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. : Abstract

Looscly speaking, recursive inference is when an inference procedure gener-
ales an infinite sequence of similar subgoals. In general, the control of re-
cursive inference involves demonstrating that recursive portions of a scarch
space will not contribute any new answers to the problem beyond a cer-
tain level. We first review a well known syntactic method for controlling
repeating inference (inference where the conjuncts processed are instances
of their ancestors), provide a proof that it is correct, and discuss the con-
ditions under which the strategy is optimal. We also derive more powerful
pruning theorems for cases involving transitivity axioms and cases involv-
ing subsumed subgoals. The treatment of repeating inference is followed by
consideration of the ore difficnlt problem of recursive inference that does
not repeat. Here we show how knowledge of the properties of the relations
involved and knowledge about the contents of the system’s database can be
used to prove that portions of a search space will not contribute any new
answers.
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Conn(A,z)

it s

.
Conn(A,y) Conn(y, z)

Conn(A.y') Conn(y'.y) Conn(y.w) Conn(w, z)

Conn(A.y") Conn(y",y') Conn(y,w') Conn{w', w)

Figure 1-1: A portion of the backward scarch space for the goal Conn(A, z)

1 Introduction

1.1 Motivation

Consider a system for reasoning about cireuits based on deseriptions of cir-
cuit topology and the functional characteristics of cirenit clements. Such a
system might need to know that connection hetween terminals in a circuit
is transitive and symmetric,

Conn(z.y) A Conn(y, ) => Conn(z, z)
Conn(r.y) <> Conn(y,z) ,

(1-1)

where the proposition Conn(z, y) means the point 7 is clectrically connected
to the point y in the cirenit. The problem with such facts is that they
often result in infinite searches.  Suppose, for instance, that we want to
find all of the connections to some point A in a circuit. A portion of the
backward AND/OR scarch tree for this problem is shown in Figure 1-1.
Applying the transitivity rule to the query Conu(A, z) results in the subgoal
Conn(A.y) A Conn(y.z). The transitivity rule can be applied again to
both of these conjunets yiclding the subgoals Conn(A.y') AConn(y',y) and
Conn(y.w) A Conn(w, z) respectively.  Transitivity applies again to cach
of these four conjuncts, and <o on. For this problem a backward inference
procedure wonld apply the transitivity rule again, and again, and again
until it runs out of storage, the user runs out of patience or moncey, or the
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machine crashes. The entire space need not be examined in order to find all
of the answers to this problem. However, the amount of the search space
that must be examined depends upon what connectivity facts are present
in the the system'’s database. Iu this paper we will consider the problem of
how to prunc the scarch space for such recursive problems.

1.2 Cheap Tricks .

It might scem that there are simple solutious to the problem given above.
Let’s consider the possibilitics.

1.2.1 Torward Infecrence

If forward inference were performed or all facts of the form Conn(a,b) using
the transitivity rle, and the transitivity rle were not nsed for backward
inference, the problem would be eliminated. Unfortunately, there are several
serious difficultios with this approach. First of all, even the restricted use
of forward inference can result in the computation and storage of many
irrelevant facts. For the example above, forward inference wounld result in
compntation of the transitive closure of all connections in the circuit, even
though we may only need to know the conunections to a few. This would be
unacceptable for cases of high fan-out or fan-in, like connections to common
busses, power supplies, or'gronnds. Sceondly, as Minker and Nicolas [MN83|
and Reiter [Rei78] have pointed out, selective use of forward inference can
result in incompleteness in the inference process. For the example above,
suppose it were possible to conclude the connectivity of certain points using
other axioms. Unless these axioms are also subject to forward iference, the
transitive elosure of connections derivable by these axioms will not be found.,
Finally, there are cases where both forward and backward inference can
result in infinite search spaces. Consider the rule for computing Fibonacci

numbers: e : %
Fibonacci(i — 2) = z A Fibonacei(i = 1) =y

= Fibonacci(i) =z +y.

(1-2)

When two Fibonacei numbers are given to a forward inference procedure it
would proceed fo compute Fibonacei mmbers forever., This rule can canse
an infinite loop in cither a backward or forward inference engine.

Thus. the nse of forward inference is not a good solution to the problemn
of recursive inference. '
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1.2.2 ECliminating Repeating Goals

This doesn't work in general. For the connectivity example, if the database
contains the facts

Conn(A, B)

Conn(B,C)

Conn(C, D)

it is necessary to search 3 levels deep in the space in order to find all of the
connections to A. If repeating goals are pruned. some of the answers will
be lost. In Section 3 we will discuss some special cases where this strategy
is correct.

1.2.3 Breadth-TFirst Secarch

Unfortunately, breadth-first search doesn’t help if there aren’t any solutions
to the problem or if the problem involves finding all solutions to a goal.
In both cases the entire space must be searched. A complete breadth-first
soarch of an infinite scarch space is just as bad as a complete depth-first
scarch.

1.2.4 Reformulation

The technique of reformulation is one quite familiar to PROLOG program-
mers. It involves rewriting the facts available to the inference procedure
so that the search space for the goal is no longer inftinite, or so that the
inference procedure will not. discover the recnrsive portion. As an example
of what we mean by reformulation, consider the troublesome transitivity

rule (1-1) for circuit connections. By introducing a new relation, IConn,

meaning “immediately connected”, the transitivity rule can be rewritten as
two separate rules:

IConn(z,y) => Conn(z,y)
IConn(z,y) A Conn(y, z) => Conn(z, z

For this revised set of rules, the search space for the goal proposition
Conn(A. z) is shown in Figure 1-2. With this reformulation, we have climi-
nated the reenrsion on all left hand branches of the tree. OF course, for this
refornmlation to work, all available connections must be expressed in terms
of 1Conn. rather than in terms of Conn. However, given these relatively
minor changes, this revised set of rules will never lead to an infinite scarch,
so long as the IConn conjunct is always solved before the Conn conjunct.




1 INTRODUCTION

Conn(A, 2)

IConn(A,z) IConn(A,y) Conn(y,z)

IConn(y,z) IConn{y,y') Conn(y',z)

Figurc 1-2: Reformulated scarch space for the goal Conn(A, z)

While the above reformulation works well for the query Conn(A,z), it
does not work well for the query Conn(z, D). On applying the reformulated
version, we would get the subgoal JConn(x, y) A Conn(y, D). 1f the IConn
conjunct is expanded first we end up searching throngh all of the immediate
connections in the cireuit; a horribly incflicient process in a large circuit.
Alternatively, if the Conn conjunct is expanded first, we again end up with
an infinitely repeating search space. The dual reformulation,

IConn(z,y) => Conn(z,y)
IConn(y, z) A Conn(z,y) = Conn(z,z)

works fine for the query Conn(z, D) but performs miscrably for the query
Conn(A, z). Neither of these reforumlations are reasonable if both kinds of
queries are expected, as might be the case for an asynmetric relation. In
general reformulations only work cffectively for some subset of the possible
queries covered by the original domain knowledge.

A second problem with reformulation is that it can be an arbitrarily
difficnlt programming task. Consider the reeursive rule which states that a
person will be an albino if both his parents are albinos.

Albino(z) A Parents(z) = {z,y} A Albino(y) = Albino(z) (1 -3)

Suppose that the query is to find all albinos, ~

find all z: Albino(z) .
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Expanding the parents conjunct first would result in an uniaceeptable scarch
through all parent/child pairs. Alternatively, expanding cither of the al-
bino conjuncts first would result in an infinite repeating search space. By
indulging in knowledge nrogramming. we could reformmlate this rule so that
depthi-first backward inference results in an eflicient scarch of the space
for this query. As a first step, in 1-4 we introduce the new predicate
GivenAlbino(z) to refer to those individuals given as albinos initially. The
first two rules below state that any given albino is an albino, and that any
n'™ generation descendent of a given albino (along albino lines) is also an
albino. It then remains for us to defline what it means for an individual
to be of albino descent from a given albino. The third rule states that an
individual is of albino descent from a given albino if the given albino is a
parent of the individual, and the other individual’s parent is an albino. The
fourth rule simply expresses the transitive closure of this relationship, that
an individual is of albino deseent from a given albino if that individual is
of albino descent from the givens albino children. The final two rules are
for checking whether a given individual is an albino and are identical to the
original albino rle (1-3).

GivenAlbino(z) = Albino(z)
GivenAlbino(z) A AlbinoDescent(z,z) = Albino(z)

Parents(z) = {z,y} A CheckAlbino(y) = AlbinoDescent(z, z)
Parents(w) = {z,y} A Check Albino(y) (1 - 4)
A AlbinoDescent(z,w) ==> AlbinoDescent(z, z)
GivenAlbino(z) = Check Albino(z)
Parents(z) = {z.y} A Check Albino(z)

A Check Albino(y) = Check Albino(z)

Performing depth-first backward inference on this reformulation results
in forward inference from given albinos to their progeny, and backward in-
ference at cach step to verify that the other parent of the progeny is also an
albino. Note that this backward portion of the inference is accomplished us-
ing the original albino rule -3 (which is rewritten using a dilferent predicate
to distinguish it from our reformulated version). As with the connectivity
example, this reformulation only works elliciently for the query Albino(z),
where one or more albinos are desired. It does not work well for checking
whethier a given individual is an albino.
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TFrom these examples, we can see that there are several serions disadvan-
tages to reformulation as a method of controlling recursive inference. First,
the resulting knowledge programs only work effectively for some subsct of
the possible queries covered by the original domain knowledge. Second, it
may be an arbitrarily diflienlt programming task to do such a reformula-
tion. Finally, it is more difficult to wnderstand, explain, and modify re-
formulations. Reformmlation results in an implicit embedding of control
information into the domain information. Instead of having facts about the
domain and facts about control, the two are merged into knowledge-rich pro-
grams for a given interpreter. This has little advantage over building expert
systems in more traditional programming langnages like LISP or PASCAL.
Many authors have argued against reformulation for exactly these reasons
IMt'(‘vGS.ll.‘\y73,D.’WS()‘.D«vy8().(‘-l;183.(;585]. The albino reformmlation (1-4)
leaves much to be desired when compared with the original straightforward
domain rule (1-3).

1.3 Definitions

So far we have relied on the readers intuitions and the examples to indicate
what we might mean by the term recursive inference. We now give a precise
definition.

Lot the termn goal set refer to the set of all conjuncts for a conjunctive goal
in a search space. We say that one goal set ¢ is a descendant of another goal
st ¢ if there is some sequence of goal sets beginning with g and ending with
g’ such that cach goal sct in the sequence is a subgoal of its predecessor.
An expression ¢ is said to be an instance of an expression ¢ if there is a
substitution (a set of bindings) b for the variables in e such that ¢ = ¢fp.
An inference path in a search space is a sequence of goal sets in the space
such that each goal set in the sequence is an (immediate) subgoal of the
preceding goal set. For example, the sequence

{Conn(A,2)}

{Conn(A, y),Conn(y, z)}
{Conn(A.y'),Conn(y, y),Conn(y, z)} (1-5)

is an inference path for the connectivity problem.

Definition 1.1 An tnference path ts recursive if there 1s an infinite subse-
quence (g1, ... G- ) of the goal sets in the path and a distinquished clause
¢; in each goal sct g; such that:
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1. ¢; is an instance of ¢;—,

2. ¢, ts in the subset of g; that are descendants of ¢; -y.

An inference procedure generating any recursive inference path is said to be
tnvolved in recursive inference.

The first eriterion in the definition restricts us to those paths where the same
conjunct is generated over and over again. The second criterion prevents
us from considering conjunets that haven’t had any inference performed on
them yet.

As an example, consider the infinite inference path (1-5) for the con-
neetivity probleni. The conjunct Conr:{A.y) in the second goal set is an
instance of the conjunct Conn(A, z) in the first goal set. The descendants
of Conn(A. z) constitute the entire set {Conn(A,y), Conn(y, z)}, which con-
tains Conn(A,y). Likewise. The conjunct Conn(A,y') in the third goal sct
is an instance of the conjunct Conn(A.y) in the second goal set. The de-
scendants of Conn(A,y) are the subset {Conn(A,y'),Conn(y',y)}, which
contaius Conn(A.y'). Thus with g, as the " goal set in the inference path
and ¢; as the first conjunct in cach goal set, the inference path satisfies the
definition for a recursive path.

The definition of recursive inference that we have just given actually
covers a nmeh broader elass of problems than we have considered so far. For
example the definition ineludes recursive paths where there are intermediate
descendants in botween those descendants with repeating conjuncts. The
definition also includes paths where the repeating conjunct may have its
variables bound before it is actually processed. For example, consider the
simple axiom

y=z+ 1 A Intcger(z) = Integer(y) . (1-6)

with the query Integer(2.5). One inference path for this problem is shown
in Figure 1-3. When the Integer conjuncts are expanded, they are each
different. since the variable 7 is already bound. The subsequence of goals

lnlt‘glt'r('.’..r))
Integer(1.5)
Integer(.5)
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Integer(2.5)
A Intcger(z)
Integer(1.5)

A Integer(z)

Integer(.5)

5=1z-+1 AlInteger(z)

Figure 1-3: Inference path for the query Integer(2.5).
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does not repeat. However, the subsequence

2.5 =z + 1 A Integer(z)
1.5 =z + 1 A Integer(z)
S5 =z+1 Alnteger(x)

satisfies our definition for recursive inference. Each member contains the
conjunct Integer(z) which is both an instance and a descendant of the pre-
ceding Integer(x) conjunct. :

Although both the integer example and the connectivity example con-
stitute recursive inference, there is an important difference between the two
examples. Consider the sequence made up of the conjuncts actually pro-
cessed by the inference engine at cach step. For the connectivity cexample
this scquence repeats.

Conn(A,z)
Conn(A,y)
Conn(A,y')

In other words, the repeating conjuncts Conn(A.¢) are instances of their
predecessors at the time they are actually reduced to subgoals. We refer to
such reenrsive inference (where the sequence of conjuncts reduced at each
step is repeating) as repeating inference.
In contrast, the sequence of conjuncts for the integer example does not

repeat.

Integer(2.5)

25=z+1

Integer(1.5)

10=z+1

Integer(.5)

S=z+1

The argument of Tnteger () is always hound before the conjunet is actnally
reduced to subgoals, and cach time the argnment is bound to a different
constant. (The latter qualilication is important. It is still possible for the
sequence of goals processed to be repeating even though all of their argu-
ments have been bound. We will show examples of this in Section 3.) We
refer to all non-repeating, recursive inference as divergent inference.
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1.4 The Approach

Control of recursive inference means eliminating those portions of the search
space that are superfluous or redundant. We say that a goal is superfluous if
there are no facts it the database that will satisfy it or any of its descendants,
For a particulag problem we say that a goal g is redundant with another goal
¢’ if none of its descendants will result in any solutions to the problem
not produced by descendants to the goal g'. The difticulty is to determine
vhich branches of a search space are indeed superfluous or redundant. If
all recursive inference were unproductive it would be a simple matter to
provide effective control.  However, as we illustrated with the transitivity
rule there are many instances where a limited amount of recursive inference
is necessary in order to errive at desired answers. If too much of a recursive
space is discarded, important answers to the problem are lost. Alternatively,
if not enongh of the recursive space is discarded, valuable problem solving
cffort is wasted.

In general it is not decidable whether or not a given portion of a recur-
sive scarch space is redundant. However there are special cases where it is
possible to prove redundancy without comp'etely exploring the space. For
repeating inference a simple syntactic solution is possible. We can decide
when to cut off inference by keeping track of the answers produced with
cach additional level of repetition. For divergent inference the problem is
umeh barder. Here we must generate antomatic proofs that no answers
exist in a portion of the search space. These proofs are similar to proofs
of program termination using well-founded sets. They require information
about the properties of the relations involved, and about the content of the
system’s database. Finally, where rule sets are commtative and each set
alone cannot produce answers, it is possible to generate autcimatic proofs
that no novel answers will appear in a portion of the search space, again by
making use of knowledge about the propertics of the relations involved, and
about the contents of the system'’s database.

1.5 Organization

The next section is a bit of an academie digression. In it, we consider
the types of facts that make recursive inference possible, and consider the
conditions under which recursive inference will actually ocenr. The reader
more interested in a solution to the problem of recursive inference can skip

ahead to Sections 3 and 4. In Scction 3 techniques for the common special
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case of repeating inference are reviewed. Althongh several of the algorithms
presented are not novel, we consider them from the viewpoint of search
control. introduced in Section 1.4. We provide a proof that the method is
correet and consider the conditions under which such a strategy is optimal.
In addition, more powerful methods for dealing with cases of transitivity
and logical subsumption are described.

The more general class of non-repeating recursive inference is consid-
cred in Section 4. Here we show how properties of the relations involved
and knowledge abont the contents of the system’s database can be used to
demonstrate that a portion of the search space is redundant. Finally, in
Sceetion 5 we consider the problem of detecting recursive inference so that
control can be institnted only when necessary. Related work is also dis-

cussed.




2 TIIE CONDITIONS FOR RECURSIVE INFERENCE

2 The Conditions for Recursive Inference

2.1 Cyclic and Recursive Collections

Supposc that a set of facts can be arranged in the form:

F L, A ¢y = L’g
Fy: Ly A¢2 = La

i B s A 1:>L,n
A L A == L.,

where the consequent, L), of cach fact F, unifies with the premise Ly in
its successor F |y, and the consequent, L), , 4, of the final rule I, unifics with
the premise Ly in the first rule Fy. We say that such a set of miles forms a

cycle and constitutes a cyclic collection.! For example the sct of rules,

P(zr) = Q(z)
Q(B) = P(A)

form a cycle, since Q(z) unifies with Q(B) and P(x) nnifies with P(A). Of
course a rule can be involved in more than one cycle so we also refer to the
union of any two cyclic collections that share rles as a cyclie collection.

If a common sot of bindings is possible for all of the unifications in a
cycle, the facts are said to be recursive and constitute a recursive collection.
In other words, a group of facts is recursive il there is some conunon set
of bindings b for the variables in each of the facts Iy through Fp, such that
Lily = Ll|y and Ly, 1|6 = Lils. (The notation Py refers to the clause P under
the variable bindings b). The cyclic collection given above is not a recursive
collection because z cannot be bound to both A and B simultancously.
However, the cyclic collection

r(z) = Q(z)
Qy) = P(y)

I This notation and terminology is derived from Minker and Nicolas [MN83]. Minker
and Nicolas express these defimtions in terms of facts in conjunctive normal form. For
simplicity we have expressed these definitions in terms of rules.
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is a recursive collection since the binding z : y wnifies Q(z) with Q(y) and
P(z) with P(y).? Likewise, the transitivity and synunetry rules, the albino
rule, and the Fibonacei rule given in the previous section are all recursive
collections. .

As with cyclic collections, it is possible for a single rule to be part of
more than one reenrsive collection. We therefore refer to the union of any
two recursive collections that share rules as a recursive collection.

2.2 Recursive Search Spaces

We say that a search space is recursive if it contains a recursive inference
path (as defined in Section 1.3). It should come as no surprise that recursive
collections give rise to recursive scarch spaces.

Theorem 2.1 For any recursive collcetion of fucts there is at least one goal
which will result in a recursive secarch space.

Proof DBy the definition of a recursive collection there ts some common set
of bindings b for the variables in each of the facts Fy through Fn such that
each Li|y = L'|y and L}, \[o = Lily. From the goal proposition Ly|s, using the
rules Ry, ..., Ry it is possible to regenerate the subgoal Ly|y. This process can
be repeated arbitrarily rnany times, resulting in an arbitrarily lony inference
path. O

As an example, consider the transitivity rule for cirenit connections. The
scarch space in Figure 1-1 shows that the goal Conn(A, z) has a recursive
space since cach subgoal in the sequence

(Conn(A, z),Conn(A,y),Conn(A, y"),Conn(A,y"),...)

is an instance of the preceding goal.

Corollary 2.2 If a goal proposition g results in a recursive search space for
a qiven recursive collection then any generalization ¢' of the goal unll also
result in a recurstve scarch space.

By a generalization of a proposition g we mean a proposition ¢' such that
¢'ly = ¢ for some set of bindings b. For example, since the query Conn(A, 2)

2T)is is not a very interesting recursive collection. Most recursive collections have addi-
tional conjuncts in their premises.
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has a recursive scarch space, the query Conn(z, z) will also have a recursive
scarch space.

It is natural t. ask whether reeursive collections are the only kinds of
facts that can lead to infinite search spaces. Infinite scarch spaces can always
oceur if there is an infinite database, but barring this possibility, the answer
appears to be yes.

Conjecture 2.3 If an infinite path ezists in the scarch space then there
must be a recursive collection of facts involved in the generation of thal
path.

In fact, we believe that a stronger statcinent holds.

Conjecture 2.4 A set of n arioms which is not a recursive collection cun
generate an inference path of at most length (2" - 2)a + 1 where a 1s the
mazimum arity (number of argumnents) of all relations in the collection.®

Lewis [Lew75] bas proven a woaker theorem but we are not aware of any
proof of these conjectures.

2.3 Recursive Inference

As we stated in Section 1.3 recursive inference occurs when an inference pro-
cedure follows a recursive path in a recursive search space. By this definition
a recursive search space is a necessary condition for recursive inference, but
it is not a suflicient condition. Even though a given problem may have a
recursive search space, recursive inference will not necessarily result. Con-
sider the refornmlated version of the transitivity axiom for circnit connec-
tions (Seetion 1.2.4). Althongh the scarch space for the goal Conn(A,z) is
still a recursive space, if the [Conn conjunct is always solved lirst, recursive
inference will never result for this goal.
In general, whether or not recursive inference occurs depends upon

e the specific characteristics of the recursive collections involved,

e the search strategy employed by the inference procedure,

‘We arrived at the fornmla (2" - 2)a+ 1 by crpiricai generalization of nset of examples,
beginning with the cyclie collection

Py, z) = Q(=,y)
2(A,z) = P(D,z)

and progressing to higher arity, more rules and rules involving functional expressions.
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e the strategy for evaluating embedded functional expressions (whether
they are evaluated or treated syntactically), -

e the number of answers desired for the problem,
e the number of answers actually available for the problem.

If non-reenrsive subgoals are preferred to recursive subgoals, the chances of
recursive inference will be less. Likewise, if non-recursive clauses are pre-
forred to recursive clanses in conjunctive subgoals, the chances of recursive
inforence will be less. In contrast, recursive inference becomes more likely

as the ratio of munber of solutions sought to number of solutions available
increases. Unfortunately, there is no simple precise characterization of when
recursive inference will or will not oceur. Any such characterization would
require a classification of all the different possibilities for cach factor, and a
ulti-dimensional table to consider all of the different combinations.

Since some of the factors are uncontrollable (or the cure is worse than
the discase), the best that we can say is that when a recursive collection is

present, there is the potential for recursive inference.
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3 . Repeating Inference

As we indicated in Section 1.3 repeating inference is when the sequence of
processed goal conjuncts actually repeats. In other words, there is some in-
finite subsequence of the goal conjuncts processed, such that cach successive
conjunct is an instance of its predecessor. Most of the examples that we
cousidered in Section 1 were of repeating inference. I particular, the con-
nectivity example had this characteristic, since a goal expression of the form
Conn(A, z) is generated and expanded repeatedly in the leftmost branch of
the AND/OR scarch tree.

In repeating inference, a portion of the AND/OR search space is repeated
over and over again. To control the scarch we must determine the level at
which the repetition can be ent off. The scarch space below the cutoffl point
mnst not hold any new answers.

3.1 Finding a Single Answer

First consider the special case where only a single answer is needed for a
query.  In such cases. if an answer cannot be found without exploring a
repeating portion of the space, no answer can be found at all. As a result,
the search space can be prunced drastically.

Theorem 3.1 If only a single answer is needed for a goal g, any descendant
' that is an instance of g can be discarded (alony wnth the entire subspace
descending from ¢'). Furthermore, it is optimal to do so (i.c. the least
czpensive way of Jinding an answer does not involve scarching the subspaces
descendant from any of the ¢').

Some notation is needed in order to demonstrate this result and other results
to follow. Let 8(g) refer to the search space beginning with the goal g and
containing all of the legal descendants of the goal g A [ronticr set F of
a search space S(g) is defined to be a set of goals in the space such that
no goal in the frontier set is a descendant of any other goal in the frontier
set. Intuitively, a frontier set is some possibly jagged, partial slice through a
search space. Let Sp(g) refer to that portion of the space S(g) not inclnding
any of the frontier goals £ € I or their descendants S(f). In other words,
the restricted search space Sp(g) is just §(g) with all of the frontier branches
pruncd out. Let Ag(g) refer to the set of answers to the goal g present in
the restricted space Sg(g).
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/N

Figurce 3-1: Scarch space for a single-solution problem

For a recursive space let R, (g) refer to the frontier set consisting of the
nt* level repetitions of the goal g Using this notation the above theoren
can be stated more precisely:

If only a single answer is nceded for the youl g, the optimnal
strategy will involve a search in Sp, (4)(9).

Proof Suppose that the space Sp,(,)(9) contains no answers to g. Since
cach goal ' € Ry(g) is an instance of g, the space Si, g9 (g') does not contain
any answers to g'. By induction, there arc no answers to any of the repeating
goals, and hence there arc no answers to g. Cousequently, restricting the
search to Sp, (y)(y) will stall result in the correct answer and will not sacrifice
optirnality.

Suppose. on the other hand, that there 15 an answer to g in Sy, (,)(9). Let
o be the casiest answer to Jind Jor the goal g' € Ry(y). The same proof will
result tn an answer « lo the goal g. Therefore the answer « will be casier
to find for g than the answer resulting [rom a'. As a result, restricting the
search to Sp,(4)(9) will not sacrifice optimality. O

A uscful corollary of this theorem is;

Corollary 3.2 Repeated ground queries and Junctional queries can always
be pruncd from a scarch space.

This is beeause such queries will never have more than one answer.
Finally. note that Theorem 3.1 does not mean that all repetitions can be
discarded, only those for goals which require only one solution. Consider the
hypothetical scarch space in Figure 3-1. The goal ¢g. which has only a single
solution, generates a conjunctive descendant h A j. Tt might be necessary
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to scarch through several of the answers to the conjunct h in order to find
a solution to the conjunction. Thus while any reoccurences of g can be
discarded, reoccurences of the goal h cannot be.

3.2 Finding Multiple Answers

In cases where more than one answer is needed, Theorem 3.1 does not apply.
Such problems arise far more often than might be expected. Even though
only a single answer is needed for a problem, some of its subproblems may
be conjunctive, as in the example above. Solving a conjunction frequently
requires generating more than one solution to at least one of the conjuncts.

3.2.1 The Theory

If inultiple answers are needed, in order to climinate a portion of the repeat-
ing space we must show that that portion of the space is redundant; i.e. will
not produce any novel answers to the original problem. What makes such
a proof possible is the observation that if a scarch of one or more levels of
repetition deeper in a recursive space does not produce any new answers, 1o
amonnt of additional scarch will produce any new answers to the original
repeated supergoal. Using the notation introduced in the previous section
we can state this more preciscly.

Theorem 3.3 Let F be the frontier set R, (g) consisting of nth level in-
stances of the yoal g. Let F' be a [rontier sel constisting of repeating descen-
dants of goals in the set F. If Api(g) = Ap(g). all of the [rontier subspaces
S(r) forr € F are redundant.

Proof The proof is by induction on the level of repetition in the scarch
space. First we prove the theorem for the case where F' = R, ((g). Let ¢
be  first level repeating descendant of g and let b be the set of bindings such
that ¢’ = gly. Let r be the subsct of R,(g) that arc descendants of g' as shown
in Figure $-2. Thusr = Ry 1(y'). Let v’ be the sct Ry(r) = Ru(y') (all first

1This theorem relies on the assmmption of complete indexing in the problem solver's
database. In other words, the system must be able to tind any fact in the database that
matches a goal. Withont complete indexing, answers could be found to an instance
of a goal when they conld not be found for the original goal. A weaker version of the
theorem still holds if complete indexing of the problem solver's database is not assumed.
In this case the frontier set F' must contain repetitions instead of instances of the goal
g. DEssentially this means that scarch must be a few recursion levels deeper until a
specialization of the initial goal is found for which F will contain pure repetitions.
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Figure 3-2: Abstract repeating scarch space.
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level repeating descendants of r) and let r" be the set Ry(r) = R, 1(¢') (ul(
second level repeating descendants of r).
The space S,:(g') is an instance of a portion of the space Sp(g). In [act

Av(g')={a:aube Ar(9)} .
Likewise the space S, (g') is an instance of a portion of the space Spi(g) so
A'u(g') ={a:aUbe€ Ap(g)} .

Since Ap(g) = Ap/(g) this means that A, (¢') = A, (q').

Let ¢y be the function from answers to a descendant ¢' € Ri(g) to an-
swers to the supergoal g. In other words, a = ¢, (a') means that 3f o' 1s an
answer to g', a will be an answer to g. Then

A(g) = Ap(g9)U{a:a=¢u(a")Aa" € A(g')} .

Now consider the frontier F" = R, ,2(g). Using the two results above:

Api(9) = Ap,(g)(9) U U f{a:a=¢,(a)Ad" € Au(g)}
9'c Ry (9)
= Ap,(g)(9) Y U {a:a=¢yp(a")Ad € Au(d)}

9'cCRi(9)
= Ap(9) .

By induction Apw)(y) = Ap(y) for all k. Thus A(g) = Ar(g), which means
that the repeating descendants sn I are redundant.

Finally, for any set F' satisfying the requirements of the theorem,
Sk i (0)(9) € Spely). s0 Apilg) = Ap(g) tmplies that Ag,(,)(9) = Ap(g).
Thus, since the theorem holds for F' = R, 1(g) it holds for arbitrary F'. O

Corollary 3.4 The depth of repetition in a search space can be limited to
onc less than the total number of answers desired for the problem.

Theorem 3.1 is a special case of this corollary.

Example: Consider the connectivity axiom for circuits,
Conn(x,y) A Conn(y, z) ==> Conn(z,z) .

As before, suppose that the problem is to find all points in a circuit connected
to a given point A,

find all z: Conn(A,z) .
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Conn(A, z)

Conn(A,y) Conn(y, z)

Ve ¥

Conn(A,y') Conn(y',y) Conn(y,w) Conn(w,z

Conn(A.y") Conn(y",y") Conn(y,w') Conn(w',w)

Figure 3-3: A portion of the backward scarch space for the goal Conn(A,z2)

An initial portion of the backward AND/OR search space for this problem
is reproduced in Figure 3-3. If there are no answers in the system’s database
for Conn(A. z), there are no answers at all. In this case the fronticr sets
I = {“Conn(A,z)"} and F' = {“Conn(A.y)"} satisfy the conditions of
Theorem 3.3. Sp(g) is the null space and Spi(g) is the space consisting of
only the goal g = “Conn(A, z)". Since there are no answers in the database
for the goal g, Ap(g) = Ap(g) = 9. As a resnlt, Theorem 3.3 states that
1o scarch is necessary for the problem.

If instead the database contains the fact Conn(A, B) but no facts about
the connections to 3, the sets

F = {“(,'mm(A,y)"}

and

F= {“Curm(A,y')"}
satisfy the theorem. In this case Sp(g) and Sp(g) both contain the sin-
gle answer z = B. As a result, only database answers to the initial goal
Conn(A. z) need be located in this case.

Finally, suppose that the database contains the facts Conn(A, B) and
Conn(/3.C) but no other connections to A, B or €. For this case the cutoff
fronticrs contain two terms sinee the right hand branch of the conjunction
also contributes a recursive branch for the binding z = B.

F = {“Conn(A.y')", “Conn(DB,w)"}
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F' = {“Conn(A,y")", “Conn(B,w')"}

For both of these frontiers, the answer sct will consist of z = B and z =

Optimality Although Theorem 3.3 tells us some conditions under which
a portion of the scarch space is redundant, it does not tell us that pruning
the redundant portion of the space is necessarily optimal. In some cases it
can be advantageous to search part of the redundant portion of the space.
As an example, consider the connectivity example of the previous section,
where the available facts were Conn(A, B) and Conn(B,C). Suppose that
we also have the (non-reenrsive) collection of facts

H(z,y) => Conn(z,y)
G(z,y) = H(z,y)
F(r,y) = G(z,y)
E(z,y) = F(2,y)

together with the facts E(A, B) and E(A.C7). In this case we could find all
the answers to the query Conn(A, z) by exploring this non-reeursive path.
Theorem 3.3 therefore allows ns to conclude that the goal Conn(A.y) is
redundant. However, the non-recursive way of linding the answer z = C 18
longer and more costly than finding the same answer by exploring a level
deeper in the repeating space. As a result, pruning the subgoal Conn(A, z)
is non-optimal for this case.

In the case where all of the solutions are needed to a problem we can
show that pruning the redundant portion will be optimal.

Theorem 3.5 For recursive problemns where all of the solutions are sought,
if there ezists a frontier F that obeys the conditions of Theoren 3.3 the
optimal strategy will involve scarching only Sr(9).

Proof In order to find all answers in a space. all portions that may con-
tain novel answers must be scarched. Assumning that we do not know which
portions of Sp(r) are redundant with S(r) Jor cach r € F then Sp(g) must
be scarched in any case. If Sp(yg) must be scarched, cach of the S(r) contain
only redundant answers, so there s no advantage to scarching any of them.
As a result, the optimal strategy will be a scarch over only Sp(y). O

As we demonstrated in the example above, this result does not hold for
problems where some specilic number of solutions is sought.
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3.2.2 Repetition Cutoff Algorithms®

In order to make use of Theorem 3.3 we need a mechanism for finding the
repetition level that satisfies the conditions of the theorem. TFinding such
a frontier sct requires preserving the answers to any goal with repeating
descendants.

Algorithm 3.6

1. If a goal ¢; is an instance of onc of its supergoals ¢ then the goal
gi is suspended until all other alternatives for solving ¢ have been
exhausted.

If any new answers are found to the goal ¢ then all repeated instances
gs of g are enabled for another level of expansion. If not, the inference
is terminated.

A flowchart of a problem solver incorporating this procedure appears in Fig-
ure 3-4. One major efficiency improvement ean be made on this procedure.
The answers produced by expanding the search space an additional level
of repetition will be a subset of those produced in the first level since cach
repeated descendant g; is an instance of the goal g. Therefore, it is not
necessary to reproduce the space at cach level. Tt is sufficient to cache all of
the answers to the supergoal and use them as the answers to any repeated
descendants. Thus, a more cllicient procedure would be

Algorithm 3.7

1. Each time a solution is found to a query (or subquery) the solution is
cached.

When a repeated descendant is encountered, only instances found in
the system's database (inelnding cached answers) are used as solutions
to the repeated descendant. No additional inference is performed on
this repeated descendant.

. The solution of a repeated descendant is not complete until no ad-
ditional solutions can be fonnd to the goal that it is a repeat of. In
other words. new answers (o a goal mnst continnally be plugged into
all repeated descendants until quicscence ocenrs and no new answers
appear.

SThese algorithms were fiest discovered by Black [BlaG8] and were later rediscovered by
McKay and Shapiro [MS81] and by the authors.
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Figure 3-4: Backward inference procedure with repetition control.
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e

Figure 3-5: An idealized AND/OR tree containing repetition

As an illustration of this method, consider the scarch tree shown in
Figure 3-5. This tree is a snapshot of the goal stack for the inference engine
at some point in the computation. There are two repetitions of the original
goal expression g, both of which are suspended awaiting answers to g. If the
answer a is found to ¢ this answer is cached and cowncequently plugged in
as an answer for ¢ and ¢”. If these branches generate additional answers o
and @” to g, then these answers, in turn, are cached and must be tried in
the two repeated descendants. When no new answers to g can be produced
the process is complete.

Example: Circuit Connections Consider the connectivity example of
the Section 3.2.1 where the goal is to find all points in a circuit connected
to a given point A and the database contains the facts Conn{A, B) and
Conun(B,C). TFirst the answer =z : D is found. The transitivity rule is
then applied to the initial goal yiclding Conn(A.y) A Conn(y, z). Since the
clanse Conn(A,y) is an instance of the initial goal, Conn(A, z), no infer-
ence is performed on this clause. However, since there is already a cached
solution to the original goal Conn(A.z) the solution y : B is found for
the repeated descendant. Substituting this binding into the other conjunct
yields the subgoal Conn(B3,z). The answer 2 @ C s found in the system'’s
database and is therefore cached as a solution to the original goal. The de-
scendant Conn(B.2) is then expanded nsing the transitivity rule, yielding
the conjunction Conn(B,y') AConn(y',z). As with the first expansion, the
clause Conn(B,y') is an ivstance of the subgoal Conn(B,z) so no infer-
ence is performed on the repeated clause Conn(B,y'). As before there is
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Figure 3-6: Scarch for the query Conn(A, z)
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alrcady a solution, ¥' : C, in the system’s database to the repeated clause.
This solution is substituted into the other conjunct yielding the subgoal
Conn(C, z). There are no solutions to this clause in the system’s database.
The expansion to Conn(C,y") A Conn(y".z) again contains the repeating
subgoal Conn(C,y"), so no further inference is performed and no answers
arc found to Conn(C, z). This leaves no further alternatives for the super-
goal Conn(DB, z). However, this subgoal did generate an additional answer
(z : C) to the initial goal Conn(A, z), so the cached fact must be used in the
tirst repeating descendant Conn(A.y'). Substituting the binding ' : C into
the other conjunct yiclds the subgoal Conn(C, z). As before, this subgoal
yiclds no solutions, and the inference process terminates.

Example: Ancestry As a sccond example consider the problem of finding
all albinos, given the rule

Albino(z) A Parents(z) = {z,y} A Albino(y) => Albino(z)

Assume that our database contains the facts:

Parents(ABCD) = {AB,CD}
Parents(AD) = {A, B}
Parent<(CD) = {C, D}

Albino(A)
Albino(DB)
Albino(C)
Albino(D)

Beginning with the conjunct Albino(z) the system would first discover the
four answers in its database. It would then apply the recursive rule resulting
in the conjunction Albino(z) A Parents(z) = {z,y} A Allino(y). The first
of these conjuncts is identical to its parent so the algorithm would halt
further inference on this branch. However, since there are already four
cached solutions to the original problem, these are substituted in as solutions
to the repeated descendant. We are therefore left with the conjunction
Parents(z) = {z.y} A Allino(y) for the cases of 2 = A, 2 = B, z = C and
z = D. Tor these different bindings, the parents conjunct yields values for
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Albino(z)
Albino(z) Parents(z) = {z,y} Albino(y)
z= A s= AD ws= B
B AD A
C CD D
D D C
AD ABCD CD
CD ABCD AD

Figure 3-7: Search space for the query Albino(z).

y and 2:
5 ¥
A B AD
B A AD
Cc D CD
D C CD

For cach of these solutions for ¥, the final conjunct Albino(y) is verified
by reference to the database. Thus the answers AD and CD are produced
and cached for the original query. These, in turn, are substituted into the
repeated descendant, again yielding the conjunction Parents(z) = {z,y} A
Albino(y) for the cases z = AD and z = C'D. The parents conjuncts yicld
new values for y and 2:

3 v z
AD CD ADBCD
CD AB ADCD

Again the conjuncts Albino(CD) and Albino(ADB) are yerified by reference
to the database so the answer ABC D is produced and eached for the original
query.

Finally, substitution of ABCD into the repeated descendant yields no
additional answers (since ABC D has no progeny) and the search terminates.
A sketch of this scarch space appears in Figure 3-7.
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Soundness, Completeness and Optimality Since Algorithms 3.6 and
3.7 arc merely ways of finding frontier sets which satisfy Theorem 3.3, they
do not adversely affect the logical soundness or completeness of an infer-
ence procedure.  Although use of these algorithms will result in a drastic
reduction of the size of repeating scarch spaces their use does not gnarantee
termination of scarch. This is becanse the restricted scarch space Sp(g) can
still be infinite. Theoremn 3.3 and the algorithms do not detect or climinate
divergent inference paths. As a result, an inference procedure making use
of the entoff algorithms might still enconnter a divergent path and might
therefore never terminate or find all of the answers in the space.

However, barring divergent paths, inference procedures based on Algo-
rithins 3.6 and 3.7 are guaranteed to terminate, and any solution in the
scarch space will be found. If the subgoal generator is logically complete,
such an inference procedure will also be logically complete.

The algorithms limit scarch to one recursion level beyond the minimal
level that satisfies the conditions of Theorem 3.3. In Section 3.2.1 we pointed
out that cutting off redundant recursive paths at the carliest possible level
may not be optimal. This observation therefore extends to the algorithms
as well.

3.3 Special Types of Repetition

The theorems of the previous section are general, but weak.  There are
special cases of repeating inference where stronger results are possible. Tor
example, in Section 3.1 we developed a much stronger resnlt for the case
where only a single answer was needed. There are two other special cases
which merit particular attention, descendant subsumption, and transitivity.
Both of these cases rely on general goal subsumption for their power. We
say that a goal set g subsumes another goal st ¢’ if there is a set of bindings
b such that gl C ¢'. If only a single answer is needed for a problem any goal
sct ¢' subsumed by another goal set ¢ will be redundant with that descendant
[Nil80]. The situation is somewhat more complicated when more than one
answer is needed.

Theorem 3.8 Let ¢ and ¢" be descendants of g and let V' and V' be the

binding scts that relate solutions to ¢' and ¢" to solutions to g (i.c. ¢ => g|y

and ¢" => gl ). Supposc that §' subsumes ¢" with the bindings c. If the
bindings for the output vartables in V' Uc are a subset of the bindings V', ¢"
is redundant with ¢'.
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Figure 3-8: Subsumption example

Proof Let o be a solution found to ¢". Then o" UM is a solulion to g
that will be found by exploring g". We wust show that the sarne solution (or
a generalization of it) can be found by crploring g'. Since ¢l C ¢" we know
that there is some solution o' C o" U ¢ that will be found for ¢' (assuming
complete database indezing). Thus o' UV will also be a solution to g. Dut
sincea' Ca"Uc and V' Uc C " we have o' UV C o"UcU ¥ Caub.
§a the solution o' UV found by the descendant q' is a yeneralization of the
solution a" U V" found by the descendunt g". ¢" is therefore redundant with
.0

As an example, consider the simple search space of Figure 3-8 generated
from the goal Q(z) nsing the rules

R1: P(z) = Q(z)

R2: P(A) = Q(A)
R3: P(A) ==> Q(B)
Ri: P(A) => Qlx).

The subgoal P(z) subsumes the three subgoals P(A) with the bindings
¢ = {z: A}, but not all of these subgoals are redundant with ’(z). The
leftmost. ’(A) in Figure 3-8 is redundant because its binding set {z: A}
is identical to e. However, the seccond P(A) has the binding set {z: B}
which does not contain z : A. This subgoal is therefore not redundant with
the subgoal P(x), unless z is not an ontpnt variable. The third instance of
I’(A) is also not redundant with the subgoal () (assuming x is an oulput

variable) sinee it has an emply binding set. Finally, it is worth noting that
the first and second instances of ’(A) are redundant with the third instance
of P(A). For these cases ¢ is empty, which is contained in any binding sct.
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Descendant Subsumption  We can apply Theorem 2.8 to cases of re-

peating inference. In this case, ¢" is a descendant of ¢/, and the root goal ¢
can be taken to be ¢'. Thus the binding list ' is empty.

Corollary 3.9 Let ¢' be a repeating descendant of g and let b be the set of
bindings that relate solutions to ¢' to solutions to g (' => ¢|). Let ¢ be the
set of bindings such that ¢’ = g|.. If the bindings for the output variables in
¢ are contained in b, the goal ¢' ts redundant with the goul g. Furthermore,
the optimal strategqy does not involve '.

As an example, consider the simple search space of Figure 3-9 gencerated
from the goal I’(z) and the rules

1: P(A) => P(A)
22: P(A) = P(D)
3: P(A) = P(z).

The three subgoals ’(A) are subsnmed by the root goal P(z) with the

P(z)

r(A) P(A)

Figure 3-9: Repetition subsumption example

binding set ¢ = {z: A}. The first subgoal has bindings & = {z : A} and can
therefore be eliminated. The second has bindings b = {z : B} which docs
not contain ¢. Therefore, it cannot be eliminated if z is an output variable.
Likewise the third subgoal cannot be climinated since its binding set b is
cmpty.

The most common cases of descendant subsumption are when a descen-
dant is identical to an ancestor in every respect o including variables, For this
case, the set e is empty and the descendant can be climinated. These sit-
nalions arise from il-and-only-if rules expressing delinitions and from rules
expressing properties like symmetry, associativity, and commutivity., For
example, in a circuit analysis system we might need the information that
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APERC 2. SRR GARY

Conn(A,z)

Conn(z,A)

Conn(A,z)

Figure 3-10: Scarch path for a symmecry rule.

clectrical connections are syminetric;
Conn(z,y) => Conn(y, z) .

Suppose we were to apply this rule for the probiem of finding all the points
in a circuit connected to a given point A;

find all z: Conn(A,z) .

We first get the subgoal Conn(z. A). Applying the rule to this subgoal gives
the subgoal Conan(A, ) again, as shown in Fignre 3-10. This is silly, since it
only leadds us back to where we started. We can always prune such repetition
according to the subsumption theorem.

Transitivity The subsumption theorem also has a direct application to
repeating inference resulting from transitivity rules. Consider the connec-
tivity example used in the previous seetions, with the query Conn(A, z) and
a database containing the facts

Conn(A, D)
Conn(DB,C)
Conn(C', D) .

Figure 3-11 shows the portion of the space that would be generated for
this problem using Algorithm 3.7. First, the answer z = D is found in the
database. Then, the conjunctive subgoal Conn(A.y) A Conn(y, z) is gen-
erated. The first of these conjuncts is repeated, so we plug in the answer
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Figure 3-11: Scarch space for the query Conn(A, 2).
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z = DB that has already been found. Continuing on the remaining conjunct
Conn(DB, z) we find one answer in the database, z = C, and then use the
transitivity rule to gencrate the subgoal Conn(B, u) A Conn(u.z). The first
of these conjuncts is a repeat of its parent so we again phug in the solution
alrcady found, u = C. The remaining conjunct then becomes Conn(C, z).
Again, there is a single answer in the database, z = D. We apply the transi-
tivity rule one more time yiclding the conjunction Conn(C,v) AConn(v, 2).
The first of these is again a repeat of its parent and we plug in the available
solution v = D. The remaining conjunct Conn(D. z) yiclds no solutions
so we begin to unwind. Note that we have alveady found all of the solu-
tions to the problem, z = B,C and D. Yet, we have not substituted the
newly generated answers into the two remaining repeating descendants. Ac-
cording to the algorithm we nmst substitute u = D into the conjunction
Conn(B,u) A Conn(u,z). Following this. we must substitute the answers
y = C and y = D into the first subsoal Conn(A.y) A Conn(y. z). Each of
these substitutions canses more redundant inference. In effect the procedure
produces cach of the answers twice, A similar sitnation ocenrs with the dual
query Conn(z, D) (assuming the conjuncts are processed in a reasonable or-
der) and with the general query Conn(z,z).

Much of the duplication can be climinated by recognizing and pruning
subsumed goals. For example, the two instances of the goal Conn(C, z)
are nutnally redundant according to the subsumption theorem.  Likewise,
the four instances of the goal Conn(D, z) are mutually redundant. I all
but one of cach are climinated the remaining search space does not contain
any redundant portions. Using the subsunption theorem, together with
Algorithm 3.7 therefore solves the problem. However, the two results can
be combined into a more suceinet reduction theorem.

Theorem 3.10 Let ¢' A g" be the conjunctive subgoal produced by applying

a transilivity rule
R(z.y) A R(y,z) = R(z,2)

to the goal g. as llustrated in Figure 3-12. Let W' and " be the conjunctive
subgoals produced by the application of the transttivity rule to the conjuncls

g and ¢" respectively. Then Boand B are muiually redundant.  In other
words, S(g) = Swly) = Spe(9)-

Proof For ull possible g that match R(r.z), the conjunction ¢' A h" sub-
sumes ' A ¢" and vice versa. For example. if g = “R(2.2)", ¢’ = “R(z,y)",
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9
g,/A\ e

Figure 3-12: Transitivity scarch space.

¢" = “R(y,z)" h' = “R(z,v) A R(v,y)" and W' = “R(y.w)AR(w,z)", then
R(z,y)AR(y,w)AR(w,z) subsumnes R(r.v)AR(v.y)AR(y,z) and vice versa
Jor any subset of {z,z} as output variables. The theoremn therefore follows
smmediately from the subsumption theorem. O

This result is casily implemented. When a trausitivity rule is applied
to a goal, the rule should not be applicd to one of the two conjunctive
subgoals generated. For the connectivity example the two possibilities are
shown in Fignres 3-13 and 3-14.  If the transitivity rule is not reapplied
to left-hand branches the result is a simple, but lopsided search space. If it
i not reapplied to the right hand branch, repeating inference oceurs in the
left-hand branch, and the methods of Seetion 3.2 must be applied. Using
Algorithm 3.7, inference on the left-hand branch would stop after one level.
All answers are generated merely by caching solutions and substituting them
into the left branch.
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Conn(A,z)

AT

Conn(A,y) Conn(_/ z)
'y :C
|

Conn(DB, z)

" )

Conn(B,u) Conn(

'u 4
|
Conn(C, z)

i

Conn(C,v) Conn(v, z)

Iv D
¢ mm(D,..)

i

Conn(D,w) Conn(w,z)

Figure 3-13: Left-pruned search space for the goal Conn(A,z)

Conn(A, z)

i

Conn(A,y) Conn(y, z)
y= B 3= O
C D
D

Figure 3-14: Right-pruned scarch space for the goal Conn(A, z).
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Integer(2.5)

25=z+1 Integer(1.5)

15=z+1 [Integer(.5)

d=z+1 Integer(-.5)

Figure 4-1: Scarch space for the query Integer(2.5). The first conjunct has
been evaluated for each subgoal.

4 Divergent Inference

The most troublesome form of inference loops are those which do not repeat.
Consider again the simple rule desceribing the integers:

y=1z+ 1 AlInteger(z) = Integer(y) (4-1)

A query such as Integer(2.5) generates an infinite sequence of subgoals like
that shown in Figure 4-1. If we were to list the sequence of goal conjuncts
reduced at cach step in the inference process, no specific conjunct wonld -
appear more than once in this sequence. There is an infinite munber of
Integer conjuncts in this sequence, but each one has a dilferent. argument.
As we indicated in Section 1.3 we refer to such non-repeating recursive
inference as divergent inference.

How do we go about eutting off inference in such a case? In general it
is only semi-decidable whether or not the space below a given subgoal will
contain novel answers to the problem. Yet for a case like the one above we
can supply a fairly simple argnment for pruning the inlinite reenrsion from
the search space. Suppose that the smallest integer in the database is 2.
The sequence of descendants from Infeger(2.5) is monotonically decreasing.
As a result, once we have passed Integer(2) all further deseendants are
superfluous; they will never be able to mateh any fact in the database.
This argument is not unlike the sort of arguments used in proving prograin
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correctness or program termination. Here we have used, as an invariant
asscrtion, the fact that every descendant of Integer(2.5) will be of the form
#(z) A Integer(z) and that z will always be less than 2.

This kind of argument can be gencralized to arbitrary recursive collee-
‘jons. What is necessary is to find an invariant assertion for cach goal form
in the loop that implics that there will be no answers in the database for the
corresponding goal. In addition we must show that all other rules that apply
to goals in the loop (rules not in the recursive collection) will not produce
any answers.

We can make this kind of argnment more precise. Let the relation No(p)
mean that there are no facts in the database that unify with the proposition

p.

Theorem 4.1 Let {R,,... Ry} be the relations occurring in the consequents
of the rules in a cyclic collection (recursive collections included). Let

Fixn = “bjun(¥,2) A R;(§) = Ri(2)”

designate the n*® rule in the collection having a relation R; in its premise,
and Ri in its consequent. [The ¢k, may contain addittonal R from the
set.) Suppose that there is a predicate fi on the domatn of each relation Ry
such that

1. Be(§) => No(“Re(9)7)
2. Be(2) A bjunl¥,Z) = B;(9)

9. Pi(3) = Super fluous(y) Jor all other [ucts (v = R (Z)) not in the
recursive collection.,

Then if ﬂk(;{) holds, the goal Rk(/-{) 1s superfluous.

Here fi(Z) is the invariant assertion for those goals with tiie relation 2.
The first condition states that the invariant assertion assures that no answers
will be found. The second condition states that the invariant assertions are
preserved from a goal to its inmediate subgoals, and the third condition
assures that none of the exit points of the loop will lead to any answers.

Proof First we consider just those descendants of Rk(ﬁ) that can be gen-
erated using rules in the cyclic collection. We want to show that there are
no answers in the database for any of these descendants. We know that each
of these descendants will contain a clause R,() Jor some R; in the sct of
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relations described in the theorem. If we can show that the invariant asser-
tion f3;(y) holds for that descendant, condition (1) in the theorem tells us
that there will not be any answers in the database. Thus, we want to show
that, for each descendant g¢' gencrated using only the cyclic collection, there
ts some czpression Y(y, Z) and some relation R, in the set so that ¢' takes
the form

9' = “Y(¥,%) A Ry(5)” (4-2)

and that
¥(¥,2) = B,(¥) . (4-3)

We prove this by induction on descendant depth. For the initial goal
Rk(/-i), the induction hypothesis (§-2) holds if we let i be the empty clause,
7= A and let 7 = k. Likewsse, (4-8) follows from the given, ﬂk(/-{)

Now assume (4-2) and (4-8) for cvery I** level descendant of the goal
Ri(A). Any (I + 1)* level descendant will be a subgoal of some I*P level
descendant. There are two possible ways of obtaining subgoals fromn an It
level descendant (Y, Z) A R;(7).

1. Apply some rule to a clause of v. In this case the new subgoal will be
of the form ¢'(y,Z) A R;(¥) which satisfies (§-2). Furthermore, since
V(7. 2) = $(5.3) and Y(§,3) = By(7) we get ¥'(7,3) = f,(7)
which proves the sccond half of our tnduction hypothesis (4-3).

. Alternatively, we could apply some rule I, ;, to the clause R;(y). In
this case the new subgoal wiil be (3§, 2) A ¢ j0(F.5) A R(Z). If we
let Y7, 2) = ¢ijn(F,5) AP(¥, Z) our subgoal becomes ' (Z, Z) A Ri(Z)
which again satisfies ({-2). Furthermore, sinee (3, 3) == f3;(3) and
Bi(4) A di gl Z.4) => Bi(F) (condition (2) of the theorem) we get that
Gi g 7. 9) AP, Z) => (i(F), or ¥'(£,2) = f,(F). Thus the second
part of the tnduction hypothesis also holds.

The hypotheses (4-2) and (§-8) therefore hold for all (I + 1)™ level de-
scendants of Ri(A) and by induction, for all descendants of I?k(/-i) produced
using only rules on the eyelic collection. It [ollows from condition (1) in the
theoremn that there will not be any answers in the database for any of these
descendants.

What rematns ts to constder those descendants produced using rules not
in the cyclic collection. Every such descendant will inwvoive either applying
such a rule directly to the goal lh(;—\‘). or o onc of the goals (7, Z) A R;(3)
generated using the cyclic collection. Again there are two ways of producing
subgoals to a goal of the form (7, Z) A R,(7).
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1. Apply some rule to a clause of Y. As before, suck a subgoal will still
satisfy the induction hypothesis and the previous argurnent holds.

2. Apply a rule, v => R;(§) to the clanse R,(§) to yicld the subgoal
¥(7.3) Ay. But by the induction hypothesis we know that ¥(¥, 7) ==
B,(#). By condition (8) of the theorern we conclude that v ts superflu-
ous. Thus there are no answers tn the database to any of the descen-
dants of this subgoal.

Therefore there are no answers in the database for any of the descendants
of Ri(Z), which means it is superfluous. O

4.1 Example

To see how this theorem applics, consider the simple integer example in-
troduced carlier. For this example there is only one rule in the recursive
collection. The relation i its consequent (R)) is the Integer relation, and
its g will be ¢y.11(z.y) = “y = z+17. Il we choose i (r) = "z < 2" the con-
dition B1(y) A dr.a(2.y) => Bi(x) will be satisfied. If the smallest integer
in the database is 2, then 8y(z) => No(R(z)) is true. The final condition,
that all rules not in the recursive collection result in superflunons goals, is
true since there are no other rules. Then according to the theorem gy (r) =
Super fluous(“Ry(z)"), or z < 2 = Super f[luous(“Integer(2)”).  We
therefore conclude that the subgoal Integer(1.5) is superilnous.

4.2 Application of the Theorem

In general, mechanizing the application of Theorem 4.1 is not a simple mat-
ter. First we choose an applicable recursive collection to apply the theorem
to. It may be that all recursive collections are already known and marked
in the database. In this case finding an applicable recursive collection is
a straightforward lookup operation. If not, we nmst recursively enumerate
the set of applicable rules looking for recursive collections. This is done by
mapping through cach mle that applics to a goal and doing the same for
cach subgoeal. If the same rule is used again in any path, a cycle and pos-
sible reenrsive collection has heen located. 16 several independent recursive
collections are found we nmst choose one. In satisfying the final criteria of
the theorem. that all other applicable rules do not result in any answers, the
others will be considered (the theorem may need to be applied recursively
to prove these cases).
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Ambiguity in choosing the recursive collection also arises when two or
more recursive collections share a common rule. In this case we have nested
or interwoven loops. According to the definition of a recursive collection,
their union also constitutes a recursive collection. We could therefore choose
to apply the theorem to one of the individual recursive collections, or to the
composite collection. If we choose to apply it only to an individual collection,
then in the final step it will be necessary to prove that none of the other
interwoven loops can yield an answer. This is usnally more difficult. It is
therefore probably wise to consider the maximal reeursive collection first.

The second step is to colleet the set of consequent relations in the recur-
sive collection. This is straightforward.

The third step is to find a set of invariants 3, which satisfy the charac-
teristics

1. Bi(Z) = No(“Re(2)")
2. ﬂk(E) A d’J‘k,n(g' E) == ﬂ](g)

This task involves generating possible predicates ff; and testing them to sce
if they satisfy the above axioms. The most efficient way to do this is to start
at one place in the loop, and proceed aronnd the loop in an orderly fashion,
generating the 4 at cach step. Thus we start by generating a possibility S
for some k and check to see that it satisfies the first axiom above. Then
choose 7 so that there is some rale )i, Now generate fi; and cheek to
see that it satisties both the first and second axioms. Then choose ¢ so that
there is some rule Fy ;. and so forth.®

The real problem is in generating good candidates for any individual g;,
particularly since the desired fA; might be a conjunction of known relations.
We conld start by considering all known predicates on the domain Dy of
R,. 1f none of these work, we could try all known relations from D; to a
new domain D' and conjoin these with known predicates on D' If none of
these work, we consider conjunctions containing three relations, and so on.
In general this may be necessary. However, it scems that f often takes the
form of an integer bound;

Bi(E) = “Y(F ) AL~ N"

Manna and Waldinger [MW77] disenss more sophisticated ways of generating loop in-
variants for the purposes of program verification. Much of this work appears to Le
applicable here.
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where ~ is one of <,> or = and N is a fixed integer. In our simple integer
case, 4 was the identity relation. However, if we were dealing with lists
of ever increasing length, the Length function might be appropriate. Simi-
larly, if we were dealing with hmman ancestry a function such as DBirthdate
might be appropriate. The strategy for generating /3, therefore involves first
considering an empty 7 if the domain of Ry is the integers. 10 this fails,
known relations mapping the domain D, onto the integers are considered.
In cffect, this is a way of generating possible ordering relations for domains
where an ordering relation is not already known. Although it may, in theory,
be necessary to consider conjunctions of known relations for 4, if the numn-
ber of known relations is large, the space of possibilities quickly becomes
intractable when more complex 4 are considered.

The final step involves verifying that none of the other relevant oty
will generate any answers to the problem. This may be trivial as in the
integer example, or it can be arbitrarily diflicult, if there are other recursive
collections involved. In the latter case, this final step may well involve
application of Theorem 4.1 or any one of the cutoll theorems developed in
Section 3.

4.3 Functional Embedding: A Special Case

A common canse of divergent inference are rules which contain functionai
expressions on their left hand sides. By this we mean rules of the form,

P(F(z)) A ¢ => P(z)
For example, the rules,

Jewish(Mother(r)) => Jewish(z)
Integer(Suceessor(z)) = Integer ()

are both of this sort. Such rules will always lead to divergent inference
if the inference engine does not evaluate the embedded functional expres-
sions. For example, a query such as Jewish(Job) would lead to the subgoals
Jewish(Mother(Job)), Jewish(Mother(Mother(Job))), cte.

For such eases we can often choose g to be a lower bound on the
level of functional embedding in a subgoal. Il there are no rules relevant
to a problem which can shrink the amount of functional embedding (c.g.
P(f(f(z))) => Q(X)) then it is possible to stop the inference process when-
ever the level of functional embedding exeeeds the largest embedding avail-
able in the database. For example, in the jewish ancestry problem, if the fact
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with the largest functional embedding is Jewish(Mother(Mother(.Job)))
then any subgoal having a functional embedding deeper than two could be
discarded. Notice that this strategy refers to total functional embedding
independent of the actual functions involved. The reason is that there may
be rules available such as P(G(z)) = P(F(z)) which can result in new
subgoals having different embedded functions.

4.4 Commutivity of Inferecnce Steps

In the previous section we considered only cases where it was possible to
prove that no answers existed in a portion of the search space. In fact we
can generalize Theorem 4.1 by only insisting that subgoals contribute no
novel answers to the overall problem (as opposed to no answers at all). It
is usnally quite diflicalt to prove that answers generated somewhere in a
loop will not result in novel answers to the overall goai. However, there are
special cases where redundancy can be proven, ard in such cases Theorem
4.1 can be applied. In this section we develop such a special case result for
situations where the inference steps are comrmutative.
Consider the pair of axiomns

Ry: y=1x+ 1A Intcger(z) => Integer(y)
Ry: y=1z - 2A Integer(z) => Integer(y)

As before, suppose that the problem is to determine whether or not 2.5 is
an integer, and the smallest integer in the database is 2.

When only the first of the above two rales was available, we argued that
the sequence of subgoals from Integer(1.5) was monotonically decreasing,
and therefore the subgoal Integer(1.5) was superllnons. Given both rules,
this argument no longer holds, since Integer(3.5). Integer(5.5). ... are now
descendants of the subgoal Imteger(1.5). In fact, imagine that the fact
Integer (5.5) happened to be in the data base. Then the subgoal Integer(1.5)
would not be superfluous, since the problem could be solved by exploring
onc of its descendants.

Even though the goal Integer(1.5) may not be superfluous, we can ar-
gue that it is redundant with its supergoal, Inleger(2.5). The argminent
depends on the observation that any application of the two rules above is
commmutative. In other words, if a subgoal can be produced by applying one
rle. then the other, it can also be produced by applying the rules in the
reverse order. For example, the subgoal Integer(3.5) can be produced from
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the goal Integer(2.5) by applying R, followed by Ra. Alternatively, it can
be produced by applying Ry followed by Ry.

Using this observation we separate the descendants of Integer(1.5) into
two groups: those generated by applying only the first of the two rules, and
those that involve at least one application of the second rule.  From our
carlier argmment we know that the first class will not result in any answers.
For the second class, since the two rules are commutative, the same subgoal
can be produced by first applying the second rule to the goal Integer(2.5).
Thus the subgoal Integer(1.5) is redundant.

We now make this kind of argument precise. We say that two sets of
rules are commutative if any subgoal produced using a rule from one sct
followed by a rule from the other set conld also be produced by using the
rules in the opposite order. More formally,

Commutative(s, t) <> Vg€ s,r €t,9,9',h
(Subgoaly(g.9') A Subgoal, (4", h)
== 3¢" Subgoal,(g,49") A Subgoal, (4", h))

where the notation Subgoal, (g, h) means that the goal h can be derived as
a subgoal of the goal g using the rule r.

Theoremn 4.2 Supposc that the set of applicable fucts for a goal y can be
broken up into two commutative subsets s and t. Suppose that all descen-
dants of g. generated using only rulcs in s, produce no novel answers (i.e.
if only rules in s are used, the subgouol g would be redundant). Then all (im-
mediate) subgoals of g produced using rules in s are redundant for the entire
collection sU L.

Proof Let ¢' be an (immediate) subyoui of g generated using a rule from
the set s. Consider an arbitrary descendant. d, of ¢'. Suppese d is produced
using only the rules in the set s. Then by the premises of the theoremn there
are no answers in the database for d that result in novel answers to the overall
problem. Alternatively, suppose that d 1s produced using. at least one rule r
Jrom lhe set t. Since the rules in s and t are commmutative, the descendant
d will also be a descendant of the subyoal 4" yeverated by app'ying r to the
goal g. All descendanls of g (including ¢' stsclf) are therefure redundant
with snmediate subgoals of g produced using rules in t. Stnce our choice of
g was arbitrary all smmnediate subgoals of y produced using rules in 8 are
redundant. O
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Imteger(2.5)

Intcger(1.5)  Integer(4.5)

(redundant) /\

Integer(3.5)  Integer{.6.5)

/\ (redundant)

Integer(2.5)  Integer(5.5)
(subsumed)  (redundant)

Figure 4-2: Scarch space for the query Integer(2.5). The first conjunct has
been evaluated and removed from cach subgoal

4.5 Example

Using the theorem above, together with the results of previous sections, thes
two rule integer example can now be handled.

There are two immediate subgoals of the goal Integer(2.5). The first,
Integer(1.5) is redundant according (o Theorems 4.2 and 4.1, It is therefore
possible to eliminate it without sacrilicing any answers. The other subgoal,
Integer(4.5), has the two immediate subgoals Integer(3.5) and Integer(6.5).
If the maximum integer in the database is 3, we can again apply Theorems
4.2 and 4.1 to show that Integer(6.5) is redundant.  The other subgoal,
Integer (3.5) has the two immediate subgoals Infeger (2.5) and Integer(5.5).
The latter is again redundant, by application of Theorems 4.2 and 4.1. The
remaining subgoal Integer(2.5) is identical to the original goal, and so by
Theorem 3.9 it can also be climinated. The abbreviated subgoal tree is
shown in Figure 4-2

It is interesting to note that if we changed the constant in cither of the
two rules to an irrational nunber, the inferenee could not be completely
stopped. We conld still apply Theorems 4.2 and 4.1 at cach level of the
scarch space, but we would never return to the original goal, and therefore
could never apply Theorem 3.9, In this case, the chain of subgoals would
continue to bounce back and forth between the two extreme integers in the
database.
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4.6 Remarks

In this section we first developed a general theorem for terminating divergent
inference, and used it to solve a simple problem involving a single loop. We
also applied the theorem to the special case of functional cmbedding,.

It is generally more difficult to apply the theorem to cases of redundancy,
as we can see from the two rule integer example above. Powerful special case
methods like Theorem 4.2 seem essential for dealing with such complex cases.
We have investigated only ouce such result here. Additional work is needed
to build up a library of theorems, like 4.2, that can be used for varions
diflicult cases of divergent inference.
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5 Discussion

5.1 Detecting Recursive Inference

There is always a price to pay tor controlling inference and control of-recur-
sive inference is no exception. For repeating inference the cost is relatively
low. It involves suspension of repeating goals and the caching of answers
to goals with repeating subgoals. However, for divergent inference, control
involves explicit proofs that subspaces are superlluous or redundant. When
the alternative is an mfinite loop, any finite control cost is justifiable. The
problen is, we usually cannot be certain whether or not an infinite loop will
result. As we pointed out in Section 2 even when a problem has an infinite
recursive search space, recursive inference will not necessarily oceur. The
necessary answers might be found before an infinite path is explored by the
inference engine.,

In general, it is undecidable whether or not a given inference procedure
will terminate when scarching a recursive space.” The best that can be
done is to institute control only when it is considered likely that it will be
necessary or cost-cffective. This general issue is discussed further in [Simi85).
For recursive inference there are several interesting strategies. The simplest
is to monitor scarch depth or total search space size and institute control
when it exeeeds some threshold. A nore elaborate, but more costly scheme
is to preserve the snbgoal and justification trees and institute control when
a given fact has been used more than some fixed number of times in the
derivation of a particular subgoal. A third alternative is to limit control
to those cases where a recursive colleetion s involved in the deduction.

(Recursive collections conld be recognized cither when rules are entered into

the system. or during the problem solving process.)

Each of the strategies has certain advantages and disadvantages. In
general, they trade accuracy for expense. For example, the recognition of
rule reuse is usually a more aceurate predictor of recursive inference than
overall search depth, but it is also more expensive sinee it requires keeping
the geal and justification stacks and scarching them for eacli new subgoal 8
As aresult, the best strategy for a given application will depend upon such

The problem is equivadent to the halting problem for Turing machines since backward
mference over a set of axioms is Turing equivalent.

® Associating a marker or connter with each rule doesn't work in general. The marker
would have to be path dependent since we do not wish to count the repeated usage of
rules in imdependent inference paths.
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things as the average depth of inference, the frequency of recursive inference,
and the density of recursive collections in the system’s database.

There is also no reason why these strategies cannot be combined. For ex-
ample, we could use search space depth or complexity to determine whether
or not to initiate the strategy of checking for recursive collections or repeated
rules. Likewise the strategy of checking for repeated rules conld be used as
a filter for the strategy of looking for recursive collections. These combined
strategics allow a less expensive but less accurate detection criteria to serve
as a lilter for a more accurate and more costly one. Such combinations may.
in fact, prove to be the most cost-cffective for many applications.

5.2 History and Related Work
5.2.1 Recursive Inference

Black [Bla68] and McKay and Shapiro [MS81] deseribe algorithimns for stop-
ping repeating inference similar to those developed in Section 3.2.2. How-
ever, they do not provide any proof that the pruning strategy is correct and
do not consider the question of optimality. They also do not consider any
of the special cases (like transitivity, subsumed subgoads, or single answer
queries) where more powerful strategics can be used.

The special case of eliminating identical subgoals appears to have been
first used by Gelernter in his geometry theorem proving program. [Gel63).

Subgoals ... are rejected ... that appear as higher subgoals
on the [subgoal] graph (or are syntactically synunetric to some
higher subgoal).  page 142

In Gelernter's application since all goals and subgoals are geometry theorems
requiring only a yes or no answer both Theorems 3.1 and 3.9 apply. As a
result all repeated subgoals can be eliminated for this particular application.

Special cases of repeating inference were alko enconntered in building
the MYCIN system [Sho84). One canse of repeating subgoals in MYCIN was
the use of self-referencing rmles. A self-referencing rule states that if there is
already evidence for a condition ¥ and some other condition ¢ holds, there
is additional evidenee for the condition 3. These rales therefore include the
proposition ¢ in both the premise and conclusion. MYCIN handles o self-
referencing rule by postponing it until all other roles for coneluding ¥ have
been used. Then the self-referencing rule is applied exactly once.

This strategy involves pruning all repeated applications of arule, a4 much
stronger praning strategy than is indicated by Theorem 3.3. This strategy
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works for sclf-referencing rules because they are actually guite different from
recursive rules. Consider how we would translate a self-referencing rule into
a precise declarative statement. We might be inclined to write something
like

YAP=>p ¥

where =%, means that we have p additional evidence for the conclusion (the
actual calculus for combining certainties is unimportant). If this statement
were true, given some small amount of evidence for ¥, and the fact that ¢
is true, we could use this axiom over and over again to derive greater and
greater belief in .2 This is not the intended meaning of the self-referencing
rule. In a self-referencing rule the recursive premise is a sereen to prevent
exploration of ¢ unless there is already some evidence of 9. In other words,
the recursive premise is control knowledge about when to apply the simpler
rule

=, 9.

Thus a logical translation of a self-referencing rule would consist of two rules;
the simple rule given above, and a control rule indicating that the above
rule should not be tried unless there is already evidence for 3. Neither
of these rules are recursive so the theorems developed in Section 3 do not
apply. This translation also shows why MYCIN's pruning strategy for self-
referencing rules is appropriate. Since the above rule is not recursive, it need
be applied only once.

Repeating inference also ocenrs in MYCIN as a result of rule loops. For
example, a rule might allow i parameter B to be inferred from a parameter
A, while another rule might allow A to be inferred from B. MYCIN's strategy
in such cases is to never use a rule more than once in a single reasoning chain.
This is equivalent to pruning all repeating subgoals. This works because,
once the context is bound, the premises and conclusions of such rules are

ground clauses. Thus, as in Gelernter’s application, the powerful pruning
strategy of Theorem 3.9 applies.

More recently, Minker and Nicolas [MN83] have developed a special case
of Corollary 3.9 and have shown that for the class of “singular™ reecursive

rules all repeating subgoals will be subsmmed and can therefore be elimi-
nated.

It is interesting to note that, Theorem 3.1, as stated, will not hold in the case of
uncertain reasoning. Bven if ¢ is a ground clanse, reenrsion conld continne to increase
the belief in . However, from an evidential point of view we would never want to allow
this, since argmmnents should not be circular.
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.. Other approaches to controlling repeating inference have also received
some attention, although the results have been limited to special cases. Re-
iter [Rei78] and Minker and Nicolas [MN83] have shown conditions where it
is possible to use only forward inference on recursive collections. Antomatic
reformulation of recursive collections has been explored by Chang [Cha80)
and Naqvi and Henschen [NH80|. They deseribe methods of antomatically
gencrating cfficient procedures for the special class of “regular” recursive col-
lections. Minker and Nicolas [MN83] have shown that this method applies
to a slightly broader class of recursive collections. A somewhat different ap-
proach to control is that advocated by Ullman [UlI84]. Ullman first analyzes
the scarch space for queries of a given form (given relation and given set of
bound and free variables) to find potential recursive paths. He then uses this
information to avoid such paths during the reasoning process." The most
serious problem with this approach is that it can result in incompleteness
for queries that require some amount of recursive inference. It s also not
clear that the approach holds any advantage over algorithins like those in
Section 3.2.2.

The more diflicult problem of divergent inference has reccived little at-
tention in the literature. Fischer Black noted the problem in developing

his natural deduction system [BlaG8] but provides no solution other than
depth-limited search.
Problems of recursive inference have also arisen ontside of the Artificial

Intelligence community. Both repeating and divergent ference are constant
obstacles in the construction of PROLOG programs. Users of PROLOG become
well versed in manual reformulation of rules to climinate infinite loops. As
we illustrated, this is nol always an ecasy task and the resulting programs
can be quite opaque.

Recently, at Stanford we have encountered repeating and divergent in-
ference in the constrnction of systems for reasoning about digital circuits
[(:(‘1185.1(“\84]. The techniques deseribed here are being implemented in an
experimental version of the MRS system [Gen83).

5.2.2 Program Verification

There is a strong similarity between reeursive inference and recursive pro-
grams that do not terminate. In essence, an inference procedure together
with a goal and recursive collection of facts is a recursive program. Thus,

19The approach bears some resemblance to that for controlling backward inference in
[S11i85]. In fact Ullman’s approach also applics to more than just recursive inference.
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it should come as no surprise that the techniques for deciding whether a
given inference path terminates, loops, or diverges, bear a striking resem-
blance to the method of well-founded sets used to prove program termination
[Flo67 , Man74].

But the similarities end here. In general, a recursive program that docs
not terminate is of little use. It must be modified so that it does terminate.
Doing this requires some understanding of the intention behind the program.,
In contrast, a recursive collection of facts has meaning, independent of the
particular inference engine being used. In this case, the inference engine
must be modified so that it will perform the proper deduetions. The intent
of the inference procedure is known. Thus, the change takes the form as
information about how to prune the search space. In short, a program
that does not terminate may be incorrect in an arbitrary manner, while

. . . ! "
an inference engine that loops (for a given goal and recursive collection) is

incorrect in a very specific way; it explores too much of the scarch space.

5.3 Final Remarks e

The control of recursive inference involves demonstrating that portions of
a scarch space are cither superfluous or redundant. When cither of these
properties has been demonstrated, the offending portion of the search space
can be discarded. Although this will always be logically correct, it may not
be optimal in every case.

Proofs of redundancy and superfluity involve knowledge about the con-
tents of the system’s database, and about properties of the relations involved
in the inference, such as ordering relations on the domains, monotonicity,
boundedness and commutivity, This kind of information is commonly avail-
able but has rarely been needed or used in Al systems. In contrast to the
general domain-dependent character of the control problem, the special case
of repeating inference admits control which is domain-independent. The
method of suspending and reenabling repeated subgoals does not depend
upon the meaning of the symbols involved. It is not entirely clear why this
fortuitous result should hold. It is true however, that in some cases the
more general domain-dependent technigues of proof can lead to more severe
pruning for repeating inference than is possible with the syniactic method
of Section 3.

Determining whether or not recursive inference will oceur for a given
problem is in general undecidable. We have suggested three possible crite-
ria for determining when control of recursive inference should be instituted;
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inference \lepth or complexity, repeated rule usage. and the usc of recur-
sive colleeons. Combinations of these approaches also appear promising,
although ti& decision will almost certainly prove dependent upon the mix
of problems encountered in any particular application.

Finally, there is no a priori rcason why the techniques of proving redun-
dancy and superfluity could not be applied to non-recursive inference. The
limiting factor is cost. When an infinite search is avoided, a high cost is
justifiable. However, for non-recursive inference the problem would have to
be a dillicult one for expensive analysis like that of Section 4 to be cost-
offective. For such cases, complex monitoring strategies like those proposcd

in Section 5.1 would be indispensable.
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