
procedure is a poor measure of its utility to a larger system.

We believe these same observations can be made about decision
procedures in general. Let us quickly review our observations while
considering decision procedures.

Decidable theories are inadequate for the specification of most
programs. The situation is improved somewhat by the work of Oppen
and Nelson (1979) which shows how one can construct a system of
co-operating decision procedures for disjoint theories. But in our
experience most theories of use to program verification are not disjoint.
For example, the function LEN connects the theory of lists to that of the
naturals and DELTA1 connects character strings to naturals.

But what makes it hardest to apply the work on decision procedures to
program verification is the presence of user defined functions. DELTAL! is
one example of a function that cannot be anticipated by the designer of
the decision procedure. Other examples we have seen recently are: ‘the
number of times X occurs in Y?, ‘the number of processors that voted for
X, and ‘the length of the non-circular path defined by tracing the non-0
indices stored in the array A starting at location I’. Such functions are
introduced not by the designer of the theorem prover but by the user
when he is confronted with the need to specify a given program. Since
decision procedures for these extended theories are not generally
available, one must have more powerful proof techniques or be forced to
assume the more doubtful conjectures behind a program’s correctness.

But decidable theories are common fragments of the theories used in
the specification of programs. It is thus useful to integrate decision
procedures with the more powerful methods. A natural goal is to make it
unnecessary for the more powerful system to derive from explicit axioms
and lemmas the theorems of the decidable theory. To achieve such
integration is very difficult because one must identify each use to which
the heuristic theorem prover puts axioms and lemmas and make the
decision procedure serve in each of those roles.

Furthermore, the black box nature of the decision procedure is
frequently destroyed by the need to integrate it. The integration forces
into the theorem prover much knowledge of the inner workings of the
procedure and forces into the procedure many features that are unneces-
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sary when the problem is considered in isolation. Thus it is not possible
to substitute one decision procedure for another nor can the selection
(much less the implementation) of the original procedure be entirely
independent of the needs of the larger system.

Finally, the time spent in the interface between the heuristic theorem
prover and the decision procedure may dominate that spent in the
decision procedure itself. Since efficiency in the decision procedure may
not gain much overall, it is often not worth the effort to select more
efficient procedures because of the complicated data structures and
inflexible control strategies they employ to gain efficiency.

When sufficiently powerful theorem provers for program verification
are finally produced they will undoubtedly contain many integrated
decision procedures. But despite the fact that work on decision proce-
dures is elegant, easily published, mathematically pleasing, and demands
rather limited computational resources, the usefulness of that work to
program verification is not easily evaluated. The difference between a
black box and an integrated decision procedure is a lot of work. It is
probably the case that much hard work on any given black box will be
scrapped when the box is torn apart and reassembled inside a larger
system. Indeed, we believe that the work on many procedures is simply
irrelevant to the goal of constructing useful mechanical theorem provers
since the use of a faster procedure will not necessarily speed up the
overall system. We believe that the development of useful procedures for
program verification must take into consideration the problems of
connecting those procedures to more powerful theorem provers.
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Abstract

Many a1 tasks can be formulated as constraint-satisfaction problems
(csps), i.e. the assignment of values to variables subject to a set of
constraints. Recognition of three-dimensional objects, puzzle solving,
electronic circuit analysis and truth-maintenance systems are examples of
such problems, and these are normally solved by various versions of
backtrack search. In this work we show how advice can be automatically
generated to guide the order in which the search algorithm assigns values
to the variables, so as to reduce the amount of backtracking. The advice
is generated by consulting relaxed models of the subproblems created by
each value-assignment candidate. The relaxed problems are chosen to
yield backtrack-free solutions, and the information retrieved from these
models induces a preference order among the choices pending in the
original problem.

We identify a class of csps whose syntactic and semantic properties
make them easy to solve. The syntactic properties involve the structure of
the constraint graph while the semantic properties guarantee some local
consistencies among the constraints. In particular, tree-like constraint
graphs can be easily solved and are chosen therefore as the target model
for the relaxation scheme. Optimal algorithms for solving easy problems
are presented and analysed. A scheme for constructing a ‘best’
constraint-tree approximation to a given constraint graph is introduced
and, finally, the utility of using the advice is evaluated in a synthetic
domain of csp instances.

1. BACKGROUND AND MOTIVATION

1.1. Introduction

An important component of human problem-solving expertise is the
ability to use knowledge about solving easy problems to guide the
solution of difficult ones. Only a few works in a1 (Sacerdoti, 1974;
Carbonell 1983) have attempted to equip machines with similar capabi-
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lities. Gaschnig (1979), Guida and Somalvico (1979), and Pearl (1983)
suggested that knowledge about easy problems could be instrumental in
the mechanical discovery of heuristics. Accordingly, it should be possible
to manipulate the representation of a difficult problem until it is
approximated by an easy one, solve the easy problem, then use the
solution to guide the search process in the original problem.

The implementation of this scheme requires three major steps: (a)
simplification; (b) solution; and (c) advice generation. Additionally, to
perform the simplification step, we must have a simple, a priori criterion
for deciding when a problem lends itself to easy solution. ‘

This paper uses the domain of constraint-satisfaction tasks to examine
the feasibility of these three steps. It establishes criteria for recognizing
classes of easy problems, provides special procedures for solving them,
demonstrates a scheme for generating good relaxed models, and intro-
duces an efficient method for extracting advice from them. Finally, the
utility of using the advice is evaluated in a synthetic domain of problem
instances.

Constraint-satisfaction problems (csps) involve the assignment of
values to variables subject to a set of constraints. Understanding
three-dimensional drawings, graph colouring, electronic circuit analysis,
and truth-maintenance systems are examples of csps. These are normally
solved by some version of backtrack search which may requxre exponen-
tial search time (for example, the graph-colouring problem is known to
be Np-complete).

- The following paragraphs summarize the basic terminology of the

theory of csp as presented in Montanari (1974) and extended by
Mackworth (1977) and Freuder (1982). Some observations are presented
regarding the relationships between the representation of the problem
and the performance of the backtrack algorithm.

1.2. Definition and nomenclature
Formally, the underlying model of a csp involves a set of n vanables

X1, ..., X, each having a set of domain values Dy, ..., D,. An n-ary
relation on these variables is a subset of the Cartesian product:
pngxsz,...,an. g (1)

A binary constraint R;; between two variables is a subset of the Cartesian
product of their domain values, i.e.

R;jeD; X D;. @)

A network of binary constraints is the set of variables Xj, ..., X, plus
the set of binary constraints between pairs of variables and it represents
an n-ary relation defined by the set of n-tuples that satisfy all the
constraints. Formally, given a symmetric network of constraints between
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n variables, the relation p represented by it is:
p={(x1, X2, ..., x,) | x; € D;, and (x;, x;) € R;; for all i, j}. (3)

Not every n-ary relation can be represented by a network of binary
constraints with » variables, and the issues of finding the best approxima-
tion by such network are addressed in Montanari (1974). In this paper we
will discuss only relations induced by a network of binary constraints and
henceforth assume that all constraints are binary and symmetric.

Each network of constraints can be represented by a constraint graph
where the variables are represented by nodes in the graph and the
non-universal constraints by arcs. The constraints themselves can be
represented by the set of pairs they allow, or by a matrix in which rows
and columns correspond to values of the two variables and the entries are
0 or 1 depending on whether or not the corresponding pair of values is
allowed by the constraint. Figure 1(a) displays a typical network of
constraints, where constraints are given using matrix notation as in Figure
1(b).

Several operations on constraints can be defined. The useful ones are:
union, intersection, and composition. The union of two constraints
between two variables is a constraint that allows all pairs that are allowed
by either one of them. The intersection of two constraints allows only
pairs that are allowed by both constraints. The composition of two
constraints, Ry,, Ry; ‘induces’ a constraint R,; defined as follows: a pair
(x4, x3) is allowed by R, if there is at least one value x, € D, such that
(x1, x;) € Ry; and (x2, x3) € Ry3. If matrix notation is used to represent
constraints, then the induced constraint R;; can be obtained by matrix
multiplication:

Ri3=Ry;* Ry, 4)

A partial order among the constraints can be defined as follows:
Ri; < R;; iff every pair allowed by R;; is also allowed by Rj; (this is exactly
set inclusion). In this case we say that R;; is smaller than Rj;. We can also
say that R; is a relaxation of R;;. The smallest constraint between
variables X; and X; is the empty constraint, denoted ®;;, which does not

R12
X4 Xz abec
a/010
b<101
R = : X4 c\010
X3
{a) {b)

Figure 1.
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allow any pair of values. The largest is the universal constraint, denoted
Ui, which permits all possible pairs. A corresponding partial order can be
defined among network of constraints having the same set of variables.
We say that R R’ if the partial order is satisfied for every pair of
corresponding constraints in the networks.

Finally, we define the notion of equivalence among networks of
constraints: two networks of constraints with the same set of variables are
equivalent if they represent the same n-ary relation.

Consider, for example, the network of Figure 2, representing a
problem of four variables, each having the two-valued domain {1, 0}.
The constraints are attached to the arcs and are given, in this case, by a
set of pairs. The direction of the arcs only indicates the way by which
constraints are specified. The constraint between X, and X,, displayed in
Figure 2(b), can be induced by R,, and R,,. Therefore, adding this
constraint to the network will result in an equivalent network. Similarly,
since the constraint R, can be induced from R,; and Ry, it can be deleted
without changing the relation represented by the network. ‘

ot

{a

(a) , - {b)
Figure 2.

The process of inducing relations in a given network makes the
constraints smaller and smaller, while leaving the networks equivalent to
each other. Montanari called the smallest network of constraints which is
equivalent to a given network R the ‘Minimal Network’. The minimal
network of constraints makes the ‘global’ constraints on the network as
‘local’ as possible. In other words, a minimal network of constraints is
perfectly explicit.

Usually a csp problem is described by a network of constraints. A tuple
in the relation represented by the network is called a solution. The
problem is either to find all solutions, one solution, or to verify that a
certain tuple is a solution. The last problem is fairly easy while the first
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two problems can be difficult and have attracted a substantial amount of
research.

1.3. Backtrack for csp
The algorithm mostly used to solve csp problems is Backtrack. Given a
vertical order of the set of variables X, X,,..., X, and a horizontal
order of values in each variable’s domain x;,, x;5, ..., X; s, algorithm
Backtrack for finding one solution is given below:
Backtrack
Begin

1. Assign x;, to X; (if allowed by a unary constraint)

2. k=1

3. whilek=n-1

4. while X;,; has more values /* values x,x,,...,x; were

already selected */

5. choose the first value xc,;; of X,,y, such that
(x4, X2, « « «» Xk Xi41,;) satisfies all constraints

6. then erase (temporarily) Xiy1,1,...,Xk+1,; from domain of
Xyt

7. k=k+1

8. goto 3

9. end

10.  k =k —1 (backtrack since no value at (5) exists)

11.  If k =0 exit, no solution exists

12. end

13. exit with solution

End.
In line 5 of the algorithm all the constraints between X, and previous
variables in the vertical order are checked. The value chosen should be
consistent with all the previous instantiated values under those con-
straints. For Backtrack to find all solutions the above algorithm should be
modified slightly by adding another outer loop and terminating only when
k=0.

Montanari considered the question of finding the minimal network M
of a given network R as the central problem in csps implying that once it
is available the problem is solved. The following two lemmas elaborate
on this issue by relating the minimal network to the Backtrack algorithm,
Lemma 1. Let R and R’ be two equivalent networks such that R’ c R,
then given the same order for instantiating variables, any sequence of
values that is explicated by Backtrack with R’ will be explicated also by
Backtrack with R when Backtrack looks for all solutions.

Proof. The order between the networks implies that any sequence of
values which is consistent under R’ is also consistent under R.
Conclusions: Given a network R and a fixed order of variables’

129



A PROBLEM SIMPLIFICATION APPROACH

instantiation, Backtrack’s performance, when looking for all solutions, is
most efficient on the minimal network, relative to all networks which are
equivalent to R, since it is contained in all of them.

We now show that when the algorithm seeks only one solution then,
with the minimal network, the solution can be found easily in many
cases. Some more definitions are required.

Given an n-ary relation p, representable by a network with n variables,
the projection ps of the relation p on a subset S of the variables is not
always representable by a network with |S| nodes. If for any subset of
variables, S, ps is representable by a network with |S| variables then p is
said to be a ‘Decomposable relation’. Given an n-ary decomposable
relation p, represented by a minimal network M, then for any subset S of
variables the subnetwork of M restricted to the nodes in S, is a minimal
network of ps. In this case M is also said to be decomposable.

For example, the network in Figure 3 is minimal but not decom-
posable. The relation represented by M is:

p={(x1,1, X2,1, X3,1, X4,1), (X1,1, X2,2, X322, X4,2), (¥1,2, X2,2, X3,1, X4,3)}
)

(Note that X is a non-binary variable.)
If S = {X;, X,, X3} it can be shown that

Ps= {(xx,u X2,15 x3,1)a (xl,n X232, X3.2), (X1,2, X2,2, xs,l)} (6)

cannot be represented by a network with three variables. (For more
details see Montanari, 1974.) '
Lemma 2. If M is a minimal and decomposable network then Backtrack
will find one solution without backtracking at all.
Proof. From M’s decomposability it follows that any projection ps has a
minimal network which is the subnetwork of M that is restricted to the
variables in S. Therefore any tuple of a subset of the variables S, that
satisfy all the constraints in the minimal subnetwork is part of an n-tuple
in the n-ary relation represented by M, and therefore it can always be
extended.

The complexity of finding a solution given a minimal and decom-
posable network M, is, therefore, O(n*k) when n is the number of

101 X3

X IIO l
2 010] .
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variables and k is the maximum cardinality of the value domain for all
variables. In the previous example of a non-decomposable minimal
network Backtrack may explore the path x;, x;,, x5, and since it
cannot be extended to a 4-tuple relation satisfying M the algorithm will
have to backtrack. In conclusion we see that when solving a csp, finding
all or one solution is much easier when the minimal network is available.
It is still not clear that it is always easy.

Backtracking and its performance on csps have been extensively
discussed in the Al literature. Most researchers are trying to identify the
major maladies in its performance, to provide a corresponding cure, and
to analyse the results. The discussion can be separated along the
following lines:

1. The problem objectives: finding all or finding one solution

2. Control parameters: controlling the order of variables’ instantiation,
order of values’ instantiation, or manipulating the problem’s repre-
sentation by pruning values or propagating constraints.

3. Cure implementation: performing the cures themselves prior to the
start of the algorithm, as a pre-processing phase, or incorporating them
dynamically into the algorithm while it searches for solution(s).

Mentioning only a few studies, we start with Montanari (1974) who
considered the problem of finding all solutions and discussed the solution
of a problem by propagating the constraints and pruning pairs of values
from them. In light of the previous lemmas his work can be regarded as a
pre-processing phase to a backtrack algorithm. Mackworth (1977) ex-
tended Montanari’s work by considering explicitly Backtrack and trying
to cure its maladies by essentially the same approach, namely, pruning
certain values from a variable’s domains altogether. Haralick and Elliot
(1980) discussed the problem of finding all solutions and examined
various methods of pruning values. They suggested possible lookahead
mechanisms which are incorporated into the algorithm. Freuder (1982)
considered the problem of finding one solution to a csp and provided a
procedure to select a good ordering of variables which is performed in a
pre-processing phase of Backtrack. Other works in analysing the average
performance of Backtrack were reported by Nudel (1983), Purdom and
Brown (1985), and Haralick and Elliot (1980) all estimating the size of
the tree exposed by Backtrack while searching for all solutions.

It seems that the only parameter not considered for controlling
Backtrack’s performance is the order in which values are assigned to
variables. Part of the reason can be explained by the following theorem.
Theorem 1. Given the objective of finding all solutions and given a fixed
vertical order for the instantiation of variables, the search tree exposed
by Backtrack is invariant to the order of the selection of values. (All
search trees which are identical up to an ordering of branches are
considered the same.)

131



A PROBLEM SIMPLIFICATION APPROACH

Proof. Any sequence of values that is explored by Backtrack with
respect to a specific order of variables is consistent under this subset of
variables and it may or may not lead to a solution. The only way
Backtrack can find out if it is extendable to a solution is by continuing to
explore it. Therefore, Backtrack, which tries to find all solutions, will
have to search this sequence for all orders of assigning values.

Similarly, Backtrack when looking for one solution, in a csp that has
no solution, will expose the same search tree under ‘any order of value
assignment, given a fixed vertical order.

The above theorem explains why value-selection strategies were not
devised to improve Backtrack’s performance for the case of all solutions.
In this paper we address the objective of finding a single solution to cses.
Although this problem is easier it can still be very difficult (e.g.
three-colourability) and it appears frequently. Theorem proving, plan-
ning and even vision problems are examples of domains where finding
one solution will normally suffice. For such problems, the order by which
values are selected may have a profound effect on the algorithm’s
performance In the following sections we outline an approach to devise
value selection strategies. .

1.4. General approach for automatib advice generation

In this section we show how the approach of solving difficult problems by
consulting easier versions assists the solution of csps by Backtrack. The
approach will consist of the three steps, mentioned in the Introduction,
i.e. simplification, solution, and advice generation. Following the model
of the A* algorithm that uses heuristics to guide the selection of the next
node of expansion, we now wish to guide Backtrack in selecting the next
node on its path. We assume that the order of variables is fixed and
therefore the selection of the next node amounts to choosing a promising
value from a set of pending options. Clearly, if the next value can be
guessed correctly, and if a solution exists, the problem will be solved in
linear time with no backtracking. Backtrack builds partial solutions and
extends them as long as it believes that they are part of a whole solution.
When a deadend is recognized it backtracks to a previous variable. The
advice we wish to generate should order the candidates according to the
confidence we have that they can be extended further to a solution.
Such confidence can be obtained by making simplifying assumptions
about the continuing portion of the search graph and estimating the
likelihood that it will contain a solution even when the simplifying
assumptions are removed. It is reasonable to assume that if the
simplifying assumptions are not too severe then the number of solutions
found in the simplified version of the problem would correlate positively
with the number of solutions present in the ongmal version. We
therefore, propose to count the number of solutions in the simplified
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model and use it as a measure of confidence that options considered will
lead to an overall solution.

To incorporate the advice generation into the Backtrack algorithm,
line 5 should be exchanged with the following:

Sa. eliminate all values of X;,; which are not consistent with
X1y oo ey Xk

5b. [*let X411, -+ Xk+1, all the remaining candidates for
assignment* ' ' :
/advise ((Xk+1,15 - - Xi+1,0)s (xllc+l.1: v s Xkan,r)

Sc. assign Xz 41,1 10 Xy

The advise procedure takes the set of consistent values of X, ., and order
them according to the estimates of the number of possible solutions
stemming from them.

The essence of the remaining sections is to describe the advice-giving
algorithm and provide theoretical grounds for it. In Section 2 we
establish criteria for recognizing classes of easy csps and introduce an
efficient method of counting the number of solutions. In Section 3 the
process of simplification of any csp to an easy relaxed one that is also
‘close’ to it is addressed and in Section 4 the algorithm is implemented
and the utility of using the advice is evaluated in a synthetic domain of
CSPs.

2. THE ANATOMY OF EASY csp,

2.1. Introduction and background

In general, a problem is considered easy when its representation permits
a solution in polynomial time. However, since we are dealing mainly with
backtrack algorithms, we will consider a csp easy if it can be solved by a
backtrack-free procedure. A backtrack-free search is one in which
Backtrack completes without backtracking, thus producing a solution in
time linear with the number of variables.

The discussion of backtrack-free csps relies heavily on the concept of
constraint graphs. Freuder (1982) has identified sufficient conditions for a
constraint graph to yield a backtrack-free solution, and has shown, for
example, that tree-like constraint graphs can be made to satisfy these
conditions, with a small amount of pre-processing. Our main purpose
here is to study further classes of constraint graphs lending themselves to
backtrack-free solutions and to devise efficient algorithms for solving
them. Once these classes are identified they can be chosen as targets for a
problem simplification scheme: constraints can be selectively deleted
from the original specification so as to transform the original problem
into a backtrack-free one. As already mentioned, we propose to use the
‘number of consistent solutions in the simplified problem’ as a figure-of-
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merit to establish priority of value assignments in the backtracking search
of the original problem. We show that this figure of merit can be
computed in a time comparable to that of finding a single solution to an
easy problem.
Definition. An ordered constraint graph is a constramt graph in which the
nodes are linearly ordered to reflect the sequence of variable assignments
executed by the backtrack search algorithm. The width of a node is the
number of arcs that lead from that node to previous nodes, the width of
an ordering is the maximum width of all nodes, and the width of a graph
is the minimum width of all the orderings of that graph (Freuder, 1982).
Figure 4 presents six possible orderings of a constraint graph. The
width of node C in the first ordering (from the left) is 2, while in the
second ordering it is 1. The width of the first ordering is 2, while that of
the second is 1. The width of the constraint graph is, therefore, 1.
Freuder provided an efficient algorithm for finding both the width of a
graph and the ordermg correspondmg to this width. He further showed
that a constraint graph is a tree iff it is of width 1.

Montanari (1974) and Mackworth and Freuder (1977) have introduced
two kinds of local consistencies among constraints: arc consistency and
path consistency. Their definitions assume that the graph is directed, i.e.
each symmetric constraint is represented by two directed arcs.

Let R;(x, y) stand for the assertion that (x, y) is permitted by the
explicit constraint R;;.

Definition. Directed arc (X, X) is arc consistent iff for any value x € D;
there is a value y € D; such that R;;(x, y) (Mackworth, 1977).

Definition. A path of length m through nodes (i, iy, ..., i,) is path
consistent if for any value x € D, and y € D, such that R;; (x, y), there is
a sequence of values z, € D, ..., 2,,-1 € D, _, such that

Rioi,(x; z;) and R;; (21, z)and - -- R, i(Zm-1,¥)- )

R, may also be the universal relation, e.g. permitting all possible pairs
(Montanari, 1974).

A constraint graph is arc (path) consistent if each of its directed arcs
(pzh) is arc (path) consistent. Achieving ‘arc consistency’ means deleting
certain values from the domains of certain variables such that the
resultant graph will be arc consistent, while still representing the same
overall set of solutions. To achieve path consistency, certain pairs of
values that were initially allowed by the local constraints should be

SEREED)

DIRECTION OF
INSTANTIATION

_—————
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disallowed. Montanari and Mackworth have proposed polynomial-time
algorithms for achieving arc consistency and path consistency. In Mack-
worth and Freuder (1984) it is shown that arc consistency can be
achieved in o(ek’) while path consistency can be achieved in o(nk®),
where n is the number of variables, k is the number of possible values,
and e is the number of edges.

The following theorem is due to Freuder.

Theorem 2.

(a) If the constraint graph has w1dth 1 (i.e. the constraint graph is a
tree) and if it is arc consistent then it admits backtrack-free solutions.

(b) If the width of the constraint graph is 2 and it is also path
consistent then it admits backtrack-free solutions.

The above theorem suggests that tree-like csps (csps whose constraint
graph are trees) can be solved by first achieving arc consistency and then
instantiating the variables in an order which makes the graph have width
1. Since this backtrack-free instantiation takes O(ek) steps, and on trees
O(nk), the whole problem can be solved in O(nk®) and therefore
tree-like csps are easy. The test for this property is also easily verified: to
check whether or not a given graph is a tree can be done by a regular
O(n?) spanning tree algorithm.

The second part of the theorem tempts us to conclude that a width-2
constraint graph should admit a backtrack-free solution after passing
through a path-consistency algorithm. In this case, however, the path-
consistency algorithm may add arcs to the graph and increase its width
beyond 2. This often happens when the algorithm deletes value-pairs
from a pair of variables that were initially related by the universal
constraint (having no connecting arc between them), and it is often the
case that passage through a path-consistency algorithm renders the
constraint graph complete. It may happen, therefore, that no advantage
could be taken of the fact that a csp possesses a width-2 constraint graph
if it is not already path consistent. We are not even sure whether width-2
suffices to preclude Ne-completeness.

In the following section we give weaker definitions of arc and path
consistency which are also sufficient for guaranteeing backtrack-free
solutions but have two advantages over those defined by Montanari
(1974) and Mackworth (1977):

(a) they can be achieved more efficiently; and

(b) they add fewer arcs to the constraint graph, thus preserving the
graph width in a larger class of problems.

2.2, Algorithms for achieving directional consistency

The case of Width-1. In constraint graphs which are trees, full arc
consistency is more than what is actually required for enabling backtrack-
free solutions. For example, if the constraint graph in Figure 5 is ordered
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X4
X3
X2

X
Figure 5.

by (X1, X5, X3, X,), nothmg is gained by rnakmg the dlrected arc (X,
X,) consistent.

To ensure backtrack-free assignment, we need only make sure that any
value assigned to variable X will have at least one consistent value in D;.
This can be achieved by making only the directed arc (X;, X;) consistent,
regardless of whether (X3, X)) is consistent or not. We, therefore, see
that arc consistency is required only with respect to a single direction, the
one specified by the order in which Backtrack will later choose variables
for instantiations. This motivates the following definitions.

Definition. Given an order d on the constraint graph R, we say that Ris
d-arc-consistent if all the directed edges which follow the order d are arc
consistent.

Theorem 2. Let d be a w1dth 1 order of a constramt tree T. If T is
d-arc-consistent then the backtrack search along the order d is backtrack-
free.

Proof. Suppose that X, X,,..., X, were already mstantlated. The
variable X, is connected to at most one previous variable (follows from
the width-1 property), say X;, which was assigned the value x;. Since the
directed arc (X;, Xi.,) is along the order d, its arc consistency implies
the existence of a value x,.; such that the pair (x;, xk+1) is permitted by
the constraint R;q.1y. Thus, the assignment of x,,, is consistent with all
previous assignments.

An algorithm for achlevmg dlrectlonal arc consistency for any ordered
constraint graph is given next (The order d=(X;, X,,...,X,) is
assumed.)

DAC(D-ARC-CONSISTENCY)

1. begin

2. Fori=ntolby—1do

3. For each arc (X}, X;); j<ido
4, REVISE(X], X))

5. end

6. end

7. end.

The algorithm Revise(Xj, X;), given in Mackworth (1977), deletes values
from the domain D until the directed arc (X;, X;) is arc consistent.
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REVISE(X], X)

1. begin

2. For eachx e D, do

3 if there is no value y € D; such that R;(x, y) then
4, delete x from D;
5

To prove that the algorithm achieves d-arc-consistency we have to
show that upon termination, any arc (X;, X;) along d(j<i), is arc
consistent. The algorithm revises each d-directed arc once. It remains to
be shown that the consistency of an already processed arc is not violated
by the processing of coming arcs. Let arc (X, X;) (j <i) be an arc just
processed by REVISE(X;, X;). To destroy the consistency of (X;, X;) some
values should be deleted from the domain of X; during the continuation
of the algorithm. However, according to the order by which REVISE is
performed from this point on, only lower indexed variables may have
their set of values updated. Therefore, once a directed arc is made
arc-consistent its consistency will not be violated.

The algorithm Ac3 (Mackworth, 1977) that achieves full arc-
consistency is given for reference: '

AC3
1. begin
2. Q0<-{X, X)| (X, X)earcs, i #]}
3. while Q is not empty do
select and delete arc (X}, X,,) from Q
5 REVISE(X), X,n)
6. if REVISE(X, X,») caused any change then
7. 0 <-QU{(X:, Xu) | (Xi, Xi) e arcs, i #k, m})
7. end
8. end.

The complexity of ac3, achieving full arc consistency, is O(ek®). By
comparison, the directional arc-consistency algorithm takes ek? steps
since the REVISE algorithm, taking k? tests, is applied to every arc exactly
once. It is also optimal, because even to verify directional arc-consistency
each arc should be inspected once, and that takes k? tests. Note that
when the constraint graph is a tree, the complexity of the directional
arc-consistency algorithm is O(nk?).

Theorem 4. A tree-like csp can be solved in O(nk?) steps and this is
optimal. '

Proof. Given that we know that the constraint graph is a tree, finding an
order that will render it of width-1 takes O(n) steps. A width-1 tree-csp
can be made d-arc-consistent in O(nk?) steps, using the DAc algorithm.
The backtrack-free solution on the resultant tree is found in O(nk).
Finding a solution to tree-like csps takes, therefore, O(nk) + O(nk?) +
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O(n) = O(nk?). This complexity is also optimal since any algorithm for
solving a tree-like problem must examine each constraint at least once,
and each such examination may take k? steps in the worst case (especially
when no solution exists and the constraints permit very few pairs of
values).

Interestingly, if we apply DAC with respect to order d and then pac with
respect to the reverse order we get a full arc consistency for trees. We

- can, therefore, achieve full arc consistency on trees in O(nk?). Algorithm
Ac3, on the other hand, can be shown to have a worst case performance
on trees of O(nk®). Given, however, that the basic operation on
constraints is REVISE, we shall next show that (full) arc consistency on
general graphs cannot be achieved in less than ek® steps.

Theorem 5. A lower bound for achieving (full) arc consistency on graphs,
using REVISE as the basic operation, is Q(ek?).

Proof We present a problem instance that cannot be made arc consis-
tent in less than ek®. The problem, given in Figure 6, has n variables (in
the figure just three) connected in a cycle. We will describe only the
three-element network. The example can be easily extended to any
number of variables. Variable X has k values, variables Y, and Z, have
k + 1 values each. The constraint from X to Y maps values in X to values
in Y which are incremented by 1. The constraints between Y and Z and
between Z and X are both the equality mapping, except that k + 1 of Z is
mapped to k of X. The inconsistent arc is (Y, X) since the value 0 of Y
has no pair in X. Removing 0 from Dy makes the arc (Z, Y) inconsistent.
This arc is examined and O is deleted, which make the arc (X, Z)
inconsistent, and so on. Since we assume that any examination of an arc
is an O(k?) operation, and since only one value is deleted from an arc
while it is examined, each arc will be examined k times (there is no
solution), and the complexity in this case is Q(nk>).

Returning to our primary aim of studying easy problems, we now show
how advice can be generated for solving a difficult csp using a.relaxed
tree-like approximation. Suppose that we want to solve an n-variables csp
using Backtrack with X, X,, ..., X, as the order of instantiation. Let X;
be the variable to instantiate next, with x;, x;, ..., X the possible
candidate values. To minimize backtracking we should first try values

Io12 kb ex
WAL
x *012...,k,k+1l-v
) TR R SN PR
. \ Rax 'll l/ .
v jo.1,2,....k} =x
z—
(a) )
Figure 6.
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which are likely to lead to a consistent solution but, since this likelihood
is not known in advance, we may estimate it by counting the number of
consistent solutions that each candidate admits in some relaxed problem.
We generate a relaxed tree-like problem by deleting some of the explicit
constraints given, then count the number of consistent solutions contain-
ing each of the possible k assignments, and finally use these counts as a
figure of merit for scheduling the various assignments. In the following
we show how the counting of consistent solutions can be imbedded within
the d-arc-consistency algorithm, DAc, on trees.

Any width-1 order, d, on a constraint tree determines a directed tree in
which a parent always precedes its children in d (arcs are directed from
the parent to its children). Let N(x;,) stand for the number of solutions in
the subtree rooted at Xj, consistent with the assignment of x;, to X;. It can
be shown that N( - ) satisfy the following recurrence:

Ney= 11 2 Na) ®)
{c | X, is a child of X;} {x4eD, | Rje(x;0, X))

From this recurrence it is clear that the computation of N(x;) may follow
the exact same steps as in DAC; simultaneously with testing that a given
value x;, is consistent with each of its children nodes, we simply transfer
from each child of X to x;, the sum total of the counts computed for the
child’s values that are consistent with x;,. The overall value of N(x;) will
be computed later on by multiplying together the summations obtained
from each of the children. Thus, counting the number of solutions in a
tree with n variables takes O(nk?), the same as establishing directional
arc consistency. Recently Mohr and Henderson (1986) have reported an
(OIk?) algorithm using a more elaborate book-keeping data structure.
The case of width-2. Order information can also facilitate backtrack-free
search on width-2 problems by making path-consistency algorithms
directional.

Montanari had shown that if a network of constraints is consistent with
respect to all paths of length 2 (in the complete network) then it is path
consistent. Similarly we will show that directional path consistency with
respect to length-2 paths is sufficient to obtain a backtrack-free search on
a width-2 problems.

Definition. A constraint graph, R, ordered with respect to d=
(X1, X, . .., X,,), is d-path consistent if for every pair of values (x, y),
x € X; and y € X] such that R;(x, y) and i <j, there exists a value z € X,
k >j such that R, (x, z) and Ry(z, y) for every k >4, j.

Theorem 6. Let d be a width-2 order of a constraint graph. If R is
directional arc consistent and path consistent with respect to d then it is
backtrack-free.

Proof. To ensure that a width-2 ordered constraint graph will be
backtrack-free it is required that the next variable to be instantiated will
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have values that are consistent with previous chosen values. Suppose that
X1, X3, ..., X, were already instantiated. The variable X,,, is con-
nected to at most two previous variables (follows from the width-2
property). If it is connected to X; and X}, i, j <k then directional path
consistency implies that for any assignment of values to X, X; there exists
a consistent assignment for X;,,. If X,,, is connected to one previous
variable, then directional arc consistency ensures the existence of a
consistent assignment.

An algorithm for achieving directional path consistency on any
ordered graph will have to manage not only the changes made to the
constraints but also the changes made to the graph, i.e. the arcs which
are added to it. To describe the algorithm we use the matrix repre-
sentation for constraints. The matrix R; whose off-diagonal values are 0,
represents the set of values permitted for variable X;. The algorithm is
described using the operations of intersection and composition. The
intersection R;; of R;; and Rj; is written: R;; = Rj; & R}

Given a network of constraints R=(V, E) and an order d=
(X, X5, ..., X)), we next describe an algorithm which achieves path
consistency with respect to this order.

DCP-d-path-consistency

1. begin

2. Y°=R

3. fork=nto1by —1do

(a) Vi =k connected to k do
Y;=Y% & Yy Y+ Yii/* this is REVISE(], k)
(b) Vi, j =k such that (X;, Xi), (X;, Xi) € E do
Yi]=Yij& Yik'Ykk'ij

4. E<-EU(X, X))
5. end
6. end.

Step 3(a) is the equivalent of the REVISE(i, k) procedure, and it performs
the directional arc consistency. Step 3(b) updates the constraints between
pairs of variables transmitted by a third variable which is higher in the
order d. If X;, X, i, j<k are not connected to X, then the relation
between the first two variables is not affected by X, at all. If only one
variable, X;, is connected to X;, the effect of X, on the constraint
(X;, X;) will be computed by step 3(a) of the algorithm. The only time a
variable X, affects the constraints between pairs of earlier variables is
when it is connected to both. It is in this case only that a new arc may be
added to the graph.

The complexity of the pce algorithm is O(n*k?). For variable X; the
number of times the inner loop, 3(b), is executed is at most O((i — 1)?)
(the number of different pairs less than i), and each step is of order &°.
The computation of loop 3(a) is completely dominated by the computa-
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Figure 7.

tion of 3(b), and can be ignored. Therefore, the overall complexity is
> (i — 1)%k3 = O(n’k>) )
i=2

Applying directional path consistency to a width-2 graph may increase
its width and therefore, does not guarantee backtrack-free solutions.
Consequently it is useful to define the following subclass of width-2 csp
problems.

Definition. A constraint graph is regular width-2 if there exists a width-2
ordering of the graph which remains width-2 after applying d-path-
consistency, DPC.

A ring constitutes an example of a regular-width-2. Figure 7 shows an
ordering of a ring’s nodes and the graph resulting from applying the prc
algorithm to the ring. Both graphs are of width-2.

Theorem 7. A regular width-2 csp can be solved in O(n’k>).

Proof. Regular width-2 problem can be solved by first applying the pec
algorithm and then performing a backtrack-free search on the resulting
graph. The first takes O(n’k>) steps and the second O(ek) steps.

A nice feature of regular width-2 csps is that they can be easily
recognized and therefore can also be used as targets for simplification.
Arnborg (1985) describes a linear time algorithm for recognizing width-2
graphs and generating the corresponding ordering (see also Bertele,
1972). For example, a tree of simple rings is easily recognizable as regular
width-2 (see Figure 8).

[ c g
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Figure 8.
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2.3. Summary and conclusions

Of the three main steps involved in the process of generating advice—
simplification, solution, and advice generation—we concentrated in this
section on the following:

1. The simplification part: we have devised criteria for recognizing
easy problems based on their underlying constraint graphs. The introduc-
tion of directionality into the notions of arc and path consistency enabled
us to extend the class of recognizable easy problems beyond trees, to
include regular width-2 problems.

2. The solution part: using directionality we were able to devise
improved algorithms for solving simplified problems and to demonstrate
their optimality. In particular, it is shown that tree-structured problems
can be solved in O(nk?) steps, and regular width-2 problems in O(n’k?)
steps. ’

3. The advice generation part: we have demonstrated a simple method
of extracting advice from easy problems to help Backtrack decide
between pending options of value assignments. The method involves
approximating the remaining part of a constraint-satisfaction task by a
tree-structure problem, and counting the number of solutions consistent
with each pending assignment. These counts can be obtained efficiently
and can be used as figures-of-merit to rate the promise offered by each
option. : : ' ' ‘

3. THE SIMPLIFICATION PROCESS

The previous section suggests that a tree constraint-graph, being as-
sociated with an easy csp, can be made a target to the simplification
process from which advice will be extracted. We therefore discuss here
the issues involved in approximating a network of binary constraints by a
tree of constraints. We seek a good approximation since the closeness of
the approximation tree to the original network will determine the
reliability of the advice generated.

If the network R has an equivalent tree representation we would
obviously like to recognize it and find such a representation. This,
however may not be explicit in the constraint network; a network may
contain many redundant constraints which, if eliminated, still represent
the same overall relation. For example, any one of the arcs in the
network of Figure 9 can be eliminated producing a tree-structured

(0,1)
’ (0,1}
(0,1)

Figure 9.
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constraint graph representing the same relation. Note that in this figure,
and throughout this section, there are multiple arcs between variables
which connect values. Two values are connected if they are permitted by
the constraint. Another example is given in Figure 10 in which two
three-node networks, R; and R,, are displayed. These two networks are
equivalent, because they both represent the equality relation p =
{(0,0,0), (1, 1, 1)} and, unlike that of Figure 9, both are maximal, i.e.
the addition of any pair of values to any one of the constraints (relaxing
any specific constraint) will result in a network representing a larger
relation. Nevertheless, R, can be transformed into R, by simultaneously
allowing the pair of values (1, 0) between (Z, X) and disallowing the pair
(0,1) between (X, Y). The question raised by this example is: what
networks have a tree representation and how is the transformation into a
tree to be performed.

The two examples given display two levels of operation to be
considered in the process of transforming a network into a tree. The first
is a macro operation involving the deletion of whole arcs (i.e. total
elimination of constraints between a pair of variables) while the second
micro operation, merely modifies the arcs by addition and deleting pairs
of values. In our approach we will consider only macro operations of arc
deletions; the use of micro transformations introduces a higher level of
difficulty to which we will not relate at this point. Considering only arc
deletions, a network R can be transformed into an equivalent tree only if
some of the arcs are redundant, i.e. they represent constraints that can be
inferred from others. This immediately raises the question of testing
whether a given constraint is implied by others.

The question is the inverse of that posed by Montanari (1974) who
claimed that the central problem in csps is the transformation of the
original network R into its minimal representation, M, which is the most
redundant network that represents the same relation as R. Our interest
here is the opposite, transforming R into one of its least explicit
equivalent networks.

Definition

1. A network R is maximal if there is no network R' on the same

domains, such that Rc R’ and R ~R'.
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2. A network R is arc maximal if any arc deletion results in a network
representing a larger relation.

A maximal network is arc maximal but not necessarily vice versa.

Lemma 3. An arc consistent constraint tree is maximal.
Proof. In an arc consistent tree, for any permitted pair of values there is
an n-tuple in the relation which contains this pair. Disallowing this pair
will eliminate such a tuple from the relation, thus making the relation
smaller. In other words any arc consistent constraint tree is a minimal
network for that relation.

An immediate conclusion is that an arc-consistent tree network is arc
maximal. In general a deletion of an arc from a tree constraint may result
in a larger relation even when it is not arc consistent. Let T; and T, be the
two disconnected subtrees generated from deletmg arc (A4, B) and let p,
and p, be the projection of p on the variables in T; and T3, respectively.
The relation obtained after deleting the arc (A, B) from T is the product
of p; and p, (i.e. any n-tuple that is the concatenation of a tuple in p,
and a tuple in p,. Therefore if there is a tuple in p; with A=gq and a
tuple in p, with B = b then the relation resulting from deleting arc (4, B)
permits the pair (a, b).

In most cases a csp will not be arc redundant because if it is posed by
humans its specification has already passed through some process of
redundancy filtering, and therefore arc deletion will almost always
generate larger relations. The third question on which we will focus,
therefore, is: given a network of constraints, R, what is the spanning
tree, T, that will best approximate R?

To discuss the quality of approximations, the notion of closeness of
relations must be first agreed on. Let p be the relation represented by R
and p, the relation represented by a relaxed network R,. p < p,. An

intuitively appealing measure for the closeness of R to R, may be:
B ~

M(R,R;,)='Z"| R " (10)

where |p| is the number of n-tuples in p. This measure satisfies:

(a) M(p, p)=1;

(b) if p = p, = ps then 1=M(R, Ra) =M(R, R).

M is a global property of two relations and the task of finding the
spanning tree which yields the lowest M is very complex. Instead we
propose a greedy approach: at each step the least ‘valuable’ arc, which
leaves the network connected, is deleted, namely, the arc deleted that
keeps the resulting network closest to the original one. To pursue this
approach we need to define a measure of constraint strength, called
weight, for each arc, that will estimate the contribution of that arc to the
overall relation. Let R be a network of constraints and R’ be the network
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after the arc (X, Y) was eliminated, i.e. the constraint between X and Y
becomes the universal constraint. Let / and I’ be the size of the relation
represented by R and R’, respectively. n'(x;, y;) is the number of tuples
in the relation represented by R’ having X=x; Y =y;, R'(X, Y) is the
constraint induced by R' on the pair (X,Y), r(X,Y) is the local
constraint given between X and Y in R.

The following is satisfied

I=l- E n'(xi, yi) (11)

(xiy)eR(X, Y)-r(X, Y)
therefore
)
T 1- 2 n’(-xi’ y])/l' (12)
) (a )ER(X, Y)~r(X, Y) .

Since we have no way of knowing the quantities n’'(x, y) and the
structure of the induced constraint R'(X, Y), we will estimate them both
by a constant, ¢, and R’, respectively. We get:

l c ., ,

l_'=1—F|R -r(X, Y)|. (13)
The only quantity we can actually examine is R(X, Y); therefore to
maximize //I’ the above formula suggests choosing the constraint r(X, Y)
with the most number of allowed value pairs. Our first measure of
constraint weight is, therefore, defined by:

my(X, Y) =|r(X, Y)|. (14)

For instance, the weight of the universal constraint is m,(X, Y) = k%, and
if r(X, Y) = @ then the weight becomes m,(X, ¥) =0.

In what follows we develop another measure of constraint strength by
adopting notions from probability and information theory and by showing
that constraint problems can be partially mapped into problems of finding
tree-structure joint probability distributions (Chow and Liu, 1968).

3.1. n-ary relations and probability distributions

Let P(X) be a joint probability distribution of n discrete variables X,
X,, ..., X,. A product approximation of P(X) is defined to be a product
of several lower-order distributions (also called marginal distributions) in
such a way that the product is a probability extension of these
lower-order distributions. A particular class of product approximation
considers only second-order components where each variable is condi-
tioned upon at most one variable. The relationships between the
variables can be therefore represented by a tree. Given a directed
spanning tree of the variables (the direction is from sons to parents) as in
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PIX) = P(Xq) o PIXp [ Xq) * PUX3 | Xg) * PIXg | Xq) « PIXg ] X3}  PIXg | X5}
Figure 11.

Fxgure 11, the distribution function associated with it is given by the
product:
Px)= I Palxe : (15)
X=(X1,X2,00-,Xn . .
p(i) is the parent index of variable i. When P(x, | x,() = P(xo), 0 denotes
the root of the tree. Chow and Liu (1968) had shown that if the measure
of distance between two probability distributions P and P, is given by:

P(X) :
1 P(X)log 16
(P, ) =3 P(X) log (9)
then the closest tree-dependence distribution to P is the one that
corresponds to the maximum spanning tree when the weight of each arc
is I(X;, X;). I(X,, X;) is Shanon’s mutual information between X; and Xj,
defined by:
Xiy Xj

106, %)= 5, Pls x,-)log(,f’(fc—i)};(—;)i—)) a7
I(P P,) can be interpreted as the difference of the information contained
in P(X) and that contained in P,(X) about P(X).

Chow’s results are remarkable in that a global measure of closeness can
be maximized by attending to local measures on individual arcs. We
therefore, attempt to-adopt Chow’s results to our need. Mapping
probability distributions to constraints relations, we say that a relation p
is associated with a distribution function P, if:

0 if (x1,%2,..,%,)¢p

1/1pl otherw15e (18)

P,(x1, X35 X,) = {
‘Let p, be the relation reprcsented by a constraint tree, ¢, and let P, and
P,, be the distributions associated with relations p and relation p,, havmg

sizes of ! and l,, respectively. The ‘distance’ between the two
dlstnbutlons

1. ] I V
I(P,, P,)= 2, -I-log-;=_log-15 19
. i Xep . ] .
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is a monotone function of /,/I whose inverse was already proposed as a
measure of closeness between two relations (where one contains the
other). Accordingly, finding the closest tree dependence distribution P,,
to P, will result in the closest approximation of a tree relation p, to p.
Equivalently, in order to minimize /,/l we need to find the maximum
spanning tree with respect to the measure I(X;, X;). From the given
mapping between relations and distributions (equation (18)) we get that:

n(x;, x;)

P(x,', xi) = l

(20)

Px) =" )

where n(x;, x;) is the number of tuples in p having X; =x; and X;=x;,
and n(x;) is the number of tuples in p with X; = x;. Substituting (20) and
(21) in (18) we get ‘

n(x;, x;) n(x;, x;)
X, X)=2 “logi- ! (22)
7 x,»,x] l n(xi)n(xj)
=1lo l+12 n(x;, x;)lo 1 ) (23)
8577 oy gn(x,-)n(xj)
consequently the appropriate measure of arc weight is:
(X X) = 3 n(x, x)log 2o ) e

P n(x)n(x;)

The question now is how to obtain the quantities n(x;), n(x; x;)
needed for computing m. To find them accurately, we need to inspect the
list of tuples permitted by the global relation which, of course is
unavailable. In the case of probability distributions the marginal prob-
abilities P(x;), and P(x;, x;) are estimated by sampling vectors from the
distributions and calculating the appropriate sample frequencies. This
cannot be done in our case since finding even one tuple that satisfies the
network solves the entire problem. All that we have available is the
network of constraints and, therefore, we must approximate the weight
m(X, Y) by examining only properties of the arc (X, Y). This leads to
approximations:

. 1 (x x) er(X, X))
A, 1)) = {0 otherwise ’ (25)
fi(x;) = Nx/(x:)- (26)

Where Nx(x;) is the number of pairs in the constraint r(X;, X;) with
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X, = x,. Substituting (25) and (26) in (24) we get:

: 1
X X)= % lo8 ) “
= - xzx (log A(x;) + log 7i(x;)) , (28)
=- 2 A(x)log A(x;) - 2 Ai(x;)log "(xl) (29)

The behavior of this measure can be 1llustrated in some spec1al cases:

(a) if the constraint r(X, Y) is the universal constraint (and assuming
k values for each variable) then m,(u(X, Y))=-2X(k—1)logk=
—2k(k — logk;

(b) if r(X,Y) is the empty constraint ®(X,Y) then we define
my(®(X, Y)) =0;

(c) if any value of X; is allowed to go with exactly r values of X; then
my=—=2k-rlogr.Ifr=1we get m;=0;

(d) when only one value in one variable is permltted with all the values
of the other m, = —k - log k.

We see that this measure considers not only the number of the pairs
allowed but also their distribution over the k? slots available. For a
uniform constraint—like case (c)—it can be seen that

my=—2N-logr (30)

when N is the size of the constraint. \
We next give an example showing the behav1our of the accurate
measure of weight, m, compared with their estimates, m,.
Consider the relation between three binary variables, X, Y, Z, given
by:

p={(1,1,1),(1,0,0),(1,1,0),(0,0,0)} : . @31

where the order of the variables is (X, Y, Z). A network representing
this relation is given in Figure 12 where the nodes are the variables and
the lines correspond to permitted pair of values between pairs of
variables. The accurate measures of n(x;, x;) and n(x;) for the pair (X, Y)
are given by: n(0,0)=1, n(0,1)=0, n(1,0)=1, n(1,1) =2, n(X=0) =

X (0,1

Yy (01
—————( O, 1) z

- Figure 12.

148



DECHTER AND PEARL

1, n(X = 1) = 3. Therefore, substituting in (24) we get:

1 1
m(X,Y) =log§+log2-.—3+210g3?—2=10g1_;_8.

Similarly, for the two other pairs, we obtain:

4
m(X, Z) = log7—2§

1
m(Y, Z)= IOgl_O—é .

This suggests that the relation may be best approximated by a tree
consisting of the arcs (X, Y) and (Y, Z). Indeed, the elimination of the
arc (X, Z) will not change the relations at all whereas it is not possible to
express p by removing either (Y, Z) or (X, Z) only.

By comparison, the network R and (26) give the weight estimates:

'mz(X’ Y)=-4, mz(Y, Z) = —4, mz(X, Z)=—4.

Which, in this case, fail to distinguish between the various constraints.
In conclusion, we suggest generating tree-approximations for networks

using the maximum spanning tree algorithm. Two measures for constraint

strength, to be used by the algorithm, are proposed and justified.

4. THE UTILITY OF THE ADVICE-GENERATION SCHEME

We compare here the performance of Advised Backtrack (abbreviated
ABT) with that of Regular Backtrack (RBT) analytically, via worst-case
analysis, and experimentally, on a random constraint problem.

4.1. Worst-case analysis

An upper bound is derived for the number of consistency checks
performed by the algorithms as a function of the problem’s parameters
and the number of backtracks performed. A consistency check occurs
each time the algorithm checks to verify whether or not a pair of values is
consistent with respect to the corresponding constraint.

Let #B, and #Bi be the number of backtracks, and N(aBT) and
N(reT) the number of consistency checks performed by ABT and RBT,
respectively. The problem’s parameters are n, the number of variables,
and k, the number of values for each variable. Parameters associated
with the constraint graph are |E|, the number of arcs, and deg, the
maximum degree of variables in the graph.

The number of backtracks performed by an algorithm is equal to the
number of leaves in the search tree which it explicates. We assume that

number of nodes expanded =c - #B
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approximately holds for some constant c¢. (This truly holds for uniform
trees where ¢ is the branching factor.) Therefore we use the number of
backtracks as a surrogate for the number of nodes expanded. Let #C,
and #Cg be the maximum number of consistency checks performed at
each node for the ABT and RBT, respectively. We have:

N=#B-#C. (32)

Considering RBT first, the number of consistency checks performed at
the ith node in the order of instantiation is less then k - deg(i). That is,
each of this variable’s values should be checked against the previous
assigned values for variables which are connected to it. We get:

N@®eT)<k-deg-#Bz. =~ o (33)

The ABT algorithm performs all of its consistency checks within the advice
generation. For the ith variable, a tree of size n—i is generated. The
consistency checks performed on this tree occur in two phases. In the first
phases, for each variable in the tree, the values which are consistent with
the already assngned values are determined. The cons1stency checks for a
variable v in the tree take k-w(v), where w(v) is the number of
variables connected to v which were already instantiated. Therefore, for
all variables in the tree :

k- > w)sk-|E|. , N €0

vEtree

The second phase counts the number of solutions. We already showed
that the counting takes no more than (n — 1)k* which is bounded by nk>.
We get

N(ABT) (k - |[E| + nk?) - #B, (35)

We want now to determine the ratio between #B, and #BR for which
it will be worthwhile to use Advised Backtrack instead of Regular
Backtrack. To do the comparison we will treat the upper bounds as tight
estimates while being aware of the possible error. Even though

N(asT)=<N(rBT) = _ v o (36)
is not implied by , '
(k- |E|+nk®) - #Bs<k- deg #Bg, - (37
we take (37) as an indicator for the utlhty of aT. From (37) we get
_1El
Z7R 38
#B deg do " deg deg ( )
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and,; using

{E|

deg =n, (39)
(38) will hold if

#Bxr nk

—= e

#B, n+ deg (40)

Therefore, ABT is expected to result in a reduction in the number of
consistency checks only if it reduces the number of backtracks by a factor
of [n + (nk/deg)]. Thus, the potential of the proposed method is greater
in problems where the number of backtracks is exponential in the
problem size.

4.2. Experimental results

The random csp instances were generated using a constraint-satisfaction
problem generator. The csp generator accepts four parameters: the
number of variables n; the number of values for each variable k; the
probability p; of having a constraint (an arc) between any pair of
variables; and the probability p, that a constraint allows a given pair of
values. As indicated above, it is necessary to keep track of two
performance measures; the number of backtrackings (#B) and the
number of consistency checks performed. The number of consistency
checks gives an indication whether or not the saving in the number of
backtracking does not cost too much. What we expect to see is that the
more difficult the problems are, the larger are the benefits resulting from
using Advised Backtrack.

In our experiments we use m;, the size of the constraint, as the weight
for finding the minimal spanning tree in advice. Using the alternative
weight, m,, is not expected to improve the results for two reasons. First,
the problems generated were quite homogeneous and we have shown
that for such problems both weights are the same. Second, the results we
get are so good in terms of number of backtrackings that we cannot
improve them much by changing the weights.

Two classes of problems were selected. The first with 10 variables and
five values, generated with p, = p, = 0.5, and the second with 15 variables
and five values, generated with p; =0.5 and p, =0.6. Ten problems from
each class were generated and solved by both ABT and reT. The order in
which the variables were instantiated was determined, for both algor-
ithms, by the structure of the constraint graph. Namely, variables were
selected in decreasing order of their degrees (heuristically corresponding
to the notion of width developed by Freuder, 1982). The order of value
selection is determined by the advice mechanism in ABT. In RBT, the order

151



A PROBLEM SIMPLIFICATION APPROACH

9
8
7
o 6
B3
5
.
3
2
1
Figure 13.

50

o o (o} O
(o]
(o]
) Oe (X}
| 1 - <o)
75 100 125 150 - 175

— #BR

of value selection was chosen at random. Therefore, while ABT solved
each problem instance just once, RBT was used to solve each problem
several (five) times to account for the effect of value selection order.
When a problem has no solution, the number of backtrackings and
consistency checks in RBT is not dependent on the order of value
selection, and in these cases the problem was solved only once by RasT.
Figures 13 and 14 display the results of the comparison for both classes
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of problems. In Figure 13, the horizontal axis gives the number of
backtrackings that were performed by RBT for each problem instance and
the vertical axis gives the number of backtrackings performed by ABT.
The points that are indicated by filled circles correspond to problem
instances from the first class while empty circles correspond to the second
class of problems. We observe an impressive saving in #B when advice is
used for all instances, especially for the second class in which the
problems are larger. Figure 14 uses the same method to compare the
number of consistency checks. Here, we observe that in many instances
the number of consistency checks in ABT is larger than in RrBT, indicating
that the extra effort in ‘advising’ backtrack was not worthwhile in those
cases.

These results are consistent with the theoretical development of the
preceding subsection. If we substitute the parameters of the first class of
problems in (40) we get that #B, should be smaller than # By by at least
a factor of 20 (25 for the second class of problems) for us to expect an
improvement in the performance. Many of the problems however, were
not hard enough (in terms of the number of backtrackings required by
RBT) to achieve these levels.

In Figure 15 we give the comparison between the two algorithms only
for problems that turned out to be difficult. We display the number of
consistency checks of problems from both classes in the cases where the
number of backtrackings in RBT were at least 70. We see that the majority
of these problems were solved more efficiently with ABT than with RBT.
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Experiments were also performed on the n-queen problem for n
between 6 and 15 and on the three-colourability problem on a set of
random graphs. In all cases the number of backtrackings of ABT was
smaller than RrBT, but the problems were not difficult enough to obtain a
net reduction in the number of consistency checks.

Experiments related to the ones reported here were performed by
Haralick and Elliot (1980). The forward-checking lookahead mechanism,
reported to exhibit the best performance considering the number of
consistency checks, can be viewed as an automatically generated advice
in the sense discussed here. However, since Haralick and Elliot are
interested in finding all solutions to csp, and we deal with finding just one
solution, the results cannot be directly related.

'As a conclusion, advice should be invoked on problems which are hard
for rRT. Therefore one needs a way of recognizing that a- problem
instance is difficult. For example, Knuth (1975) has suggested a simple
samplmg technique that requires very little computatlon to estimate the
size of the search tree. These estimates can be used in conJunctlon with
parametrized advice that adapts itself according to the expected size of
the tree. Namely, smaller problems may benefit from a weaker advice (or

_no advice at all) which may not be as good but is more efficient. ‘
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Abstract

The development by the US Department of Defense of the programming
language Ada has provided a language which is certain to become widely

_used. One of the design criteria for Ada was that it should encourage the
production of reliable software. Many remedies have been suggested for
the problem of software reliability; however, it seems vital to have a
specification of the function a program is to perform before it is actually
constructed. If a specification is written in a formal language, a language
for expressing more abstract concepts than the programming language, it
can be both semantically precise and amenable to manipulation by a
computer.

The Anna language is an extension of Ada that was designed to permit
the annotation and specification of Ada programs. The design is based on
the Ada notation and it is intended that the language should support all
aspects of the program development process.

Anna has been developed over a number of years. Preliminary
notification of the existence of the language was given at an Ada
Symposium in December 1980 [see ref. 2] superseded in March 1984 by
the latest document, the Preliminary Reference Manual [3].

In this paper we shall look at a number of issues associated with the
design of a language such as Anna.

1. BACKGROUND — THE STANFORD PASCAL VERIFIER

The activity associated with the Stanford Pascal Verifier (spv) has had a
profound influence on such topics as program verification, program
specification and even programming methodologies. As originally con-
ceived, this was an academic exercise designed to unearth and then study
problems associated with the implementation of tools to support the
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verification process. It was never intended that the spv system would be
of production quality or a commercial product.

We shall highlight the lessons learned from the spv exercise, indicate
the developments that led to the language Anna, and then make a brief
assessment of Anna.

1.1. The Stanford Pascal Verifier

A typical input to the spv system would be
PASCAL .
VARN, R;
PROCEDURE MULTIPLY (VAR X: INTEGER, Y, INTEGER)
GLOBAL (N);
EXIT X =Y *N;
VAR Z: INTEGER;
BEGIN
X<-0;Z< -0
INVARIANT X = Y * Z;
WHILE Z =N DOBEGNX < —-X+7;

Z<-Z+1
END
END; :
EXIT R=Nx*N;
BEGIN
MULTIPLY (R, N)
END.

(See ref. [1], p 14).

Here Exit statements indicate the results, outcome or postcondition
resulting from the execution of the block they precede. GLOBAL(N)
indicates that N is a constant and will be accessed within the procedure
MULTIPLY. INVARIANT identifies the loop invariant of the Ioop that it
precedes

This piece of text can be submitted to the spv system and successfully
processed by it, thereby granting a kind of approval.

The reader will immediately make a number of observations, some of
which indicate drawbacks to the system. - '

(1) The program may never terminate so that the spv addresses
questions of partial correctness and not total correctness (indeed N has
not even been initialized in this program)

(2) The program is written not in Standard Pascal but in a variant of
Pascal, not processable by any popular compller, consequently wide-
ranging modifications need to be made.

(3) The presence of GLOBAL, EXIT, INVARIANT, etc indicate the need for
a language which is quite separate from PascaL and which constitutes an
annotatlon or documentation language. .
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These observations are superficial but they indicate the presence of
some serious points. It is generally no simple matter or cosmetic exercise
to translate from a working program to input that might be submitted for
very careful scrutiny by the spv system. Conversely text that has been
successfully processed by the spv may not run satisfactorily.

1.2, Implementation and use

The spv system can be thought of as being implemented in a number of
phases.

A verification condition generator accepts input of the kind described
above, i.e. a program and its accompanying documentation. From this, a
set of verification conditions are generated and these are then supplied as
input to a theorem prover. The theorem prover attempts to take the
verification conditions and establish their truth, thereby indicating that
the program conforms to its specification.

The theorem prover can be viewed as two separate entities: a simplifier
carries out algebra associated with simple data types; the rule handler
deals with more complex data structures and can accept axioms of the
form

GCD1: REPLACE GCD (X, 0) BY X:

GCD2: REPLACE GCD (X, X) BY X:

GCD3: REPLACE GCD (X, Y) By Gep (Y, X)

Gep4: REPLACE GDC (X, Y) WHERE Y >0 BY Gep (MoD(X, Y), Y);

from a file.

In the event of the theorem prover successfully processing its input,
then there is little left to concern the user other than the limitations
already identified. However, if the theorem prover fails to complete the
task the user of the SPV system has then to resolve the conflict. This can
occur because:

(a) of an incompatibility between the program and its accompanying
documentation;

(b) the system has not been supplied with enough information about
the items being processed.

In both cases, changes must be made either to the program, to its
documentation or to accompanying information (e.g. as provided for
GCD).

The process outlined above is then repeated. Thus a complete set of
verification conditions are generated and these are again reprocessed by
the prover.

Some criticisms can be made of the approach described above:

(a) the repeated regeneration of all verification conditions will usually
be unnecessary; ‘
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(b) when errors occur a user is confronted with a verification condition
which usually bears little resemblance to the original program;

(c) there is no check on the accuracy of axioms such as those provided
for GCD. :

2. THE ANNA LANGUAGE

2.1. Introduction

Anna [3] is a language for annotating Ada programs (hence its name).
These annotations take the form of formal comments. Syntatically these
are distinguished from informal Ada comments by being introduced by
the characters — —: or — —| rather than only — —. There are two
classes of formal comments: annotations and virtual Ada. The annota-
tions are generally logic formulas concerning program variables and
include the usual assertions used in the Floyd-Hoare style of program
verification. Virtual Ada, on the other hand, is syntactically Ada text
which may be used to define functions, for example, which themselves
may be used in the annotations. The virtual Ada may itself be annotated
in exactly the same way as the underlying actual Ada.

Before looking at some of the details of the form annotations may
take, we consider how the semantics of Anna are defined and how this
relates to machine aids for checking consistency of Anna. A formal
definition of Anna may be given in terms of axioms and proof rules.
However the preliminary Anna manual gives an alternative definition in
terms of transformation rules and the Anna kernel. The Anna kernel
consists of a subset of Anna taking a particularly simple form; principally
it contains assertions. Assertions are defined to be those annotations
which constrain only one program state, that is those logical formulas
whose truth or falsity depend on the values of program variables at only
one point of a computation, e.g. x=1in "’

x:=1;
yi=1

Many annotations which constrain several states can be replaced by
equivalent assertions. For example an annotation constraining the value
of a variable to lie within certain limits may be replaced by suitable
assertions at every place where the variable values might be altered.
When Anna programs consist only of annotations which may be
reduced to assertions there is the possibility of checking consistency at
run time without the need for formal proof. Since each assertion
constrains only one state it is possible to replace each assertion by actual
Ada code which tests whether the variables have permissible values at

160



McGETTRICK AND STELL

that point in the program. If an inconsistency is detected the exception
ANNA_ERROR is raised. While such run time checking is not as powerful as
a formal proof or as useful, since it gives no information about the
program’s reliability in general, it is relatively straightforward to imple-
ment as an extension to an Ada compiler.

2.2. Annotations on objects and types

We now examine some of the annotations defined in Anna, starting with
object annotations. Object annotations constrain the values of program
verification. Virtual Ada, on the other hand, is syntactically Ada text
which may be used to define functions, for example, which themselves
may be used in the annotations. The virtual Ada may itself be annotated
in exactly the same way as the underlying actual Ada.

M, N: INTEGER :=0;
- —| N=M,;
constrains N to be less than or equal to M. Next,
"~ X: INTEGER:=0;
- = ]0<X<100;
is an example of an object constraint which could be expressed in Ada by

using a subtype declaration. This could also be done by using an Anna
annotation on a type

subtype first_hundred is INTEGER;
— — | where Z: first_hundred > 0= Z = 100;
X: first_hundred;

Not all Anna constraints on types are expressible as Ada constraints, for
example:

subtype EVEN is INTEGER;
— —| where Z: EVEN> Z mod 2 =0;

2.3. Statement annotations
These are the most familiar types of annotation to those experienced in
verification.

Simple statement annotations constrain only one statement and appear
immediately after it as in:

X:=X+1;
- —-|X=inX+1;

The meaning of such an annotation is determined by elaborating it before
the statement to which it refers. For the checking of consistency the value
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of X can be compared with the value at the end of the execution of the
statement. In a similar way more complex statement annotations can be
replaced by run-time checking code.

Compound statement annotations constrain all states in the executlon
of a compound statement. They can be expressed as follows:

- —| with x>y;

begin
x:i=x+1; ——()
yi=y+1; — —(ii)
end; — —(iii)

which asserts x >y at each of the points marked (i), (ii), (iii).

2.4. Annotations of subprograms
The behaviour of a function subprogram can be specified by a result
annotation such as:

function SQUARE (N: INTEGER) return INTEGER
— —| wherereturm N=*N; .

In general procedures can be dealt with using annotations on formal
parameters. This allows us to state both input and output specifications
relating the actual parameters when any procedure is called. Thus in
particular partially developed code using such procedures can be verified
subject to correct implementation of the procedures. The ability to
discuss these issues is central to a rigorous stepwise development of Ada
programs.

2.5. Package annotations

In Ada, packages are the means by which related program entities are
grouped together, for instance a collection of operators related to some
type. Ada packages have two parts, a specification and a body. The
specification provides only syntactic information about the  objects
introduced in the body. Anna provides the means semantically to
characterize these objects, that is to specify their behaviour to a user of
the package without such a user needing to examine the package body to
determine these properties. The specification of packages is by means of
package axioms in the style of much work on algebraic specification.

3. SOME OBSERVATIONS

It should be clear that many of the earlier criticisms of the spv system no
longer apply to the Ada/Anna combination. Formal comments help in
this respect. Yet much will depend on implementation issues: in this
connection interactive systems can be used to overcome much of the
unnecessary repetition inherent in the spv approach. But let us look at
other issues.
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With the combination of Ada and Anna it is possible to seemingly
describe the same concept in a variety of ways.
Consider

M :INTEGER range 1...99;

and
M .INTEGER; — — | 0 <M <100;

Of these the first is pure Ada, whereas the second involves the presence
of an annotation. This indicates a degree of overlap between the Ada and
Anna and raises questions about where the boundary between a
programming language and a specification language should lie. In this
particular case, Anna provides a more powerful and useful mechanism
and this suggests that the Ada mechanism should not be present.

In the same way, the following two specifications appear to be
equivalent.

generic

type element is private;

function compose (a, b: element) return element;
package semi-grouped is

— —| axiom for all g, b, c: element =

— —| compose (a, compose (b, ¢)) = compose (compose (a, b), ¢)
end semi-group;

generic
type element is private;
function compose (a, b: element) return element;
— — | axiom for all a, b, c: element =
— — | compose (a, compose (b, ¢)) = compose (compose (a, b), c)
package semi-group is
end semi-group;
The choice between these alternatives requires considerable insight into
the nature of the items and packages. The insight is mathematical in
nature.
The example of a semi-group provides a convenient source of further
attention. Suppose we try to utilize this in the following way:

package group is
use semi-group;
identity: element; ,
function inverse (a: element) return element;
— — | axiom for all a: element=>
- — —| compose (a, identity) =a,
- —1.

end group:
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Several points follow from this:

(a) the concept of a semi-group can be extended or enriched to
produce the concept of a group; more constraints are imposed;

(b) because of the nature of Ada, and the fact that package bodies
must accompany package specifications, the structure of an implementa-
tion must follow rather closely the structure of the specification; o

(c) sharing a spemﬁcatnon, e.g. of semi-group, but permxttmg different
implementation is not possible.

Of these (a) and (b) should be noted, and may be seen as dxsadvantages
of the Anna approach.

In summary, Anna can be seen in a variety of hghts—as a spec1ﬁcat10n
language or as an annotation language. But further it contributes with
Ada to a wide spectrum language which supports specification at one
end, programs at the other and permits the possibility of transformations
between specifications, between specifications and programs, and even
between programs.

At the present time the definition of Anna is incomplete and further
developments are expected. These will address complex issues such as
concurrency.
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Yapes: Yet Another ProLoG Expert
System

T. B. Niblett
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Glasgow, UK

1. INTRODUCTION

Yapes is an expert system shell developed at the Turing Institute. It
provides inference and explanation facilities, and incorporates a novel
form of plausible inference.

Yapes is a specialized interpreter for logic programs. Figure 1 illustrates
its top level structure. A PrOLOG interpreter (or compiler) executes such
programs consisting of sets of Horn clauses, a form of first-order logic.
The YAPEs system also executes such programs, as well as programs in an
extended version of Horn clause logic which uses certainties as truth
values, rather than just true and false.

The construction of the Yares interpreter allows it to provide
explanations of its reasoning, as well as asking questions from users and
other knowledge sources. The explanations provided include why ex-
planations in the sense of ‘why are you asking this question’, how
explanations in the sense of ‘how did you reach this conclusion’ and why
not explanations in the sense of ‘why did this goal fail’.

The Yares interpreter is flexible and can call the PrRoLOG interpreter to
execute goals directly. Similarly the ProLoG interpreter can call the
Yares interpreter. This allows a mixture of object and meta-level
inference, and provides a smooth integration with the ProLoG
environment.

In Section 2 the rationale behind YArEs is described in more detail and
the advantage of using logic as a representation language discussed.
Section 3 describes the facilities provided by Yares, and contains some
discussion of the theoretical issues involved. Section 4 presents an
annotated transcript of a YAPES session using a simple knowledge base
for travel expense claims. Finally in Section 5 we discuss the advantages
of the approach taken.

Many of the ideas incorporated in the program are not new and derive
much from the work of Kowalski (1979), Shapiro (1983b), Sergot (1983)
and others. In particular many of the utilities incorporated in the
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Prolog Horn Clause
Interpreter Program (HCP) Extended HCP

YAPES interpreter

Figure 1. YAPES as an interpreter for logic programs.

program were written by Richard O’Keefe and Lawrence Byrd and I am
greatly indebted to them.

2. THE RATIONALE BEHIND Yares

Our intention has been to provide an expert system ‘shell’ containing all
the normal trace and explanation facilities, and with the provision of a
sophisticated plausible reasoning facility "

The best way of looking at YAPEs is as a new interpreter for rather
special ProLoG programs which provides the kind of user interaction
needed in expert systems work.

The program is implemented in PRoLOG and a major concern has been
to keep the form of the knowledge-base as close to the underlying
language (Horn clause logic) as possible. In fact the only extension to
pure Horn clause logic is the use of a plausible reasoning mechanism,
which preserves the clear semantics of the logic and is upwards
compatible in the sense of being a conservative extension. There are
several compelling reasons for taking this approach:

1. The semantics of logic programs are well understood. This permits
the development of elegant and general algorithms for debugging and
modifying programs which can be directly applied to expert system
knoweldge-bases (e.g. Shapiro, 1983b).

2. Most commercial expert systems shells available at present lack
flexibility. It is often difficult to modify the search strategy used by the
shell, or to perform computations not explicitly catered for by the
designers. Logic programming is far more general and by keeping our
shell as close as possible to logic programs this generality can be
incorporated while still allowing the system debuggmg and tracing
facilities to be used.

3. By using the same language for the knowledge -base and the
underlying program we can take advantage of the reflection principle
espoused by Weyhrauch (1980) and merge the object and meta-level
languages where appropriate. .
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2.1. Logic programs as a basis for expert systems

The basis of our approach is that a logic program, and the results of its
execution in the form of a proof tree (see below) can be used as a
knowledge-base and can provide humanly understandable explanations of
how the knowledge is used by the system. Furthermore the simplicity and
generality of the ‘data-structures’ involved allow an inexperienced user to
learn the use of the system fairly quickly.

We are not arguing that the PROLOG language is easy to learn in its full
generality. From our experience this is not the case. For the majority of
expert system applications however, where the manipulation and creation
of complex data structures is not required, the language is very
straightforward.

2.2. The form of a logic program

We shall discuss fairly briefly the form of logic programs; this material is
useful for a technical appreciation of the plausible reasoning mechanism
discussed later, but not essential for the reader who wishes merely to
discover what YAPES does.

A logic program consists of a (non-empty) set of Horn clauses,
together with a goal statement. A Horn clause has the form A«
B,,.., B, where A and B; are literals. A literal is of the form
p(T,, ..., T,,) (m=0)where p is a predicate name and the T; are terms. A
term is a variable, an atom, a number or an expression of the form
f(1,,..., T,) (m>0) where f is a function symbol and the T; are terms.
We shall follow the PrRoLOG convention throughout that variables are
indicated by an initial capital letter, and predicate names, function
symbols and atoms by an initial lower-case letter. The goal statement of a
program is written <G where G is a literal.*

A Horn clause A < By, ..., B, is interpreted in first-order logic as the
assertion

Vip oo Xn{By &+ & B,—> A}

where — is material implication and x,, . . ., x,, are variables occurring in
the literals of the clause.

2.3. Unification

The central operation in logic programming is unification. Unification
occurs between two literals, and involves finding a (possibly empty)
substitution for the variables in the literals which makes them identical.
For example the literal f(g(X), h(h(Y))) unifies with the literal
f(U, h(V)) with the substitution set {g(X)/U, h(Y)/V}. It has the useful

* A conjunction of literals «G,, . . ., G, is often used in PROLOG. This is equivalent to
having a single goal «G and adding the pseudo-goal G «G,,..., G,.
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property in practice of allowing us to abstract the control of a logic
program from the flow of data as we shall see later.

2.4. Execution of a program

A logic program executes successfully if the initial goal statement «G
can be reduced to the empty goal («). This reduction is accomplished in
stages as follows; at each stage we have a goal statement «G,, ..., G,,
one such goal statement G; is chosen* and unified with the head of one of
the clauses in the program. If for the chosen goal G; there is more than
one clause that can be unified, we have a choice point. If no G; can be
unified with any clause then the execution must backtrack to a previous
choice point, where an alternative clause can be found to match. This
unification produces a substitution for the variables in the goal statement
and in the body of the clause concerned. The goals in the body of the
clause are then substituted in the goal statement in place of the goal G,.
Execution terminates successfully when there are no goals left.

- Figure 2a demonstrates the execution of a simple program without
variables. Figure 2b illustrates how this execution can be displayed as a

Program
p:-q,r.
r-u,v
q:-s.
q-t
u.v.t.
Execution trace " Prooftree
call p P
callq
coll's
fail's
retr
y qcall t 9 {
exit t
i
callr
callu ' v v
exitu
call v
exit v
. exitr
exitp
(a) (b)
Figure 2

tree. We shall call such trees proof trees. We can see that information
about the order in which unifications took place is omitted from such
trees. Also any information about unifications which were tried and later
had to be undone and another choice of clause tried has been omitted.

* In PROLOG the goal chosen is always the leftmost goal G,.
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This is one very useful property of logic programs. The output of a
successful execution has only the relevant information about a proof: all
information about how the proof tree was constructed is omitted. This
ability to extract only relevant information is of great utility when it
comes to providing explanations in an expert system context.

In the next section we shall see how the particular properties of the
ProLoG interpreter also allow us to provide information to the user
during execution.

2.5. Reasoning about program behaviour

As we have seen, the result of a program’s execution is a proof tree. The
ProLoG language allows us to create and manipulate such trees by virtue
of its meta-logical features.

These features allow us to regard clauses and literals as terms, and to
determine the current status of PROLOG objects to see whether variables
are instantiated or not. In addition we can modify a program during its
execution by creating new clauses (and terms, etc.).

This ability of PROLOG to create an internal representation of itself is
critical in creating an expert system. Of course it is possible to do this in
any language. One can for example create a PAscAL interpreter in PAscaL
and simulate the execution of PAsCAL programs with it. There are three
important differences however.

1. The representation in PROLOG is much shorter, and therefore much
easier to work with. It is possible to write a useful PROLOG interpreter in
ProLoG in less than one page of code. To do this in PascAL would be a
major achievement.

2. The computation in PROLOG is easily representable as we have seen.
It would not be possible to do the same in a procedural language which
relies largely on side-effects.

3. The use of unification allows us to write interpreters for logic
programs in PROLOG that reveal the important information, about control
flow and how data-structures are to be created, without having to
describe in detail the way data will be manipulated.

The program in Figure 3 illustrates an interpreter in ProLoG for
ProLoG which maintains a stack of goals indicating the branch of the
proof tree that the interpreter is currently investigating. This allows a
user to question the system as to why it is pursuing a particular goal. This
program is a complete interpreter for pure ProLoG (without the cut).
Built-in system predicates are directly executed via the call predicate.
The ProLoG system knows which goals are system goals via the system
predicate. The meta-level predicate clause returns a clause in the
program. Its two arguments are the head and body of the clause
respectively. The clauses found are pushed onto the trace list (acting as a
stack) as terms.
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solve(X) :—
solve(X, []).
solve((A, B), Trace) :—
]

solve(A, Trace),
solve(B, Trace).

solve(not X, Trace) :—
not solve(X, [not X | Trace]).

solve(Goal, Trace) :—
system(Goal),
L
call(Goal).

solve(Goal, Trace) :—
clause(Goal, Body),
solve(Body, [(Goal :— Body) | Trace]).

Figure 3. Interpreter with trace for PROLOG.

It is possible to write a shorter interpreter for ProLOG, €.g. the single
clause solve(X)<—call(X). The program of Figure 3 captures just
sufficient of the control flow to be useful.

2.6. The problem of flexibility

It is frequently observed that expert system shells are inflexible. This
problem arises from the tension between requiring a program to
represent knowledge and to explain itself and also change the repre-
sentations used by the program and its control structures fairly fre-
quently. It is difficult to design a programming language which can meet
both these requirements.

Our view is that this problem is largely one of the distance between the
underlying implementation language of the shell, and the representation
language interpreted by the shell. In YaPes a radical solution is provided
by using a uniform representation language. The shell is written in the
language used to represent knowledge, namely Horn clause logic. Our
problem then becomes one of modifying the core interpreter (as shown in
Figure 1) and extending, if necessary, the meta—logical control language
used by the mterpreter

Our experience with' YApes shows that this is not an mtractable
problem due to the power and flexibility of unification. It does not take
long to modify the interpreter simply because the code is compact. The
main interpreter for YAPEs contains only eight clauses.

It could be argued that the reason for this is that the control structure
of YAPEs is very similar to that of ProLoG. This does not seem to be the
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case. Shapiro (1983a) has published a co-routining interpreter for
Concurrent PROLOG, written in PRoLOG which consists of only 50 lines of
code (32 clauses). Equally as important, the very different control
structure used by an interpreter such as this does not affect the
explanation capabilities in terms of proof trees discussed above, or the
extensions to the language used for plausible inference. All this is carried
over unchanged: the system is modular.

2.7. Implementation

A final practical point should be made at this point about the prac-
ticalities of the use of ProLoG. There is little point producing a system,
however elegant and simple. if it is impractical to run it in the computing
environment of typical users.

Historically ProLOG has suffered from the problem of only being
available, in efficient implementations, on a small number of machines—
notably the DEC 10/20 range for Edinburgh ProLOG. YapEs has been run
successfully with relatively small knowledge-bases (<100 rules) under
C-ProLoG on a VAX-750. Recently new versions of PROLOG (e.g.
Quintus ProLoG) have become available which have over an order of
magnitude gain in speed and space over C-ProLoG. These PROLOGS are
available on a wide range of (relatively) cheap hardware and are capable
of supporting very large knowledge-bases for Yarks, as well as providing
the efficient interface to the underlying operating system which would be
necessary in any commercial use of such expert systems.

3. THE FACILITIES OF Yares

The facilities available in YArEs can be split conveniently into three parts.
1. Extensions to the language of Horn clause logic.
2. Interaction with the user.
3. Checking the knowledge-base.

3.1. Extensions to the language of Horn clause logic

It is generally recognized that the ability to reason about uncertainty is
very useful in an expert system. Unfortunately it is not clear how this
should be done.

The first expert system to use plausible reasoning was MycIN
(Shortliffe, 1976) which used a combination of probability theory and the
theory of confirmation.

Many attempts have been made in the past decade to improve on the
Mycin formalism, which was recognized to have many defects. Most of
these attempts have centred on the problem of assigning probabilities to
hypotheses/events. The main issue is one of complexity. Given N events
a fully specified probability distribution requires in the order of 2V
constraints.
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Attempts to apply constraints by making a priori assumptions about
distributions (e.g. Prospector, Duda et al., 1979) have found that such
assumptions are often incorrect and/or unduly restrictive. Attempts such
as in Cheeseman (1983) to estimate distributions using entropy measures
run into problems of computational complexity.

A further, perhaps more fundamental, problem is that in many
circumstances probabilities seen as numbers (or ranges of numbers) are
not appropriate in a knowledge-based system—they are too opaque.

In YAPEs an attempt is made to solve these problems by shifting our
theoretical base and providing a richer domain for certainties than the
real number line. We also provide a well-founded semantics that avoids
problems of computational complexity.

We proceed by extending the domain of values that literals can take
from {true, false} to lattices of values.

The detailed theory descnbmg how lattices of truth values can be
integrated into our logic is described in Appendix A. Here we shall
concentrate on the specific system currently used in YAres. We should
emphasize that the system described below is only one of many that could
be chosen, and that YAPes is modular. A wide variety of inference
systems could be quickly implemented.

We have departed from the use of numerical certainties and use what
are termed justifications. An example of a justification is shown in Figure
4. The literal entitledToAllowance (tim, 52) is justified by the structure
below it, which is a justification. This justification is a forest of
justifications. The first three are units, the fourth is itself a tree.

Every literal now contains a justification, rather than the (implicit)
value true as before. The empty justification [] corresponds to true.

The use of justifications allows us to control the reasoning of the
system more fully. We can specify that two justifications are incompatible
for example, and give a low overall certainty to their combination. The

Tim is entitled to an allowance of f1.52
is justified if
The trip was in Holland
and
tim didnt go on a boat
and
The plane cost is more than the car cost in Holland
is justified if
The trip was in Holland
A justification expressed in English. The literal at the top level is
entitled to Allowance (tim, 52)

Figure 4. A justification.
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main use at present in YAPEs is to reduce the number of questions asked
of the user, by making assumptions about the truth of certain literals. If
the user dislikes any of the assumptions made these can be overridden by
use of the threshold mechanism described below.

We shall now discuss in more detail the calculus of justification
currently used by YAPEs.

3.1.1. A calculus of justification

Figure 5 illustrates a (simplified) version of the top-level YapEs interpre-
ter, which calculates certainties. The omissions are intended to make the
structure of the mechanism clear while omitting details such as the user
interface. A full listing of this interpreter is provided in Appendix B.

The interpreter uses the goal solve/3 with three arguments. The first
argument is the goal to be solved, the second is the threshold setting the
minimum value for a justification. Solve will fail if the goal cannot be
solved with at least this certainty. The third argument is the certainty of
the goal.

A clause is now a pair (just, G < B) where G « B is a Horn clause
and just is the name of its associated certainty function. The certainty of
G is determined from the certainty of B using just. The empty

solve((A, B), Thresh, Value)
=1

solve(A, Thresh, Aval),

solve(B, Thresh, Bval),
combined_and(Aval, Bval, Value),
less(Thresh, Value).

solve(not Goal, Thresh, [])
=1

not solve(Goal, Thresh, _).

solve(Goal, Thresh, [])
:—system(Goal),
!

call(Goal).
solve(Goal, Thresh, Value)
:— dataclause(Just, Goal, Body),
solve(Body, Thresh, BodyVal),

Combine..if(BodyVal, Just, Value),
less(Thresh, Value).

Figure 5. An interpreter using certainties.
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justification (corresponding to truth) is [J. Two procedures are used to
determine the certainty of G. One to determine the certainty of B as a
conjunction of goals B; (combine_and), and one to determine the value
of G given a value for B and just (combine_if). .

The implementation of thresholding imposes a restriction on deriva-
tions. Given a threshold T for the top-level goal G, every subgoal of G in
the proof tree must have a certainty of at least T. This reflects the
intuitive idea that the certainty of a conclusion cannot be greater than the
certainty of any of its premises. In practice this greatly reduces the
amount of search necessary to derive the certainty of a goal.

The default for certainty functions in the present implementation is to
combine the justifications for each of the B; into a tree with just as the
root and the certainties of the B; as subtrees. If the user wishes to
override these defaults he/she must write explicit code for the combining
functions in any particular case. Similarly a default ordering is imposed
on justifications. Given two justifications A and B we say that A <B if
the set of nodes of B is a subset of the nodes of A. The minimal element
any is also defined such that any < A for all A.

The user must ensure that the relevant monotonicity properties are
satisfied when creating defaults. The requirement that the default be
monotonic says that if any goals in the body of a clause become more
certain then the certainty of the conclusion should not become less likely.
This is, on the whole, an intuitively natural condition, the technical
reasons for it are described in Appendix A.

Expressive power

There are some circumstances where the user’s knowledge about a
domain suggests that the above monotonicity requirements are not met.
An example, using propositional variables, shows such a situation. Let us
assume that we have a goal 4 and two contributing factors e, and e,. We
may know that either e; or e, alone support h, but that their joint
presence does not. If we have a Horn clause rule: s «e¢;, e, in our
knowledge-base the monotonicity criterion fails to hold, as either e, or e,
becomes more likely as the likelihood of 4 decreases.

This type of constraint cannot be directly expressed within our
certainty calculus. To see why we can consider the problem of expressing
the exclusive or of two goals e, and e, in PRoLoG. We wish to say that & is
true if e is true and e, is false, or if e, is false and e, is true. This
corresponds to the problem described above, except that we are
considering truth-values rather than likelihoods. Horn clause logic, and
therefore a PROLOG interpreter cannot express negation directly and must
use the idea of ‘negation as failure’; a goal is false if it cannot be proved
true. The ProLOG solution to the problem of exclusive or would be (using
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the unary predicate not to express negation as failure):

h <« ey, not(e;), h < ey, not(e,).
A solution of this form can be used within our certainty calculus. To see
how this works we shall first describe its workings from a slightly different
viewpoint.

The standard ProLOG interpreter can be understood as producing a
proof tree that provides a proof of the top-level query to ProLoG. The
value returned by this proof tree is true. If no proof tree can be produced
the value returned is false. We can view the answer true returned as a
function of the proof tree, all proof trees for the query will return the
same answer. Using the calculus of certainties implemented in YAPEs,
proof trees can return a wider range of values. Using lattices as the
domain of certainties allows us to return the whole proof tree as a
certainty if so desired. The problem facing the expert system builder
using this formulation is to establish the correct degree of abstraction
desired from a proof tree. The implementation described above returns
the assumptions needed to produce that particular proof tree. It is an
important consequence of this approach that the certainty of a query now
depends on the manner in which it was proved. This is not the case for
standard Horn clause logic.

Let us reconsider the example presented above. We could write rules
related to 4 as follows:

fi: h—ey, not(ez). fo: h<e,, not(ey).

The goal not(e;) in the second rule can now be interpreted in terms of
failure to find a proof for e,. In the thresholding interpreter used by
Yares the goal not(G) will be true if G does not have a proof with
certainty exceeding the threshold. The use of negation in this manner
permits the expression of knowledge about conflicting goals, whilst
preserving the semantics of the language.

3.2. User interaction in YAPES

The user interaction in YAPes is modelled after the ‘query the user’
principles described in Sergot (1983). The fundamental idea is to consider
the user as a data base from which atomic facts necessary to a proof can
be obtained. In effect the ProLOG engine has a choice of data bases from
which to obtain facts, the ‘system’ data base, the ‘problem domain’ data
base and the ‘user’ data base. This idea can also be applied to any data
source other than the user, for example on-line data bases.

3.2.1. Categories of 'question

There are several different categories of question that can be put to the
user. There is some overlap between these categories, but in cases where
the overlap occurs there is no conflict in the treatment of the questions.
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These are:

(a) Questions which have answer false (e.g. 5 is 2+27);

(b) Ground questions (which have a true/false answer);

(c) Questions which have at most one answer (e.g. sex(tim, X));

(d) Questions which may have multiple answers (e.g. is a_son..
of(X, Y)?).

To avoid annoying the user each must be handled in a sensible way.
Yares handles this problem in a way that is intuitively obvious to the
user. We shall consider the above categories of question one at a time.

1. Questions which have answer false. These questions are answered
by a simple ‘no’. It makes no difference whether the question is ground
(i.e. contains no free variables) or non-ground. The answer to the
question is stored in the user data base and will not be asked again, even
it the underlying ProLoG inference mechanism backtracks to the
question. '

2. Questions which have answer true or false because they are ground
and about which the system has no meta-level information. The user does
not need to supply values for variables in the question. These questions
are just asked once and the answer stored.

3. Questions which have a unique answer like ‘sex(tim, §);’ are slightly
more complicated in that to handle them properly we need to know
something about the relation ‘sex(A, B)’. As far as the logic is concerned
any given ‘A’ could have any number of sexes (just as any sex in fact has
many people!). In the case of the ‘sex’ relation we need to know that sex
is a function from persons to sexes, this is achieved by the following
meta-level declaration to YAPEs:

unique(sex(A, B), [A]).

This asserts that if variable ‘A’ is instantiated then there is a unique ‘B’
that makes ‘sex(A, B)’ true. When YAPEs needs to find out whether
‘sex(tim, male)’ is true it deduces from the ‘unique’ assertion above that
the most general question to ask is ‘sex(tim, A)’ (which has a unique
answer) and asks this question, suitably formatted. Whenever it sub-
sequently has to solve a goal of the form ‘sex(tim, X)’ it has all the
necessary information stored in its data base and need not bother the
user.

4. Questions which have multiple answers are also dealt w1th correctly
Let us consider the relation ‘isa_son_of(X, Y)’ intended to mean that X
has son Y, which can have several solutions. A P